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Ib<tv\h5i /<tlhb <th b9j <tv\h{htl U tl 9h 

xnj ic& 



means Neutrosophy applied in many fields in order to solve problems 
related to indeterminacy. 

is a new branch of philosophy that studies the origin, nature, and scope of 
neutralities, as well as their interactions with different ideational spectra. 

This theory considers every entity <A> together with its opposite or negation <antiA> and with 
their spectrum of neutralities <neutA> in between them (i.e. entities supporting neither <A> nor 
<antiA>). The <neutA> and <antiA> ideas together are referred to as <nonA>. 

Neutrosophy is a generalization of Hegel's dialectics (the last one is based on <A> and <antiA> 
only). According to this theory every entity <A> tends to be neutralized and balanced by 
<antiA> and <nonA> entities - as a state of equilibrium. In a classical way <A>, <neutA>, 
<antiA> are disjoint two by two. But, since in many cases the borders between notions are 
vague, imprecise, Sorites, it is possible that <A>, <neutA>, <antiA> (and <nonA> of course) 
have common parts two by two, or even all three of them as well. 

Hence, in one hand, the Neutrosophic Theory is based on the triad <A>, <neutA>, and <antiA>. 
In the other hand, Neutrosophic Theory studies the indeterminacy, labelled as I, with I n = I for 
n > 1, and ml + nl = (m+n)I, in neutrosophic structures developed in algebra, geometry, topology 
etc. 



The most developed fields of the are Neutrosophic Set, Neutrosophic 

Logic, Neutrosophic Probability, and Neutrosophic Statistics - that started in 1995, and recently 
Neutrosophic Precalculus and Neutrosophic Calculus, together with their applications in practice. 

and are generalizations of the fuzzy set and respectively 

fuzzy logic (especially of intuitionistic fuzzy set and respectively intuitionistic fuzzy logic). In 
neutrosophic logic a proposition has a degree of truth ( ), a degree of indeterminacy ( ), and a 
degree of falsity ( ), where are standard or non-standard subsets of 



probability. 



is a generalization of the classical probability and imprecise 



is a generalization of the classical statistics. 

What distinguishes the neutrosophics from other fields is the <neutA>, which means neither <A> 
nor <antiA>. And <neutA>, which of course depends on <A>, can be indeterminacy, neutrality, 
tie (game), unknown, contradiction, vagueness, ignorance, incompleteness, imprecision, etc. 
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This volume contains 45 papers, written by the author alone or in collaboration with the 
following co-authors: Mumtaz Ali, Said Broumi, Sukanto Bhattacharya, Mamoni Dhar, Irfan 
Deli, Mincong Deng, Alexandra Gal, Valeri Kroumov, Pabitra Kumar Maji, Maikel Leyva- 
Vazquez, Feng Liu, Pinaki Majumdar, Munazza Naz, Karina Perez-Terael, Ridvan Sahin, A. A. 
Salama, Muhammad Shabir, Raj shekhar Sunderraman, Luige Vladareanu, Magdalena Vladila, 
Stefan Vladutescu, Haibin Wang, Hongnian Yu, Yan-Qing Zhang, about discounting of a 
neutrosophic mass in terms of reliability and respectively the importance of the source, evolution 
of sets from fuzzy set to neutrosophic set, classes of neutrosophic norm (n-norm) and 
neutrosophic conorm (n-conorm), applications of neutrosophic logic to physics, connections 
between extension logic and refined neutrosophic logic, approaches of neutrosophic logic to 
RABOT real time control, some applications of the neutrosophic logic to robotics, correlation 
coefficients of interval valued neutrosophic set, cosine similarity between interval valued 
neutrosophic sets, distance and similarity measures of interval neutrosophic soft sets, generalized 
interval neutrosophic soft sets and their operations, G-neutrosophic space, neutrosophic orbit, 
neutrosophic stabilizer, intuitionistic neutrosophic sets, intuitionistic neutrosophic soft sets, 
neutrosophic multi relation (NMR) defined on neutrosophic multisets, neutrosophic loops and 
biloops, neutrosophic N-loops and soft neutrosophic N-loops, operations on intuitionistic fuzzy 
soft sets, fuzzy soft matrix and new operations, such as fuzzy soft complement matrix and trace 
of fuzzy soft matrix based on reference function related properties, neutrosophic parameterized 
(NP) soft sets, NP-aggregation operator, and many more. 



Information about the Neutrosophics you get from the UNM 
website: http://fs.gallup.unm.edu/neutrosophy . 

An international journal called is at 

http://fs.gallup.unm.edu/NSS . 

A variety of scientific books in many languages can be 
downloaded freely from the : 

http://fs.gallup.unm.edu/eBooks-otherformats.htm 



C32rfi^V{Y'l'ltVRidS 
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Reliability and Importance Discounting 
of Neutrosophic Masses 

Florentin Smarandache 



! AQQEAPCBn this paper, we introduce for the first time the discounting of a 
neutrosophic mass in terms of reliability and respectively the importance of 
the source. 

We show that reliability and importance discounts commute when 
dealing with classical masses. 

48)1 GO fiOfiCH I SLet O = (Ox, 0 2 , 0 n ) be the frame of discernment, 
where n > 2, and the set of /Efifii elemel QD 

F = {A 1 ,A 2 A m ), for m > l,FcC*. (1) 

Let G 4 = (0,u,n, C) be the MECS n <ZMA& 

A I #CXD Q GEEM KChs defined as follows: 

m n : G -> [0, l] 3 

for any x 6 G,m n (x ) = (t(x), i(x),/(x)), (2) 
where t(x) = believe that x will occur (truth); 

i(x) = indeterminacy about occurence; 

and /(x) = believe that x will not occur (falsity). 
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Simply, we say in neutrosophic logic: 

t(x) = believe in x; 

i(x) = believe in neut(x) 

[the neutral of x, i.e. neither x nor anti(x)]; 

and /(x) = believe in anti(x) [the opposite of x]. 

Of course, t(x), i(x), /(x) G [0, 1], and 

T,xeG [t(*) + i(x) + f{x)] = 1, (3) 

while 



m n (§) = (0, 0, 0). (4) 

It is possible that according to some parameters (or data] a source is 
able to predict the believe in a hypothesis x to occur, while according to other 
parameters (or other data) the same source may be able to find the believe 
in x not occuring, and upon a third category of parameters (or data) the 
source may find some indeterminacy (ambiguity) about hypothesis 
occurence. 

An element x G G is called /EAAI if 

n m ix) =*= (0,0,0), (5) 
i.e. t(x) > 0 or i(x) > 0 or /(x) > 0. 

AnyAAXEMmACD 

m : G* -> [0, 1] (6) 

can be simply written as a neutrosophic mass as: 

m(A) = (m(A), 0, 0). (7) 
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T£$ECH a al CANeudO a EE BA- AXWue 6 RelGPAHBAJof GEA 

a ante 



Let a = (a v a 2 , a 3 ) be the reliability coefficient of the source, a 6 

[ 0 , 1 ] 3 . 

Then, for any x E G e \ {6, I t ], 
where 6 — the empty set 
and I t = total ignorance, 

m n (x) a = (%t(x),a 2 i(x),a 3 /(x)), (8) 

and 



nOt)a = ( tOt) + (1 - «i) ^ t(x) , 

V XEG e \{<p,l t } 

;(/ t ) + (1 - a 2 ) ^ + (1 - a 3 ) ^ /( x ) J 

xeG e \{4>,i t } xeG e \{<t),i t } / 



( 9 ), 



and, of course, 



™n(0)a = (0,0,0). 

The missing mass of each element x, for x =£ 0, x =£ I t , is transferred to 
the mass of the total ignorance in the following way: 

t(x) — a^x) = (1 — %) ■ t(x) is transferred to t(/ t ), (10) 

i(x) — a 2 i(x) = (1 — a 2 ) ■ i(x) is transferred to i(/ t ), (11) 
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and /(x) — a 3 /(x) = (1 — a 3 ) ■ /(x) is transferred to /(/ t ). (12) 



X r /V/\ r\ X A /V /VXM ■ X XAI X X ■ ■ A*/ S+M /VX A X ■■ X ■ ■ /VX A 

^8$ EH ◦ (9 CA. teQDOGEBV- AG AOs O dA)l B CBN ce I f (lA 

a rate 



Let (3 £ [0, 1] be the importance coefficient of the source. This discounting 
can be done in several ways. 

a. For any x E G e \ (0), 

ran CO/?, = (/? ■ t(x), i(x),/(x) + (1 - (3) ■ t(x)), (13) 

which means that t(x), the believe in x, is diminished to (3 ■ t(x), and the 
missing mass, t(x) — /? ■ t(x) = (1 — /?) ■ t(x), is transferred to the believe in 
anti(x). 

b. Another way: 

For any x E G d \ (0), 

m n {x)p 2 = (J3 ■ t(x), i(x) + (1 - (3) ■ t(x),/(x)), (14) 

which means that t(x), the believe in x, is similarly diminished to (3 ■ t(x), 
and the missing mass (1 — (3) ■ t(x) is now transferred to the believe in 
neut(x). 

c. The third way is the most general, putting together the first and second 
ways. 

For any x E G e \ (0), 

m n(. x )p 3 = 0? ■ t(x),i(x) + (1 -/?) ■ t{x)'Y,f{x) + (1 - /?) • t(x) ■ 

(i - r)), CIS) 
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where y 6 [0, 1] is a parameter that splits the missing mass (1 — /?) ■ t(x) a 
part to i(x) and the other part to /(x). 

For y = 0, one gets the first way of distribution, and when y = 1, one 
gets the second way of distribution. 



a al Cl f A A)l d Qance I f 31 OQes Ei 1 A flCM 

$1 Not Col I OGte 



a. Reliability first, Importance second. 

For any x £ G 9 \ {<fi, I t }, one has after reliability a discounting, where 

a = (a lt etnas'): 



m n (x) a = (a x ■ t(x), a 2 ■ t(x), a 3 ■ /(x)), (16] 



and 



n(C)a = ( t(C) + (1 - «i) ■ ^ t(X) » KC) + (1 - a 2 ) 

\ xeG e \{0,/ t } 

^ i(x) , /(/ t ) + (1 - a 3 ) ■ ^ /(x) J 

xEG e \{0-/t) J 



XEG 

- (Jh’ 'if F h )• 



(17) 



Now we do the importance (3 discounting method, the third importance 
discounting way which is the most general: 

m„(x) a/ ? 3 = (pa 1 t(x),a 2 i(x) + (1 - j?)a 1 t(x)y,a 3 /(x) 

+ (1 -jff)ait(x)(l -y)) 
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(18) 

and 

%(«„& = (p ■ T lt , l h + (1 - P )r, t • y, F, t + (1 - PhT k ( 1 - y)). (19) 
b. Importance first, Reliability second. 

For any x E G e \ one has after importance (3 discounting (third 

way): 

ra n O)/? 3 = (P ■ t(x),i(x ) + (1 -/?)t(x)y,/(x) + (1 -/?)t(x)(l -y)) (20) 
and 

m nOt)p 3 = (p ■ !(/, t ) + (1 - PWt)Y, f(.It ) + (1 - /?)t(/ t )(l - r)). 

( 21 ) 

Now we do the reliability a = (a 1; a 2 , a 3 ) discounting, and one gets: 

™n(*W = («i ' P' t(x).« 2 ' !(» + « 2 (1 - P)t(x)Y,a, ■ f(x) + a 3 ■ 

(1 — P)t(x)(l — y)) (22) 

and 

m n 0t)p 3 a = (a 1 -p- t{l t ),a 2 ■ i(/ c ) + a 2 (l - P)tQ t )Y> a 3 m fOt) + 

«s(l -y)). (23) 



2emark. 

We see that (a) and (b) are in general different, so reliability of sources 
does not commute with the importance of sources. 
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(^0A3dEPdA me xEen 2^E&AHBv A d )l d GQN EH d (1 g I PE 

X X X A X X X /W AA 

- Axtocoi i octe 



Let’s consider a classical mass 

m: G e [0,1] (24) 

and the focal set F c G e , 

F = { A 1> A 2 , > 1, (25) 

and of course m(Ai) > 0, for 1 < i < m. 

Suppose m(i4j) = a t E (0,1]. (26) 



a. Reliability first, Importance second. 

Let a E [0, 1] be the reliability coefficient of m (■). 

For x E G d \{(p, I t ), one has 

m(x) a = a ' m(x), (27) 
and m(/ t ) = a ■ m(/ t ) + 1 — a. (28) 

Let /? E [0, 1] be the importance coefficient of m (■). 

Then, for x E G e \ (0, I t ], 

m(x) a p — (/?am(x), am(x ) — f3am(x )) = a ■ m(x) ■ (/?, 1 — (3 ), (29) 

considering only two components: believe that* occurs and, respectively, 
believe that x does not occur. 

Further on, 
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= (J3am(I t ) + (3 — (3a, am{l t ) + 1 — a — (3amil t ) — (3 + (3a ) = 

[ am(J t ) + 1 — a] ■ (/?, 1 — /?). (30) 

b. Importance first, Reliability second. 

For x E G e \{(p, I t }, one has 

m(pc)p — (/? ■ m^x), m^x) — (3 ■ mix)) — mix) ■ i(3 , 1 — (3), (31) 

and mil t )p = (0m(/ t ),m(/ t ) - (3mil t )) = m(/ t ) ■ i(3 , 1 - (3). (32) 

Then, for the reliability discounting scaler a one has: 

mix)p a — amix)i(3, 1 — (3) = (am(x) (3 , amix) — a(3mim )) (33) 

and mil t ) pa = a ■ miI t )(J3, 1 - (3) + (1 - a)i(3, 1 - (3) = [am(/ c ) + 1 - a] ■ 
i(3, 1 — (3) = iamil t )(3, am(/ t ) — am(/ t )/?) + (/? — a/?, 1 — a — (3 + a(3) = 
ia(3mil t ) + (3 — a(3, am(/ t ) — a(3mil t ) + 1 — a — (3 — a(3). (34) 

Hence (a) and (b) are equal in this case. 



20 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



qs°4Bi a/SQJ 

1. Classical mass. 

The following classical is given on 6 = {A, B } : 

A B AUB 

m 0.4 0.5 0.1 

(35) 



Let a = 0.8 be the reliability coefficient and /? = 0.7 be the importance 
coefficient. 



a. Reliability first, Importance second. 






A 


B 


AUB 




0.32 


0.40 


0.28 


^a/3 


(0.224, 0.096) 


(0.280, 0.120) 


(0.196, 0.084) 



(36) 



We have computed in the following way: 

m a (A) = 0.8m(A) = 0.8(0.4) = 0.32, (37) 
m a (B ) = 0.8 m(B) = 0.8(0.5) = 0.40, (38) 
m a (AUB ) = 0.8(AUB) + 1 - 0.8 = 0.8(0.1) + 0.2 = 0.28, (39) 



and 



m ap {B) = (0.7m a (A),m a (A) - 0.7m a (.A )) = (0.7(0.32), 0.32 - 
0.7(0.32)) = (0.224,0.096), (40) 
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m ap (B) = (0.7 m a (B),m a (B) - 0 .7m a (B)) = (0.7(0.40), 0.40 - 
0.7(0.40)) = (0.280,0.120), (41) 

m a p(AUB ) = (0.7m a (AUB),m a (AUB) - 0.7m a (AUB )) = 
(0.7(0.28), 0.28 - 0.7(0.28)) = (0.196,0.084). (42) 



b. Importance first, Reliability second. 





A 


B 


AUB 


m 


0.4 


0.5 


0.1 


mp 


(0.28, 0.12) 


(0.35, 0.15) 


(0.07, 0.03) 


rnip a 


(0.224, 0.096 


(0.280, 0.120) 


(0.196, 0.084) 



(43) 



We computed in the following way: 



m p {A) = (£m(7 1), (1 - £)m(A)) = (0.7(0.4), (1 - 0.7)(0.4)) = 

(0.280,0.120), (44) 



mpiB) = (£m(£), (1 - £)m(£)) = (0.7(0.5),(1 - 0.7)(0.5)) = 

(0.35,0.15), (45) 



mp{AUB) = (pm(AUB), (1 - P)m(AUB)) = (0.7(0.1), (1 - 0.1)(0.1)) = 

(0.07,0.03), (46) 



and m.p a (A) = am p (A) = 0.8(0.28,0.12) = (0.8(0.28), 0.8(0.12)) = 

(0.224,0.096), (47) 



mp a (B) = amp(B) = 0.8(0.35,0.15) = (0.8(0.35), 0.8(0.15)) = 

(0.280,0.120), (48) 
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mp a (AUB ) = am(AUB')((3, 1 - /?) + (1 - ct){f3, 1 - (3) = 0.8(0.1)(0.7, 1 - 

0.7) + (1 - 0.8)(0.7, 1 - 0.7) = 0.08(0.7, 0.3) + 0.2(0.7, 0.3) = 
(0.056, 0.024) + (0.140, 0.060) = (0.056 + 0.140, 0.024 + 0.060) = 

(0.196,0.084). (49) 

Therefore reliability discount commutes with importance discount of 
sources when one has classical masses. 

The result is interpreted this way: believe in A is 0.224 and believe in 
tlotlA is 0.096, believe in B is 0.280 and believe in nonB is 0.120, and believe 
in total ignorance AUB is 0.196, and believe in non-ignorance is 0.084. 



q83AI k°/m dAxin OimmcaL T if- AOti&ftACfad 
)l Cl QQN Mof 31 OQQtiCB 



Let’s consider the third way of redistribution of masses related to 
importance coefficient of sources. /? = 0.7, but y = 0.4, which means that 
40% of / 3 is redistributed to i(x) and 60% of (3 is redistributed to /(x) for 
each x £ G e \ (0); and a = 0.8. 



a. Reliability first, Importance second. 





A 


B 


AUB 


m 


0.4 


0.5 


0.1 


m a 


0.32 


0.40 


0.28 


m ap 


(0.2240, 0.0384, 


(0.2800, 0.0480, 


(0.1960, 0.0336, 




0.0576) 


0.0720) 


0.0504). 



( 50 ) 
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We computed m a in the same way. 

But: 

m a p(A) = (/? ■ m a (A), i a (A ) + (1 - p)m a (A) ■ y,f a (A) + 

(1 - /?)m a (A)(l - y)) = (0.7(0.32), 0 + (1 - 0.7)(0.32)(0.4), 0 + 

(1 - 0.7)(0.32)(1 - 0.4)) = (0.2240,0.0384,0.0576). (51) 

Similarly for m a p ( B ) and m a p ( AUB ). 

b. Importance first, Reliability second. 

A B AUB 

m 0.4 0.5 0.1 

mp (0.280,0.048, (0.350,0.060, (0.070,0.012, 

0.072) 0.090) 0.018) 

mpa (0.2240, 0.0384, (0.2800, 0.0480, (0.1960, 0.0336, 

0.0576) 0.0720) 0.0504). 

(52) 

We computed m.p (■) in the following way: 

mp(A) = (ft ■ t(A),i(A) + (1 -y,/(A) + (1 - - 

X)) = (0. 7(0.4), 0 + (1 - 0.7) (0.4) (0.4), 0 + (1 - 0.7)0.4(1 - 0.4)) = 

(0.280, 0.048, 0.072). (53) 

Similarly for mp (£) and mp (AUB). 

To compute mp a ( ■), we take a x = a 2 = cc 3 = 0.8, (54) 

in formulas (8) and (9). 
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mp a (A) = a ■ mp(A) = 0.8(0.280, 0.048, 0.072) 

= (0.8(0.280), 0.8(0.048), 0.8(0.072)) 

= (0.2240, 0.0384, 0.0576). (55) 

Similarly m pa (B) = 0.8(0.350,0.060,0.090) = 

(0.2800, 0.0480, 0.0720). (56) 

For mp a (AUB ) we use formula (9): 

mp a (AUB) = (t p (AUB) + (1 - a)[t p (A) + t p (B)\, i p (AUB) 

+ (1 - a)[i p (A) + i p (B)\, 
fp(AUB) + (1 - a)[f p (A) + f p m]) 

= (0.070 + (1 - 0.8)[0.280 + 0.350], 0.012 
+ (1 - 0.8)[0.048 + 0.060], 0.018 + (1 - 0.8)[0.072 + 0.090]) 
= (0.1960,0.0336,0.0504). 

Again, the reliability discount and importance discount commute. 



T AOGB T 8 

In this paper we have defined a new way of discounting a classical and 
neutrosophic mass with respect to its importance. We have also defined the 
discounting of a neutrosophic source with respect to its reliability. 

In general, the reliability discount and importance discount do not 
commute. But if one uses classical masses, they commute (as in Examples 1 
and 2). 



25 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



! /El I xlftkpi M GB 

The author would like to thank Dr. Jean Dezert for his opinions about 
this paper. 



2AOCMMCB 

1. F. Smarandache, J. Dezert, J.-M. Tacnet, Fusion of Sources of 
Evidence with Different Importances and Reliabilities, Fusion 2010 
International Conference, Edinburgh, Scotland, 26-29 July, 2010. 

2. Florentin Smarandache, Neutrosophic Masses & Indeterminate 
Models. Applications to Information Fusion, Proceedings of the International 
Conference on Advanced Mechatronic Systems [ICAMechS 2012], Tokyo, 
Japan, 18-21 September 2012. 



26 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



A Geometric Interpretation of the Neutrosophic Set, 
A Generalization of the Intuitionistic Fuzzy Set 

Florentin Smarandache 



In this paper we give a geometric interpretation of the Neutrosophic Set using the Neutrosophic 
Cube. Distinctions between the neutrosophic set and intuitionistic fuzzy set are also presented. 



Intuitionistic Fuzzy Set, Paraconsistent Set, Intuitionistic Set, Neutrosophic Set, Neutrosophic 
Cube, Non-standard Analysis, Dialectics 

1. Introduction: 

One first presents the evolution of sets from fuzzy set to neutrosophic set. Then one introduces 
the neutrosophic components T, I, F which represent the membership, indeterminacy, and non- 
membership values respectively, where ]'0, l + [ is the non-standard unit interval, and thus one 
defines the neutrosophic set. 

2. Short History: 

The fuzzy set (FS) was introduced by L. Zadeh in 1965, where each element had a degree of 
membership. 

The intuitionistic fuzzy set (IFS) on a universe X was introduced by K. Atanassov in 1983 as a 
generalization of FS, where besides the degree of membership p A (x) e [0,1] of each element 
x eX to a set A there was considered a degree of non-membership va(x) e [0,1], but such that 
V x eX, p A (x)+ v a (x)< 1 . (2.1) 

According to Deschrijver & Kerre (2003) the vague set defined by Gau and Buehrer (1993) was 
proven by Bustine & Burillo (1996) to be the same as IFS. 

Goguen (1967) defined the L-fuzzy Set in X as a mapping X— >L such that (L*, < L *) is a complete 
lattice, where L*={(xi,X 2 ) e [0,1] 2 , xi+X 2 <l} and (xi,X 2 ) < L* (yi,y 2 ) £=> xi< yi and X 2 > y 2 - The 
interval-valued fuzzy set (IVFS) apparently first studied by Sambuc (1975), which were called by 
Deng (1989) grey sets, and IFS are specific kinds of L-fuzzy sets. 

According to Comelis et al. (2003), Gehrke et al. (1996) stated that “Many people believe that 
assigning an exact number to an expert’s opinion is too restrictive, and the assignment of an 
interval of values is more realistic”, which is somehow similar with the imprecise probability 
theory where instead of a crisp probability one has an interval (upper and lower) probabilities as 
in Walley (1991). 

Atanassov (1999) defined the interval-valued intuitionistic fuzzy set (IVIFS) on a universe X as 
an object A such that: 

A= {(x, M a (X), N a (x)), xeX} , (2.2) 

with M A :X— »lnt([0, 1 ]) and N A :X^Int([0, 1 ]) (2.3) 

and V x e X, supM A (x)+ supN A (x) < 1 . (2.4) 

Belnap (1977) defined a four- valued logic, with truth (T), false (F), unknown (U), and 
contradiction (C). He used a billatice where the four components were inter-related. 
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In 1995, starting from philosophy (when I fretted to distinguish between absolute truth and 
relative truth or between absolute falsehood and relative falsehood in logics, and respectively 
between absolute membership and relative membership or absolute non-membership and relative 
non-membership in set theory) I began to use the non-standard analysis. Also, inspired from the 
sport games (winning, defeating, or tie scores), from votes (pro, contra, null/black votes), from 
positive/negative/zero numbers, from yes/no/NA, from decision making and control theory 
(making a decision, not making, or hesitating), from accepted/rejected/pending, etc. and guided 
by the fact that the law of excluded middle did not work any longer in the modem logics, I 
combined the non-standard analysis with a tri-component logic/set/probability theory and with 
philosophy (I was excited by paradoxism in science and arts and letters, as well as by 
paraconsistency and incompleteness in knowledge). How to deal with all of them at once, is it 
possible to unity them? 

I proposed the term "neutrosophic" because "neutrosophic" etymologically comes from 
"neutrosophy" [French neutre < Latin neuter, neutral, and Greek sophia, skill/wisdom] which 
means knowledge of neutral thought, and this third/neutral represents the main distinction 
between "fuzzy" and "intuitionistic fuzzy" logic/set, i.e. the included middle component 
(Lupasco-Nicolescu’s logic in philosophy), i.e. the neutral/indeterminate/unknown part (besides 
the "tmth"/"membership" and "falsehood"/"non-membership" components that both appear in 
fuzzy logic/set). See the Proceedings of the First International Conference on Neutrosophic 
Logic, The University of New Mexico, Gallup Campus, 1-3 December 2001, 
at http://www.gallup.unm.edu/~smarandache/FirstNeutConf.htm . 

3. Definition of Neutrosophic Set: 

Let T, I, F be real standard or non-standard subsets of ]'0, l + [, 

with sup T = t sup, inf T = t inf, 

sup I = i sup, inf I = i inf, 

sup F = f_sup, inf F = f_inf, 

and nsup = t_sup+i_sup+f_sup, 

ninf = t_inf+i_inf+f_inf. 

T, I, F are called neutrosophic components. 

Let U be a universe of discourse, and M a set included in U. An element x from U is noted with 
respect to the set M as x(T, I, F) and belongs to M in the following way: 

it is t% true in the set, i% indeterminate (unknown if it is) in the set, and f% false, where t varies 
in T, i varies in I, f varies in F. 

4. Neutrosophic Cube as Geometric Interpretation of the Neutrosophic Set: 

The most important distinction between IFS and NS is showed in the below Neutrosophic Cube 
A’B’C’D’E’F’G’H’ introduced by J. Dezert in 2002. 

Because in technical applications only the classical interval [0,l] is used as range for the 
neutrosophic parameters t, i, f , we call the cube ABCDEDGH the technical neutrosophic cube 
and its extension A'B'C'D'E'D'G'H' the neutrosophic cube (or absolute neutrosophic 
cube), used in the fields where we need to differentiate between absolute and relative (as in 
philosophy) notions. 
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E’(0,0,1 + ) 



A’('0,'0,'0) 



Let’s consider a 3D Cartesian system of coordinates, where t is the truth axis with value 
range in ]"0,l + [ , / is the false axis with value range in ] 0,l + [ , and similarly i is the 

indeterminate axis with value range in J~0,l + [ . 

We now divide the technical neutrosophic cube ABCDEDGH into three disjoint regions: 

1) The equilateral triangle BDE , whose sides are equal to which represents the 
geometrical locus of the points whose sum of the coordinates is 1 . 

If a point Q is situated on the sides of the triangle BDE or inside of it, then t Q +i Q + f Q =l as in 
Atanassov-intuitionistic fuzzy set (A-IFS) . 

2) The pyramid EABD {situated in the right side of the A EBD , including its faces 
A ABD (base), A EBA , and A EDA (lateral faces), but excluding its face A BDE } is the 
locus of the points whose sum of coordinates is less than 1 . 

If P e EABD then t p + i P + f P <1 as in intuitionistic set (with incomplete information). 

3) In the left side of A BDE in the cube there is the solid EFGCDEBD ( excluding 
A BDE ) which is the locus of points whose sum of their coordinates is greater than 1 
as in the paraconsistent set. 
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If a point R e EFGCDEBD , then t R +i R + f R > 1 . 

It is possible to get the sum of coordinates strictly less than 1 or strictly greater than 1. For 

example: 

We have a source which is capable to find only the degree of membership of an element; 
but it is unable to find the degree of non-membership; 

Another source which is capable to find only the degree of non-membership of an 
element; 

Or a source which only computes the indeterminacy. 

Thus, when we put the results together of these sources, it is possible that their sum is not 1, 
but smaller or greater. 

Also, in information fusion, when dealing with indeterminate models (i.e. elements of the fusion 
space which are indeterminate/unknown, such as intersections we don’t know if they are empty 
or not since we don’t have enough information, similarly for complements of indeterminate 
elements, etc.): if we compute the believe in that element (truth), the disbelieve in that element 
(falsehood), and the indeterminacy part of that element, then the sum of these three components 
is strictly less than 1 (the difference to 1 is the missing information). 

5. More distinctions between the Neutrosophic Set and Intuitionistic Fuzzy Set 

a) Neutrosophic Set can distinguish between absolute membership (i.e. membership in all 
possible worlds; we have extended Leibniz’s absolute truth to absolute membership) and relative 
membership (membership in at least one world but not in all), because NS(absolute membership 
element)=l + while NS(relative membership elemental. This has application in philosophy (see 
the neutrosophy). That’s why the unitary standard interval [0, 1] used in IFS has been extended 
to the unitary non-standard interval ]~0, l + [ in NS. 

Similar distinctions for absolute or relative non-membership, and absolute or relative 
indeterminant appurtenance are allowed in NS. 

b) In NS there is no restriction on T, I, F other than they are subsets of ]"0, l + [, 
thus: ~0 < inf T + inf I + inf F < sup T + sup I + sup F < 3 + . 

The inequalities (2.1) and (2.4) of IFS are relaxed in NS. 

This non-restriction allows paraconsistent, dialetheist, and incomplete information to be 
characterized in NS - as in above Neutrosophic Cube - {i.e. the sum of all three components if 
they are defined as points, or sum of superior limits of all three components if they are defined as 
subsets can be >1 (for paraconsistent information coming from different sources), or < 1 for 
incomplete information}, while that information cannot be described in IFS because in IFS the 
components T (membership), I (indeterminacy), F (non-membership) are restricted either to 
t+i+f=l or to t 2 + f 2 < 1, if T, I, F are all reduced to the points t, i, f respectively, or to sup T + 
sup I + sup F = 1 if T, I, F are subsets of [0, 1]. 

Of course, there are cases when paraconsistent and incomplete informations can be normalized 
to 1, but this procedure is not always suitable. 

c) Relation (2.3) from interval- valued intuitionistic fuzzy set is relaxed in NS, i.e. the intervals 
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do not necessarily belong to lnt[0,l] but to [0,1], even more general to ]'0, l + [. 

d) In NS the components T, I, F can also be included in the unitary non- 

+ 

standard interval ] 0, 1 [, not only standard subsets included in the unitary standard interval 
[0, 1] as in IFS. 

e) NS, like dialetheism, can describe paradoxist elements, NS(paradoxist element) = (1, 1, 1), 
while IFL cannot describe a paradox because the sum of components should be 1 in IFS. 

f) The connectors in IFS are defined with respect to T and F, i.e. membership and 
nonmembership only (hence the Indeterminacy is what’s left from 1), while in NS they can be 
defined with respect to any of them (no restriction). 

g) Component “I”, indeterminacy, can be split into more subcomponents in order to better catch 
the vague information we work with, and such, for example, one can get more accurate answers 
to the Question-Answering Systems initiated by Zadeh (2003). 



{In Belnap’s four-valued logic (1977) indeterminacy is split into Uncertainty (U) and 
Contradiction (C), but they were interrelated.} 

Even more, one can split "I" into Contradiction, Uncertainty, and Unknown, and we get a five- 
valued logic. 

In a general Refined Neutrosophic Set, "T" can be split into subcomponents Ti, T 2 , ..., T m , and 
"I" into Ii, I 2 , ..., I n , and "F" into F u F 2 , ..., F p . 

h) NS has a better and clear terminology (name) as "neutrosophic" (which means the neutral 
part: i.e. neither true/membership nor false/nonmembership), while IFS's name "intuitionistic" 
produces confusion with Intuitionistic Logic, which is something different (see the article by 
Didier Dubois et al., 2005). 



i) The Neutrosophic Numbers have been introduced by W.B. Vasantha Kandasamy and F. 
Smarandache, which are numbers of the form N = a+bl, where a, b are real or complex numbers, 
while “I” is the indeterminacy part of the neutrosophic number N, such that I = I and al+pi = 
(a+P)I. 

Of course, indeterminacy “I” is different from the imaginary i = V- T . 

In general one has I n = I if n > 0, and is undefined if n < 0. 

The algebraic structures using neutrosophic numbers gave birth to the neutrosophic algebraic 
structures [see for example “neutrosophic groups”, “neutrosophic rings”, “neutrosophic vector 
space”, “neutrosophic matrices, bimatrices, ..., n-matrices”, etc.], introduced by W.B. Vasantha 
Kandasamy, F. Smarandache et al. 



Example of Neutrosophic Matrix: 



1 

0 



-1 + 41 



2 + 1 


-5 


1/3 


I 


6 


51 
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Example of Neutrosophic Ring: ({a+bl, with a, b e R}, +, •), where of course (a+bl)+(c+dl) = 
(a+c)+(b+d)I, and (a+bl) • (c+dl) = (ac) + (ad+bc+bd)I. 

j) Also, “I” led to the definition of the neutrosophic graphs (graphs which have at least either 
one indeterminate edge or one indeterminate node), and neutrosophic trees (trees which have at 
least either one indeterminate edge or one indeterminate node), which have many applications in 
social sciences. 

As a consequence, the neutrosophic cognitive maps and neutrosophic relational maps are 
generalizations of fuzzy cognitive maps and respectively fuzzy relational maps (W.B. Vasantha 
Kandasamy, F. Smarandache et ah). 

A Neutrosophic Cognitive Map is a neutrosophic directed graph with concepts like policies, events 
etc. as nodes and causalities or indeterminates as edges. It represents the causal relationship between 
concepts. 

An edge is said indeterminate if we don’t know if it is any relationship between the nodes it 
connects, or for a directed graph we don’t know if it is a directly or inversely proportional 
relationship. 

A node is indeterminate if we don’t know what kind of node it is since we have incomplete 
information. 

Example of Neutrosophic Graph (edges V1V3, V1V5, V2V3 are indeterminate and they are drawn 
as dotted): 




and its neutrosophic adjacency matrix is: 

"0 110 1 " 

10 10 0 

I I 0 1 1 

0 0 10 1 
I 0 1 1 0 

The edges mean: 0 = no connection between nodes, 1 = connection between nodes, I = 
indeterminate connection (not known if it is or if it is not). 

Such notions are not used in the fuzzy theory. 
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Example of Neutrosophic Cognitive Map (NCM), which is a generalization of the Fuzzy 
Cognitive Maps. 

Let’s have the following nodes: 

Ci - Child Labor 
C2 - Political Leaders 
C3 - Good Teachers 
C4 - Poverty 
C 5 - Industrialists 

C6 - Public practicing/encouraging Child Labor 
C7 - Good Non-Governmental Organizations (NGOs) 




The corresponding neutrosophic adjacency matrix related to this neutrosophic cognitive map is: 

“0 7 -1 1 1 0 0 " 

7 0 7 0 0 0 0 

- 1 / 0 0 7 0 0 

1 0 0 0 0 0 0 

1 0 0 0 0 0 0 

0 0 0 0 7 0 -1 
-1 0 0 0 0 0 0 

The edges mean: 0 = no connection between nodes, 1 = directly proportional connection, -1 = 
inversely proportionally connection, and I = indeterminate connection (not knowing what kind of 
relationship is between the nodes the edge connects). 

k) The neutrosophics introduced (in 1995) the Neutrosophic Probability (NP), which is a 
generalization of the classical and imprecise probabilities. NP of an event £ is the chance that 
event occurs, the chance that event ^"doesn’t occur, and the chance of indeterminacy (not 
knowing if the event occurs or not). 

In classical probability n sup < 1, while in neutrosophic probability n sup < 3 + . 
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In imprecise probability: the probability of an event is a subset T in [0, 1], not a number p in [0, 
1], what’s left is supposed to be the opposite, subset F (also from the unit interval [0, 1]); there is 
no indeterminate subset I in imprecise probability. 

And consequently the Neutrosophic Statistics, which is the analysis of the neutrosophic events. 
Neutrosophic statistics deals with neutrosophic numbers, neutrosophic probability distribution, 
neutrosophic estimation, neutrosophic regression. 

The function that models the neutrosophic probability of a random variable x is called 
neutrosophic distribution : NP(x) = ( T(x), I(x), F(x) ), where T(x) represents the probability that 
value x occurs, F(x) represents the probability that value x does not occur, and I(x) represents the 
indeterminate / unknown probability of value x. 

1) Neutrosophy opened a new field in philosophy. 

Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of 
neutralities, as well as their interactions with different ideational spectra. 

This theory considers every notion or idea <A> together with its opposite or negation <Anti-A> 
and the spectrum of "neutralities" <Neut-A> (i.e. notions or ideas located between the two 
extremes, supporting neither <A> nor <Anti-A>). The <Neut-A> and <Anti-A> ideas together 
are referred to as <Non-A>. 

According to this theory every idea <A> tends to be neutralized and balanced by <Anti-A> and 
<Non-A> ideas - as a state of equilibrium. 

In a classical way <A>, <Neut-A>, <Anti-A> are disjoint two by two. 

But, since in many cases the borders between notions are vague, imprecise, Sorites, it is 
possible that <A>, <Neut-A>, <Anti-A> (and <Non-A> of course) have common parts two by 
two as well. 

Neutrosophy is the base of neutrosophic logic, neutrosophic set, neutrosophic probability and 
statistics used in engineering applications (especially for software and information fusion), 
medicine, military, cybernetics, physics. 
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n-Valued Refined Neutrosophic Logic and Its Applications to Physics 

Florentin Smarandache 



Abstract. 

In this paper we present a short history of logics: from particular cases of 2-symbol or numerical 
valued logic to the general case of / 7 -symbol or numerical valued logic. We show generalizations 
of 2-valued Boolean logic to fuzzy logic, also from the Kleene’s and Lukasiewicz’ 3-symbol 
valued logics or Belnap’s 4-symbol valued logic to the most general n-symbol or numerical 
valued refined neutrosophic logic. Two classes of neutrosophic norm (n-norm) and neutrosophic 
conorm ( n-conorm ) are defined. Examples of applications of neutrosophic logic to physics are 
listed in the last section. 

Similar generalizations can be done for n-Valued Refined Neutrosophic Set, and respectively n- 
Valued Refined Neutrosopjhic Probability. 



1. Two-Valued Logic 

a) The Two Symbol-Valued Logic. 

It is the Chinese philosophy: Yin and Yang (or Femininity and Masculinity) as contraries: 

0 

Fig 1. Ying and Yang 

It is also the Classical or Boolean Logic, which has two symbol-values: truth T and falsity F. 



b) The Two Numerical- Valued Logic. 

It is also the Classical or Boolean Logic, which has two numerical-values: truth 1 and 
falsity 0. 

More general it is the Fuzzy Logic, where the truth (7) and the falsity (F) can be any 
numbers in [0,1] such that T + F = 1. 

Even more general, T and F can be subsets of [0, 1], 
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2. Three-Valued Logic 

a) The Three Symbol-Valued Logics: 

i) Lukasiewicz 's Logic : True, False, and Possible. 

ii) Kleene ’s Logic: True, False, Unknown (or Undefined). 

iii) Chinese philosophy extended to: Yin, Yang, and Neuter (or Femininity, Masculinity, and 
Neutrality) - as in Neutrosophy. 

Neutrosophy philosophy was bom from neutrality between various philosophies. 

Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of 
neutralities, as well as their interactions with different ideational spectra. 

This theory considers every notion or idea <A> together with its opposite or negation <antiA> 
and with their spectrum of neutralities <neutA> in between them (i.e. notions or ideas supporting 
neither <A> nor <antiA>). 

The <neutA> and <antiA> ideas together are referred to as <nonA>. 

Neutrosophy is a generalization of Hegel's dialectics (the last one is based on <A> and <antiA> 
only). 

According to this theory every idea <A> tends to be neutralized and balanced by <antiA> and 
<nonA> ideas - as a state of equilibrium. 

In a classical way <A>, <neutA>, <antiA> are disjoint two by two. But, since in many cases the 
borders between notions are vague, imprecise, Sorites, it is possible that <A>, <neutA>, <antiA> 
(and <nonA> of course) have common parts two by two, or even all three of them as well. Such 
contradictions involves Extenics. Neutrosophy is the base of all neutrosophics and it is used in 
engineering applications (especially for software and information fusion), medicine, military, 
airspace, cybernetics, physics. 

b) The Three Numerical- Valued Logic: 

i) Kleene ’s Logic : True (i), False ( 0 ), Unknown (or Undefined) (1/2), 
and uses “min” for A, “max” for V, and “1-” for negation. 

ii) More general is the Neutrosophic Logic [Smarandache, 1995], where the truth (T) and the 
falsity (F) and the indeterminacy (I) can be any numbers in [0, 1], then 0 <T + 1 + F <3. 

More general: Truth (T), Falsity (F), and Indeterminacy (I) are standard or nonstandard subsets 
of the nonstandard interval ] -0, l+[. 

3. Four- Valued Logic 

a) The Four Symbol- Valued Logic 

i) It is Belnap ’s Logic: True (T), False (F), Unknown (U), and Contradiction (C), where T, F, U, 
C are symbols, not numbers. 

Below is the Belnap’s conjunction operator table: 



n 


F 


U 


c 


T 


F 


F 


F 


F 


F 


u 


F 


u 


F 


u 


c 


F 


F 


C 


c 


T 


F 


U 


C 


T 



Table 1. 
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Restricted to T, F, U, and to T, F, C, the Belnap connectives coincide with the connectives in 
Kleene’s logic. 

ii) Let G = Ignorance. We can also propose the following two 4-Symbol Valued Logics: 

(T, F, U, G), and (T, F, C, G). 

iii) Absolute-Relative 2-, 3-, 4-, 5-, or 6-Symbol Valued Logics [Smarandache, 1995]. 

Let Ta be truth in all possible worlds (according to Leibniz’s definition); 

Tr be truth in at last one world but not in all worlds; 
and similarly let Ia be indeterminacy in all possible worlds; 

Ir be indeterminacy in at last one world but not in all worlds; 
also let Fa be falsity in all possible worlds; 

Fr be falsity in at last one world but not in all worlds; 

Then we can form several Absolute-Relative 2-, 3-, 4-, 5-, or 6-Symbol Valued Logics 
just taking combinations of the symbols Ta, Tr, Ia, Ir, Fa, and Fr. 

As particular cases, very interesting would be to study the Absolute-Relative 4-Symbol 
Valued Logic (Ta, Tr, Fa, Fr), as well as the Absolute-Relative d-Symbol Valued Logic (Ta, Tr, 
I a, Ir, Fa, Fr). 

b) Four Numerical-Valued Neutrosophic Logic: Indeterminacy I is refined (split) as U = 
Unknown, and C = contradiction. 

T, F, U, C are subsets of [0, 1], instead of symbols; 

This logic generalizes Belnap’ s logic since one gets a degree of truth, a degree of falsity, 
a degree of unknown, and a degree of contradiction. 

Since C = TAF, this logic involves the Extenics. 

4. Five- Valued Logic 

a) Five Symbol- Valued Neutrosophic Logic [Smarandache, 1 995] : 

Indeterminacy / is refined (split) as U = Unknown, C = contradiction, and G = ignorance; 
where the symbols represent: 

T = truth; 

F = falsity; 

U = neither T nor F (undefined); 

C = TAF, which involves the Extenics; 

G = TVF. 

b) If T, F, U, C, G are subsets of [0, 1] then we get: a Five Numerical-Valued Neutrosophic 

Logic. 

5 . Seven- Valued Logic 

a) Seven Symbol-Valued Neutrosophic Logic [Smarandache, 1995]: 

I is refined (split) as U, C, G, but T also is refined as Ta = absolute truth and Tr = relative 
truth, and F is refined as Fa = absolute falsity and Fr = relative falsity. Where: 

U = neither (Ta or Tr) nor (Fa or Fr) (i.e. undefined); 



38 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



C = (Ta or Tr) A (Fa or Fr) (i.e. Contradiction), which involves the Extenics; 

G = (Ta or Tr) V (Fa or Fr) (i.e. Ignorance). 

All are symbols. 

b) But if Ta, Tr, Fa, Fr, U, C, G are subsets of [0, 1] , then we get a Seven Numerical- 
Valued Neutrosophic Logic. 

6 . n- V alued Logic 

a) The n-Symbol-V alued Refined Neutrosophic Logic [Smarandache, 1995], 

In general: 

T can be split into many types of truths: Ti, T 2 , .... T p , and /into many types of indeterminacies: 
Ii, I 2 , ..., Ir, and F into many types of falsities: Fi, F 2 , ..., F s „ where all p, r, s>l are integers, and 
p + r + s = n. Even more: T, I, and/or F (or any of their subcomponents T) , Ik, and/or Fi) can 
be countable or uncountable infinite sets. 

All subcomponents Tj, Ik, Fi are symbols for je {1,2, ...,p}, ke {1,2, ... ,r }, and le {1,2, ... ,s }. 

If at least one Ik = TjA Fi = contradiction, we get again the Extenics. 



b) The n-Numerical- Valued Refined Neutrosophic Logic. 

In the same way, but all subcomponents Tj, Ik, Fi are not symbols, but subsets of [0,1], for all 

je { l,2,...,p }, all ke {1,2, ...,rj, and all / € {l,2,...,sj. 

If all sources of information that separately provide neutrosophic values for a specific 
subcomponent are independent sources, then in the general case we consider that each of the 
subcomponents Tj, Ik, Fi is independent with respect to the others and it is in the non-standard set 
]'0, l + [. Therefore per total we have for crisp neutrosophic value subcomponents Tj, Ik, Fi that: 

"0 (!) 

j = 1 k = 1 1=1 

where of course n = p + r + s as above. 

If there are some dependent sources (or respectively some dependent subcomponents), we can 
treat those dependent subcomponents together. For example, if Ti and I 3 are dependent, we put 
them together as '0 <T 2 + h < 1 + . 

The non-standard unit interval fO, 1 ' [ , used to make a distinction between absolute and relative 
truth/indeterminacy/falsehood in philosophical applications, is replace for simplicity with the 
standard (classical) unit interval [0,1] for technical applications. 

For at least one Ik = TjA Fi = contradiction, we get again the Extenics. 

7. n-Valued Neutrosophic Logic Connectors 

a) n-Norm and n-Conorm defined on combinations of t-Norm and t-Conorm 
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The n-norm is actually the neutrosophic conjunction operator, NEUTROSOPHIC AND (An); 
while the n-conorm is the neutrosophic disjunction operator, NEUTROSOPHIC OR (Vn). 

One can use the t-norm and t-conorm operators from the fuzzy logic in order to define the 
n-norm and respectively n-conorm in neutrosophic logic: 

n-norm ( (Tj)j={i,2...., P }, ( Ik)k={i,2,...,r }, (Fi)i={i,2 ,..., s } ) = ( 2 ) 

( [t-norm(Tj)]j=ji,2,..„ P }, [t-conorm(h)] k={i.2.....r}, [t-conorm(Fi)] i={i,2,...,s} ) 

and 



n-conorm( (Tj)j={i, 2 ,..., P }, (Ik)k={i, 2 ,...,r}, (Fi)i={i, 2 ,...,s} ) = ( 3 ) 

( [t-conorm(Tj)]j={i,2,..., P }, [t-norm(Ik)] k={i,2,...,r} } [ t-norm(Fi)]i={i,2,..., s } ) 

and then one normalizes if needed. 

Since the n-norms/n-conorms, alike t-norms/t-conorms, can only approximate the inter- 
connectivity between two n-Valued Neutrosophic Propositions, there are many versions of these 
approximations. 

For example, for the n-norm: 

the indeterminate (sub)components Ik alone can be combined with the t-conorm in a pessimistic 
way [i.e. lower bound], or with the t-norm in an optimistic way [upper bound]; 

while for the n-conorm: 

the indeterminate (sub)components Ik alone can be combined with the t-norm in a pessimistic 
way [i.e. lower bound], or with the t-conorm in an optimistic way [upper bound]. 

In general, if one uses in defining an n-norm/n-conorm for example the t-norm minfx, yj 
then it is indicated that the corresponding t-conorm used be max{x, y}\ or if the t-norm used is 
the product x-y then the corresponding t-conorm should be x+y-x-y; and similarly if the t-norm 
used is max{ 0 , x+y-I } then the corresponding t-conorm should be min{x+y, I}; and so on. 

Yet, it is still possible to define the n-norm and n-conorm using different types of t-norms and t- 
conorms. 

b) N-norm and n-conorm based on priorities. 

For the n-norm we can consider the priority: T < I < F, where the subcomponents are supposed to 
conform with similar priorities, i.e. 

Ti < T2 <... < Tp<h < h < ... <Ir < Fi < F2 < ...< F s . ( 4 ) 

While for the n-conorm one has the opposite priorities: T > I > F, or for the refined case: 

Ti > T2 >... > T P > Ii > h> ... >F > Fi > F2 > ...> F s . ( 5 ) 

By definition A < B means that all products between A and B go to B (the bigger). 

Fet’s say, one has two neutrosophic values in simple (non-refined case): 
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(Tx, lx, Fx) (6) 

and 

(Ty, Iy, Fy). (7) 

Applying the n-norm to both of them, with priorities T < I < F, we get: 

(Tx, lx, Fx) An (Ty, Iy, Fy) = (TxTy, Txly + Tylx + Ixly, TxFy + TyFx + IxFy + IyFx + FxFy) (8) 

Applying the n-conorm to both of them, with priorities T > I > F, we get: 

(Tx, lx, Fx) Vn (Ty, Iy, Fy) = (TxTy + Txly + Tylx + TxFy + TyFx, Ixly +IxF y + IyFx, FxFy). (9) 

In a lower bound (pessimistic) n-norm one considers the priorities T < I < F, while in an upper 
bound (optimistic) n-norm one considers the priorities I < T < F. 

Whereas, in an upper bound (optimistic) n-conorm one considers T > I > F, while in a lower 
bound (pessimistic) n-conorm one considers the priorities T > F > I. 

Various priorities can be employed by other researchers depending on each particular 
application. 

8. Particular Cases 

If in 6 a) and b) one has all h = 0, \ TltlfWflD (JK|jDwe get the n- Valued Refined Fuzzy Logic. 

If in 6 a) and b) one has only one type of indeterminacy, i.e. k =1, hence Ii = I > 0, we get the 

n- Valued Refined Intuitionistic Fuzzy Logic. 

9. Distinction between Neutrosophic Physics and Paradoxist Physics 

Firstly, we make a distinction between Neutrosophic Physics and Paradoxist Physics. 

a) Neutrosophic Physics. 

Let <A> be a physical entity (i.e. concept, notion, object, space, field, idea, law, property, state, 
attribute, theorem, theory, etc.), <antiA> be the opposite of <A>, and <neutA> be their neutral (i.e. 
neither <A> nor <antiA>, but in between). 

Neutrosophic Physics is a mixture of two or three of these entities <A>, <antiA>, and <neutA> 
that hold together. 

Therefore, we can have neutrosophic fields, and neutrosophic objects, neutrosophic states, etc. 

b) Paradoxist Physics. 

Neutrosophic Physics is an extension of Paradoxist Physics, since Paradoxist Physics is a 
combination of physical contradictories <A> and <antiA> only that hold together, without 
referring to their neutrality <neutA>. Paradoxist Physics describes collections of objects or states 
that are individually characterized by contradictory properties, or are characterized neither by a 
property nor by the opposite of that property, or are composed of contradictory sub-elements. Such 
objects or states are called paradoxist entities. 

These domains of research were set up in the 1995 within the frame of neutrosophy, 
neutrosophic logic/set/probability/statistics. 
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10. n- Valued Refined Neutrosophic Logic Applied to Physics 



There are many cases in the scientific (and also in humanistic) fields that two or three of these 
items <A>, <antiA>, and <neutA> simultaneously coexist. 

Several Examples of paradoxist and neutrosophic entities: 

- anions in two spatial dimensions are arbitrary spin particles that are neither bosons (integer spin) 
nor fermions (half integer spin); 

- among possible Dark Matter candidates there may be exotic particles that are neither Dirac nor 
Majorana fermions; 

- mercury (Hg) is a state that is neither liquid nor solid under normal conditions at room 
temperature; 

- non-magnetic materials are neither ferromagnetic nor anti-ferromagnetic; 

- quark gluon plasma (QGP) is a phase formed by quasi-free quarks and gluons that behaves neither 
like a conventional plasma nor as an ordinary liquid; 

- unmatter, which is formed by matter and antimatter that bind together (F. Smarandache, 2004); 

- neutral kaon, which is a pion & anti-pion composite (R. M. Santilli, 1978) and thus a form of 
unmatter; 

- neutrosophic methods in General Relativity (D. Rabounski, F. Smarandache, L. Borissova, 
2005); 

- neutrosophic cosmological model (D. Rabounski, L. Borissova, 2011); 

- neutrosophic gravitation (D. Rabounski); 

- qubit and generally quantum superposition of states; 

- semiconductors are neither conductors nor isolators; 

- semi-transparent optical components are neither opaque nor perfectly transparent to light; 

- quantum states are metastable (neither perfectly stable, nor unstable); 

- neutrino-photon doublet (E. Goldfain); 

- the “multiplef ’ of elementary particles is a kind of ‘neutrosophic field’ with two or more values 
(E. Goldfain, 2011); 

- A "neutrosophic field" can be generalized to that of operators whose action is selective. The 
effect of the neutrosophic field is somehow equivalent with the “tunneling” from the solid physics, 
or with the “spontaneous symmetry breaking" (SSB) where there is an internal symmetry which is 
broken by a particular selection of the vacuum state (E. Goldfain). 
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Conclusion 

Many types of logics have been presented above. For the most general logic, the n-valued refined 
neutrosophic logic, we presented two classes of neutrosophic operators to be used in 
combinations of neutrosophic valued propositions in physics. 

Similar generalizations are done for n-Valued Refined Neutrosophic Set, and respectively n- 

Valued Refined Neutrosopjhic Probability. 
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Replacing the Conjunctive Rule and Disjunctive Rule with T- 
norms and T-conorms respectively (Tchamova-Smarandache) 



Florentin Smarandache 



A T-norm is a function T n : [0, 1] — > [0, 1], defined in fuzzy/neutrosophic set theory and 
fuzzy/neutrosophic logic to represent the “intersection” of two fuzzy/neutrosophic sets 
and the fuzzy/neutrosophic logical operator “and” respectively. Extended to the fusion 
theory the T-norm will be a substitute for the conjunctive rule. 

The T-norm satisfies the conditions: 

a) Boundary Conditions: T n (0, 0) = 0, T n (x, 1) = x. 

b) Commutativity: T n (x, y) = T n (y, x). 

c) Monotonicity: If x < u and y < v, then T n (x, y)< T n (u, v). 

d) Associativity: T n (T n (x, y), z ) = T n ( x, T n (y, z) ). 

There are many functions which satisfy the T-norm conditions. We present below the 
most known ones: 

The Algebraic Product T-norm: 

T n -algebraic(x, y) = X-y 

The Bounded T-norm: 

T n -bounded(x, y) = max{0, x+y-1} 

The Default (min) T-norm (introduced by Zadeh): 

T n -min(x, y) = min{x, y}. 



Min rule can be interpreted as an optimistic lower bound for combination of bba and the 
below Max rule as a prudent/pessimistic upper bound. (Jean Dezert) 

A T-conorm is a function T c : [0, l] 2 — » [0, 1], defined in fuzzy/neutrosophic set theory 
and fuzzy/neutrosophic logic to represent the “union” of two fuzzy/neutrosophic sets and 
the fuzzy/neutrosophic logical operator “or” respectively. Extended to the fusion theory 
the T-conorm will be a substitute for the disjunctive rule. 

The T-conorm satisfies the conditions: 

a) Boundary Conditions: T c (l, 1) = 1, T c (x, 0) = x. 

b) Commutativity: T c (x, y) = T c (y, x). 

c) Monotonicity: if x < u and y < v, then T c (x, y)< T c (u, v). 

d) Associativity: T c (T c (x, y), z ) = T c ( x, T c (y, z) ). 
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There are many functions which satisfy the T-conorm conditions. We present below the 
most known ones: 

The Algebraic Product T-conorm: 

T c -aigebraic(x, y) = x+y-x-y 

The Bounded T-conorm: 

T c -bounded(x, y) = min{l, x+y} 

The Default (max) T-conorm (introduced by Zadeh): 

T c -max(x, y) = max{x, y}. 

Then, the T-norm Fusion rule is defined as follows: 
m n 12 (A) = ^ Tn(ml(X ), m2(F)) 

XnY=A 

and the T-conorm Fusion rule is defined as follows: 



m ul2 (A)= ^Tc(ml(X),m2(Y)) 

x,Y&e 

XuY=A 



The T-norms/conorms are commutative, associative, isotone, and have a neutral element. 
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Connections between Extension Logic and Refined Neutrosophic Logic 



Florentin Smarandache 



Abstract. 

The aim of this presentation is to connect Extension Logic with new fields of research, i.e. fuzzy 
logic and neutrosophic logic. 

We show herein: 

How Extension Logic is connected to the 3-Valued Neutrosophic Logic, 

How Extension Logic is connected to the 4-Valued Neutrosophic Logic, 

How Extension Logic is connected to the n-Valued Neutrosophic Logic, 

when contradictions occurs. As extension transformation one uses the normalization of the 
neutrosophic logic components. 



Introduction. 

In this paper we present a short history of logics: from particular cases of 2-symbol or 
numerical valued logic to the general case of n-symbol or numerical valued logic, and the way 
they are connected to Prof. Cai Wen’s Extension Logic Theory (1983). We show generalizations 
of 2-valued Boolean logic to fuzzy logic, also from the Kleene’s and Lukasiewicz’ 5-symbol 
valued logics or Belnap’s 4-symbol valued logic to the most general n-symbol or numerical 
valued refined neutrosophic logic. Two classes of neutrosophic norm ( n-norm ) and neutrosophic 
conorm ( n-conorm ) are defined. Examples of applications of neutrosophic logic to physics are 
listed in the last section. 

Similar generalizations can be done for n- Valued Refined Neutrosophic Set, and respectively n- 
Valued Refined Neutrosopjhic Probability in connections with Extension Logic. 

The essential difference between extension logic and neutrosophic logic is that the sum of the 
components in the extension logic is greater than 1 . And the relationship between extension logic 
and refined neutrosophic logic is that both of them can be normalized (by dividing each logical 
component by the sum of all components), thus using an extension transformation. 

1. Two- Valued Logic 

a) The Two Symbol- Valued Logic. 

It is the Chinese philosophy: Yin and Yang (or Femininity and Masculinity) as contraries: 
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Fig 1. Ying and Yang 

It is also the Classical or Boolean Logic, which has two symbol-values: truth T and falsity F. 



b) The Two Numerical- Valued Logic. 

It is also the Classical or Boolean Logic, which has two numerical- values: truth 1 and 
falsity 0. 

More general it is the Fuzzy Logic, where the truth (7) and the falsity (F) can be any 
numbers in [0,1] such that T + F = 1. 

Even more general, T and F can be subsets of [0, 1]. 

2. Three- Valued Logic 

a) The Three Symbol-Valued Logics: 

i) Lukasiewicz ’s Logic : True, False, and Possible. 

ii) Kleene ’s Logic: True, False, Unknown (or Undefined). 

iii) Chinese philosophy extended to: Yin, Yang, and Neuter (or Femininity, Masculinity, and 
Neutrality) - as in Neutrosophy. 

Neutrosophy philosophy was bom from neutrality between various philosophies. Connected with 
Extension Logic (Prof. Cai Wen, 1983), and Paradoxism (F. Smarandache, 1980). 

Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of 
neutralities, as well as their interactions with different ideational spectra. 

This theory considers every notion or idea <A> together with its opposite or negation <antiA> 
and with their spectrum of neutralities <neutA> in between them (i.e. notions or ideas supporting 
neither <A> nor <antiA>). 

The <neutA> and <antiA> ideas together are referred to as <nonA>. 

Neutrosophy is a generalization of Hegel's dialectics (the last one is based on <A> and <antiA> 
only). 

According to this theory every idea <A> tends to be neutralized and balanced by <antiA> and 
<nonA> ideas - as a state of equilibrium. 

In a classical way <A>, <neutA>, <antiA> are disjoint two by two. But, since in many cases the 
borders between notions are vague, imprecise, Sorites, it is possible that <A>, <neutA>, <antiA> 
(and <nonA> of course) have common parts two by two, or even all three of them as well. Such 
contradictions involves Extension Logic. 

Neutrosophy is the base of all neutrosophics and it is used in engineering applications (especially 
for software and information fusion), medicine, military, airspace, cybernetics, physics. 
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b) The Three Numerical- Valued Logic: 

i) Kleene '$ Logic : True (1), False ( 0 ), Unknown (or Undefined) (1/2), 
and uses “min” for A, “max” for V, and “1-” for negation. 

ii) More general is the Neutrosophic Logic [Smarandache, 1995], where the truth ( T) and the 
falsity (F) and the indeterminacy (7) can be any numbers in [0, 1], then 0 < T + 1 + F <3. 

More general: Truth (T), Falsity ( F ), and Indeterminacy ( I) are standard or nonstandard subsets 
of the nonstandard interval ] -0, l+[. 

When t + f > 1 we have conflict, hence Extension Logic. 



3. Four- Valued Logic 

a) The Four Symbol- Valued Logic 

i) It is Belnap ’s Logic: True (T), False (F), Unknown (U), and Contradiction ( C ), where 
T, F, U, C are symbols, not numbers. 

Now we have Extension Logic, thanks to C = contradiction. 

Below is the Belnap’s conjunction operator table: 



n 


F 


u 


C 


T 


F 


F 


F 


F 


F 


U 


F 


U 


F 


U 


c 


F 


F 


c 


c 


T 


F 


u 


c 


T 



Table 1. 



Restricted to T, F, U, and to T, F, C, the Belnap connectives coincide with the connectives in 
Kleene’s logic. 

ii) Let G = Ignorance. We can also propose the following two 4-Symbol Valued Logics: 

(T, F, U, G), and (T, F, C, G). 

iii) Absolute-Relative 2-, 3-, 4-, 5-, or 6-Symbol Valued Logics [Smarandache, 1995]. 

Let Ta be truth in all possible worlds (according to Leibniz’s definition); 

Tr be truth in at last one world but not in all worlds; 
and similarly let La be indeterminacy in all possible worlds; 

Ir be indeterminacy in at last one world but not in all worlds; 
also let Fa be falsity in all possible worlds; 

Fr be falsity in at last one world but not in all worlds; 

Then we can form several Absolute-Relative 2-, 3-, 4-, 5-, or 6-Symbol Valued Logics 
just taking combinations of the symbols Ta, Tr, Ia, Ir, Fa, and Fr. 

As particular cases, very interesting would be to study the Absolute-Relative 4-Symbol 
Valued Logic (Ta, Tr, Fa, Fr), as well as the Absolute-Relative (5-Symbol Valued Logic (Ta, Tr, 
Ia, Ir, Fa, Fr). 

b) Four Numerical- Valued Neutrosophic Logic: Indeterminacy I is refined (split) as U = 
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Unknown, and C = contradiction. 

T, F, U, C are subsets of [0, 1], instead of symbols; 

This logic generalizes Belnap’s logic since one gets a degree of truth, a degree of falsity, 
a degree of unknown, and a degree of contradiction. 

Since C = TAF, this logic involves the Extension Logic. 

4. Five- Valued Logic 

a) Five Symbol- Valued Neutrosophic Logic [Smarandache, 1 995] : 

Indeterminacy I is refined (split) as U = Unknown, C = contradiction, and G = ignorance; 
where the symbols represent: 

T = truth; 

F = falsity; 

U = neither T nor F (undefined); 

C = TAF, which involves the Extension Logic; 

G = TVF. 

b) If T, F, U, C, G are subsets of [0, 1] then we get: a Five Numerical-Valued Neutrosophic 

Logic. 

5. Seven- Valued Logic 

a) Seven Symbol-Valued Neutrosophic Logic [Smarandache, 1995]: 

I is refined (split) as U, C, G, but T also is refined as Ta = absolute truth and Tr = relative 
truth, and F is refined as Fa = absolute falsity and Fr = relative falsity. Where: 

U = neither (Ta or Tr) nor (Fa or Fr) (i.e. undefined); 

C = (Ta or Tr) A (Fa or Fr) (i.e. Contradiction), which involves the Extension Logic; 

G = (Ta or Tr) 1/ (Fa or Fr) (i.e. Ignorance). 

All are symbols. 

b) But if Ta, Tr, Fa, Fr, U, C, G are subsets of [0, 1], then we get a Seven Numerical- 
Valued Neutrosophic Logic. 

6. n- Valued Logic 



a) The n-Symbol-Valued Refined Neutrosophic Logic [Smarandache, 1995], 

In general: 

T can be split into many types of truths: Ti, T2, ..., T P , and / into many types of indeterminacies: 
Ii, I2, ..., Ir, and F into many types of falsities: Fi, F2, ..., F s „ where all p, r, s>l are integers, and 
p + r + s = n. 

All subcomponents Tj, Ik, Fi are symbols for je {1,2, ...,p}, ke {1,2, ...,rj, and le {1,2, ... ,s }. 

If at least one h= TjA Fi = contradiction, we get again the Extension Logic. 
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b) The n-Numerical- Valued Refined Neutrosophic Logic. 

In the same way, but all subcomponents Tj, Ik, Fi are not symbols, but subsets of [0,1], for all 

ye {1,2, all k e {1,2, and all / e {l,2,...,sj. 

If all sources of information that separately provide neutrosophic values for a specific 
subcomponent are independent sources, then in the general case we consider that each of the 
subcomponents Tj, Ik, Fi is independent with respect to the others and it is in the non-standard set 
]'0, 1 + [. Therefore per total we have for crisp neutrosophic value subcomponents Tj, Ik, Fi that: 

"o^t+EA+E^ 5 "* (!) 

j = 1 k = 1 /= 1 

where of course n = p + r + s as above. 

If there are some dependent sources (or respectively some dependent subcomponents), we can 
treat those dependent subcomponents together. For example, if T 2 and Is are dependent, we put 
them together as '0 <Ti + 1 3 < 1 + . 

The non-standard unit interval ]~0, l + [ , used to make a distinction between absolute and relative 
truth/indeterminacy/falsehood in philosophical applications, is replace for simplicity with the 
standard (classical) unit interval [0, 1] for technical applications. 

For at least one Ik = Tj A Fi = contradiction, we get again the Extension Logic. 

7. Neutrosophic Cube and its Extension Logic Part 



The most important distinction between IFS and NS is showed in the below Neutrosophic 
Cube A’B’C’D’E’F’G’H’ introduced by J. Dezert in 2002. 

Because in technical applications only the classical interval is used as range for the 
neutrosophic parameters , we call the cube the technical neutrosophic cube and its extension 
the neutrosophic cube (or absolute neutrosophic cube), used in the fields where we need to 
differentiate between absolute and relative (as in philosophy) notions. 
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C’ 



D’OMVO) 



Fig. 2. Neutrosophic Cube 



Let’s consider a 3D-Cartesian system of coordinates, where t is the truth axis with value range in 

+ - + 

] 0,1 [, i is the false axis with value range in ] 0,1 [, and similarly f is the indeterminate 

+ 

axis with value range in ] 0,1 [. 

We now divide the technical neutrosophic cube ABCDEFGH into three disjoint regions: 

1) The equilateral triangle BDE, whose sides are equal to V( 2) which represents the 
geometrical locus of the points whose sum of the coordinates is 1 . 

If a point Q is situated on the sides of the triangle BDE or inside of it, then tQ+iQ+fQ=l 
as in Atanassov-intuitionistic fuzzy set (A-IFS). 

2) The pyramid EABD {situated in the right side of the triangle EBD, including its faces 
triangle ABD(base), triangle EBA, and triangle EDA (lateral faces), but excluding its 
face: triangle BDE } is the locus of the points whose sum of coordinates is less than 1 
(Incomplete Logic). 

3) In the left side of triangle BDE in the cube there is the solid EFGCDEBD ( excluding 
triangle BDE) which is the locus of points whose sum of their coordinates is greater than 
1 as in the paraconsistent logic. This is the Extension Logic part. 

It is possible to get the sum of coordinates strictly less than 1 (in Incomplete information), or 
strictly greater than 1 (in contradictory Extension Logic) . For example: 

We have a source which is capable to find only the degree of membership of an element; but it is 
unable to find the degree of non-membership; 
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Another source which is capable to find only the degree of non-membership of an element; 

Or a source which only computes the indeterminacy. 

Thus, when we put the results together of these sources, it is possible that their sum is not 1, but 
smaller (Incomplete) or greater (Extension Logic). 

8 . Example of Extension Logic in 3- Valued Neutrosophic Logic 

About a proposition P, the first source of information provides the truth-value T=0.8. 

Second source of information provides the false-value F=0.7. 

Third source of information provides the indeterminacy-value 1=0.2. 

Hence NL3(P) = (0.8, 0.2, 0.7). 

Got Extension Logic, since Contradiction: T + F = 0.8 + 0.7 > 1. 

Can remove Contradiction by normalization: 

NL(P) = (0.47, 0.12, 0.41); now T+F < 1. 

9. Example of Extension Logic in 4- Valued Neutrosophic Logic 

About a proposition Q, the first source of information provides the truth-value T=0.4, second 
source provides the false-value F=0.3, third source provides the undefined- value U=0.1, fourth 
source provides the contradiction-value C=0.2. 

Hence NL4(Q) = (0.4, 0.1, 0.2, 0.3). 

Got Extension Logic, since Contradiction C = 0.2 > 0. 

Since C =TAF, we can remove it by transferring its value 0.2 to T and F (since T and F were 
involved in the conflict) proportionally w.r.t. their values 0. 4,0.3: 

xT/0.4 = yF/0.3 = 0.2/(0.4+0.3), whence xT=0.1 1, yF=0.09. 

Thus T=0.4+0. 11=0.51, F=0.3+0.09=0.39, U=0.1, C=0. 



Conclusion 

Many types of logics have been presented above related with Extension Logic. Examples of 
Neutrosophic Cube and its Extension Logic part, and Extension Logic in 3-Valued and 4-Valued 
Neutrosophic Logics are given. 
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Similar generalizations are done for n-Valued Refined Neutrosophic Set, and respectively n 
Valued Refined Neutrosopjhic Probability in connections with Extension Logic. 
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Neutrosophic Logic Approaches Applied to ’’RABOT” 
Real Time Control 

Alexandra Gal 

Luige Vladareanu Florentin Smarandache 
Hongnian Yu Mincong Deng 



Abstract — In this paper we present a way of deciding which control law should operate at a time for a 
mobile walking robot. The proposed deciding method is based on the new research field, called 
Neutrosophic Logic. The results are presented as a simulated system for which the output is related to the 
inputs according to the Neutrosophic Logic. 



Keywords — Neutrosophic Logic, Hybrid Control, Walking Robots 



I )! 0D Aran 

The mobile robot control represents a real interest due to 
its industry applications, but also due to its ideas of using 
robots in households. Because of its complexity, one can say 
there are three major types of robot control [9]. The first one is 
formed out of the PID (proportional - integrative - derivative) 
control or PD (proportional - derivative) control[10 - 13], in 
which the tracking errors along with their integrative and 
derivative part are amplified with certain gain values and then 
given as input values to the actuation system. The second type 
of robot control laws is formed by the adaptive control [14- 
20], in which the control law modifies its parameters 
according to the robot and environment dynamics and also to 
compensate the outside perturbations. The thirst control law 
type is represented by the iterative control laws in which the 
motors torque is computed by summing in a certain way the 
previous torques [21 - 23]. Other methods of control include 
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Sliding Motion Control, Switching Control, Robust Control, 
etc. 

All these types of control mentioned, are very good for 
certain applications. This is why, if we can’t fit an application 
to a certain category for which, there are efficient control laws 
already made, then we need to design another control law for 
the robot. Another way is to use several control laws, each 
specialized for a certain task. But this is not possible unless 
you use a switching mechanism between the robot control 
laws. This is why, we need that the switching law used in 
selecting a different control law specialized for a certain task, 
and according to the wish of the designer/engineer and also 
according to different environmental factors given by sensors 
and transducers. 

In this paper, we presented a new method for deciding how 
to switch between several control laws, and in particular 
between a kinematic control law (a PID controller) and a 
dynamic control law (a Sliding Motion Control Law). These 
control laws that were used, were thought to be used for 
controlling a mobile walking robot, laws that have the 
objective of following as good as possible a given trajectory 
for the robot foot. 

This new switching method, is based on the new scientific 
area called Neutrosophy[7] and more precise on its derivate 
Neutrosophic logic. The neutrosophic logic was applied by 
using the classic Dezert- Smarandache [8] theory, but also the 
research of Smarandache and Vladareanu [6]. By making a 
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simulation of the conditions encountered by a walking robot 
foot, in Matlab Simulink, we could observe how the switching 
technique behaves, compared to a classic fuzzy switching 
method. 

n . . Asm d beeaI qMi A$3- 4 

The neutrosophic logic is a generalization of fuzzy logic. 
In neutrosophic logic a statement is t% true, f% false and i% 
indeterminate, and t, f, i are real values taken from the sets T, 
F, I. These three sets can be of any form and the sum = t+f+i 
has no restrictions. Neutrosophic logic is related to other 
logics through the true and false parameters but it introduces 
the percentage of indeterminacy which expresses the 
percentage of unknown parameters or states [7]. 

If we choose U to be a universe of discourse, and M a set 
included in U, then an element x from U is noted with respect 
to the set M as x(T,I,F) and belongs to M in the following 
way: 

x is t% true that it is in the set M 
x is i% indeterminate that it is in the set M (the 
value of unknown) 
x is f% false that it is in the set M 

where the value of t varies in T, the value of i varies in I 
and the value of f varies in F[8]. 

A distinctive part of DSmT (Dezert Smarandache Theory) 
is the notion of hyper-power set. Let 0={0i,...,0 n } be a finite 
set of “n ” exhaustive elements. Then the DSmT hyper-power 
set D 0 is defined as the set of all composite propositions built 
from elements of 0 with the operators u and n such that [8]: 

1. <|), 0!, 6 n eD® 

2. If A, Be D®, then AnBe D® and AuBe D® 

Within the same set 0 and with m(-) : D @ — » [0, l] we 

have: 

m(0)\Oand X m(A) = 1 (1) 

AeD & 

where m(A) is called the generalized basic belief 
assignment or mass (gbba) of A[8]. 
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By using the belief function 
Bel{A)= X m(B) 

BcA W 

BeD 0 

associated with two sources (observers) irqC) and m 2 (.) we 
can define the classic DSm rule of combination: 

VCzD\m M {C) = m{C)= Z Q n h (A)-m 2 (B) 

v ’ a,b^d @ y^J 

Ar\B=C 

Since D 0 is closed under the set operators u and n this 
Dezert- Smarandache rule of combination guarantees that m(.) 
is a proper belief mass. Meaning that m( ):D e — > [0,l] . The 

rule of combination described is commutative and associative. 
Also one can extend the rule for as many sources as required. 

in. ! bob gcfcAi Ados d beer! qa 
d AxAeb co m ak;n \ da i 

For the walking robot kinematic structure, one can imagine 
any kind of biped or hexapod structure, for it doesn’t affect the 
neutrosophic decision making. Bearing this in mind, we have 
simulated the approach of the robot foot to the support surface 
through a well thought sine signal. By knowing where the 
support surface is at, we could say if the robot foot is near the 
surface, or is in contact with it. According to this distance we 
could compute the contact force between the robot foot and 
the contact surface / ground. 

Having simulated these two sensors, we have chosen these 
two as our two observers for the Neutrosophic computations. 
Knowing this, we defined in figure 1, the basic diagram of 
how the neutrosophic logic is applied. Also we need to specify 
that the decision will be made between two control techniques 
for the walking robot leg control. These two control laws were 
chosen to be based on motion control for the foot trajectory. 
One will be based on a dynamic control law and the other will 
be based on a kinematic control law. Also, the two control 
laws were not implemented, but were only used in presenting 
the neutrosophic decision. 




Fig. 1 Neutrosophic logic applied for two observers 



As one can see, the first part of the neutrosophic diagram 
is formed from the two observers which we have chosen as the 
Proximity and Force sensors. After that, there is a stage of 



Neutrosophication in which the sensors values are converted 
as in fuzzy logic, into values from the interval [0,1]. 

For the neutrosophication stage, we have to bear in mind 
that the neutrosophic logic has functions that work with values 
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of Truth, Indeterminacy and Falsity. Because of this, we’ll 
have similar to a fuzzification graph, three signals of Low, 
Medium and High areas, which are attributed to the 
percentages of Truth, Indeterminacy and Falsity according to a 
specific statement for each sensor. 

For the proximity sensor, we have the member function in 
figure 2, in which one can see the three Low, Medium and 
High values. These three values correspond to the percentage 
values of truth, indeterminacy/unknown and falsity for the 
dynamic and kinematic control in the following manner (table 
1 ). 



TABLE I. Neutrosphication correspondence of fuzzy values 

FOR THE PROXIMITY SENSOR 



Control 

type 


Low 


Medium 


High 


Dynamic 

Control 


Truth 

percentage 


Indeterminacy/unknown 

percentage 


Falsity 

percentage 


Kinematic 

Control 


Falsity 

percentage 


Indeterminacy/unknown 

percentage 


Truth 

percentage 



For the force sensor diagram, we’ll have a slightly 
different correspondence (table 2): 



TABLE II. Neutrosphication correspondence of fuzzy values 

FOR THE FORCE SENSOR 



Control 

type 


Low 


Medium 


High 


Dynamic 

Control 


Falsity 

percentage 


Indeterminacy/unknown 

percentage 


Truth 

percentage 


Kinematic 

Control 


Truth 

percentage 


Indeterminacy/unknown 

percentage 


Falsity 

percentage 



For these two member functions, one can see that in 
figures 2 and 3 we have a threshold for the sensor values 
according to which, the values of the neutrosophication are 
directly influenced. This threshold is chosen according to the 
application in which the neutrosophication logic is used and is 
also adjusted by trial and error after seeing the experimental 
data. 




Fig.2 Neutrosophication for the Proximity sensor data 



Therefore, when the robot foot is in contact with a support 
surface, it means that the proximity sensor will provide a 0 
value or one very close to it, and it also means that the force 



transducer should provide a value higher than the set 
threshold. 




Knowing these facts we developed the neutrosophic 
switching block control based on the theory presented in this 
paper, and its results are discussed in the next chapter. Also, 
we used a classic fuzzy control so we can compare the results 
obtained to a very common and known switching design. 

iv. 2MiidBiAi Aa i aocb i 

To prove the validity of our proposed switching technique 
we developed a simulated system in Matlab Simulink, in 
which we built two loops one for the Neutrosophic logic and 
one for the Fuzzy logic so we can compare the results. Thus, 
figure 4 presents the switching system. 

In the presented diagram of figure 4, one can identify the 
block that defines the reference values, made out of the robot 
vertical position, its foot position according to the distance 
between the robot platform and foot, and the third reference 
signal is the one that defines the ground position. The second 
diagram bloc, named Sensors computes the reference data and 
provides to the decision making block the values of force and 
proximity which in a real system would be provided by two 
real sensors. 

By using the sensor data, we have defined two switching 
blocks. The first one is called Neutrosophic Decision Control 
and was made using the data presented in this paper, and the 
second one, is called Fuzzy Decision Control and was made 
using a simple fuzzy rule which was not presented because is 
not this paper objective, but was used to compare the final 
results. The output data was plotted to observe how the 
switching system behaves. 

Figure 5, presents two of the reference signals. The first 
one defines the sine signal for the foot vertical position and the 
second the ground position which was made to look like a 
descending stair. The third signal that defines the robot 
position was not presented due to the fact that it was taken of 
value 0. Thus, one can observe that the foot reference position 
does not stop at the ground level, so that we can compute the 
force parameter due to the negative value of the proximity 
computed sensor. This was done only for the reason to present 
different cases that the robot can encounter. 
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Input Data 



Computations 



Output Data 




Fig. 4 The simulated switching system 



After the simulation was done, the output data provided by 
the simulated sensors is shown in figure 6, the top two 
diagrams. These signals are for proximity data and the 
computed force. The third diagram of figure 6 presents the 
switching data provided by the neutrosophic and fuzzy 
decision blocks. The full line represents the neutrosophic 
decision and the dashed line the fuzzy decision. Also, the 
decision to choose the kinematic control law is when the 
output value of the switching law is equal to 10 and for the 
dynamic control law we have chosen the 0 value. Before the 
neutrosophic decision is made, we had to compute the four 
parameters on which the neutrosophic switching is based. 
These parameters are presented in figure 7. 



One can observe that the value of the indeterminacy 
parameter is always 0 because the values provided by the 
sensors do not make our system to be in an unknown state. 

One can see how the value of truthiness, indeterminacy, 
falsity and contradiction varies according to the values of 
proximity and force sensors. Also, we have to point out that 
these values correspond to the level of truthiness, 
indeterminacy and falsity for choosing the dynamic control 
law, and the kinematic control law is chosen when the 
dynamic one fails to be selected. 



Foot Vertical Position 




Fig. 5 The reference signals for the robot foot and ground 
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Control type (10 = Kinematic Control; 0 = Dynamic Control) 




Fig. 6 The output data from sensors and the switching decisions 



After the neutrosophication phase, in which we computed 
the truthiness, indeterminacy, falsity and contradiction 
parameters, we have applied the classic Neutrosophic 
decision, described in this paper. After that, we have chosen 
the control law, by simply comparing the results of the 
truthiness, indeterminacy, falsity and contradiction parameters 
to each other, and obtained the first diagram from figure 8. 



Truth 




Fig. 7 Parameters after neutrosophication (Truthiness, Indeterminacy, 
Falsity and Contradiction) 



The second diagram of figure 8, shows the output of the 
fuzzy switching block in which the decision was made with 
the help of a threshold value of 0,5for the fuzzification values. 




Fig. 8 Output data of the two switching techniques 

After the contact has ended, the control law has been 
switched back from the dynamic control law to the kinematic 
control law. This was done at every step of the stairs. But, in 
comparison, the fuzzy based switching law did not behave like 
we wanted because it failed to switch to a dynamic control law 
for the first 3 steps, and after that, at the last 4 steps the robot 
has taken, it commuted the control laws too late to be efficient. 

The main conclusion that can be drawn is that the 
neutrosophic technique behaves really well in different 
conditions of uncertainties, that can occur during the robot 
motion, due to the errors form the sensors or uneven ground 
surface in the case of the force sensor. 



As one can see from figure 8, the neutrosophic based 
switching law has commuted from the kinematic control law 
to the dynamic control law when the robot foot was near and 
then in contact with the support surface. 



Further work will focus on implementing this switching 
technique on a simulation of a walking robot in which one will 
be able to see how the switching in influencing the motion of 
the walking robot. And after that, the second step will be to 
implement it on a real robot. 
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Applications of Neutrosophic Logic to Robotics 

An Introduction 



Florentin Smarandache 



Luige Vladareanu 



Abstract — In this paper we present the N-norms/N- 
conorms in neutrosophic logic and set as extensions of T- 
norms/T-conorms in fuzzy logic and set. 

Then we show some applications of the neutrosophic logic 
to robotics. 



I. DEFINITION OF NEUTROSOPHIC SET 

Let T, I, F be real standard or non-standard subsets of 

r°, i + [, 

with sup T = tsup, inf T = tinf, 
sup I = i_sup, inf I = i_inf, 
sup F - f_sup, inf F = f_inf, 
and n_sup = t_sup+i_sup+f_sup, 
ninf = t_inf+i_inf+f_inf. 

Let U be a universe of discourse, and M a set included in 
U. An element x from U is noted with respect to the set M 
as x(T, I, F) and belongs to M in the following way: it is t% 
true in the set, i% indeterminate (unknown if it is or not) in 
the set, and f% false, where t varies in T, i varies in I, f 
varies in F ([1], [3]). 

Statically T, I, F are subsets, but dynamically T, I, F are 
functions/operators depending on many known or unknown 
parameters. 

II. DEFINITION OF NEUTROSOPHIC LOGIC 

In a similar way we define the Neutrosophic Logic: 

A logic in which each proposition x is T% true, 1% 
indeterminate, and F% false, and we write it x(T,I,F), where 
T, I, F are defined above. 

III. PARTIAL ORDER 

We define a partial order relationship on the 
neutrosophic set/logic in the following way: 

x(T 1? I 1? FO < y(T 2 , 1 2 , F 2 ) iff (if and only if) 

Ti < T 2 , Ii > I 2 , Fi > F 2 for crisp components. 

And, in general, for subunitary set components: 
x(T 1? I 1? Fi) < y(T 2 , 1 2 , F 2 ) iff 
inf Ti < inf T 2 , sup Ti < sup T 2 , 
inf f > inf I 2 , sup f > sup I 2 , 
inf Fi > inf F 2 , sup Fi > sup F 2 . 



If we have mixed - crisp and subunitary - components, 
or only crisp components, we can transform any crisp 
component, say “a” with a I [0,1] or a I ]"0, l + [, into a 
subunitary set [a, a]. So, the definitions for subunitary set 
components should work in any case. 

IV. N-norm and n-conorm 

As a generalization of T-norm and T-conorm from the 
Fuzzy Logic and Set, we now introduce the N-norms and 
N-conorms for the Neutrosophic Logic and Set. 

A. N-norm 

N n : ( ]"0,l + [ x ]-0,l+[ x ]'0,l + [ ) 2 - ]"0,l + [ x ]'0,l + [ x ]"0,l + [ 
N n (x(Tj,Ij,Fi), y(T 2 ,I 2 ,F 2 )) = (N n T(x,y), N n I(x,y), N n F(x,y)), 
where N n T(.,.), N n I(.,.), N n F(.,.) are the truth/membership, 
indeterminacy, and respectively falsehood/nonmembership 
components. 

N n have to satisfy, for any x, y, z in the neutrosophic 
logic/set M of the universe of discourse U, the following 
axioms: 

a) Boundary Conditions: N n (x, 0) = 0, N n (x, 1) = x. 

b) Commutativity: N n (x, y) = N n (y, x). 

c) Monotonicity: If x < y, then N n (x, z) < N n (y, z). 

d) Associativity: N n (N n (x, y), z) = N n (x, N n (y, z)). 

There are cases when not all these axioms are satisfied, for 
example the associativity when dealing with the 
neutrosophic normalization after each neutrosophic 
operation. But, since we work with approximations, we can 
call these N-pseudo-norms, which still give good results in 
practice. 

N n represent the and operator in neutrosophic logic, and 
respectively the intersection operator in neutrosophic set 
theory. 

Let J E {T, I, F} be a component. 

Most known N-norms, as in fuzzy logic and set the T- 
norms, are: 

• The Algebraic Product N-norm: N n - a ig ebraic J(x, y) = x • y 

• The Bounded N-Norm: N n -b 0U ndedJ(x, y) = max{0, x + y - 

i} 

• The Default (min) N-norm: N n _ min J(x, y) = min{x, y}. 



61 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



A general example of N-norm would be this. 

Let x(T b I b Fj) and y(T 2 , I 2 , F 2 ) be in the neutrosophic 
set/logic M. Then: 

N n (x 9 y) = (T 1 AT 29 I 1 VI 2 ,F 1 VF 2 ) 
where the “A” operator, acting on two (standard or non- 
standard) subunitary sets, is a N-norm (verifying the above 
N-norms axioms); while the “V” operator, also acting on 
two (standard or non-standard) subunitary sets, is a N- 
conorm (verifying the below N-conorms axioms). 

For example, A can be the Algebraic Product T-norm/N- 
norm, so TiAT 2 = TiT 2 (herein we have a product of two 
subunitary sets - using simplified notation); and V can be 
the Algebraic Product T-conorm/N- conorm, so TiVT 2 = 
Ti+T 2 -Ti‘T 2 (herein we have a sum, then a product, and 
afterwards a subtraction of two subunitary sets). 

Or A can be any T-norm/N-norm, and V any T- 
conorm/N-conorm from the above and below; for example 
the easiest way would be to consider the min for crisp 
components (or inf for subset components) and respectively 
max for crisp components (or sup for subset components). 

If we have crisp numbers, we can at the end 
neutrosophically normalize. 

B. N-conorm 

N c : ( ]"0,l + [ x ]'0,l + [ x ]"0,l + [ ) 2 ]"0,l + [ x ]"0,l + [ x ]'0,l + [ 

N c (x(T,,I,,F,), y(T 2 ,I 2 ,F 2 )) = (N c T(x,y), N c I(x,y), N c F(x,y)), 
where N n T(.,.), N n I(.,.), N n F(.,.) are the truth/membership, 
indeterminacy, and respectively falsehood/nonmembership 
components. 

N c have to satisfy, for any x, y, z in the neutrosophic 
logic/set M of universe of discourse U, the following 
axioms: 

a) Boundary Conditions: N c (x, 1 ) = 1 , N c (x, 0 ) = x. 

b) Commutativity: N c (x, y) = N c (y, x). 

c) Monotonicity: if x < y, then N c (x, z) < N c (y, z). 

d) Associativity: N c (N c (x, y), z) = N c (x, N c (y, z)). 

There are cases when not all these axioms are satisfied, for 
example the associativity when dealing with the 
neutrosophic normalization after each neutrosophic 
operation. But, since we work with approximations, we can 
call these N-pseudo-conorms, which still give good results 
in practice. 

N c represent the or operator in neutrosophic logic, and 
respectively the union operator in neutrosophic set theory. 

Let J E {T, I, F} be a component. 

Most known N-conorms, as in fuzzy logic and set the T- 
conorms, are: 

• The Algebraic Product N-conorm: N c - a i ge braicJ(x, y) = x + y 
-x • y 

• The Bounded N-conorm: N c - bounde dJ(x, y) = min{l, x + y} 

• The Default (max) N-conorm: N c - max J(x, y) = max{x, y}. 



A general example of N-conorm would be this. 

Let x(T 1? Ii, Fi) and y(T 2 , I 2 , F 2 ) be in the neutrosophic 
set/logic M. Then: 

N n (x,y) = (T 1 VT 29 I 1 AI 2 ,F 1 AF 2 ) 

Where - as above - the “A” operator, acting on two 
(standard or non-standard) subunitary sets, is a N-norm 
(verifying the above N-norms axioms); while the “V” 
operator, also acting on two (standard or non-standard) 
subunitary sets, is a N-conorm (verifying the above N- 
conorms axioms). 

For example, A can be the Algebraic Product T-norm/N- 
norm, so fyAT 2 = TpT 2 (herein we have a product of two 
subunitary sets); and V can be the Algebraic Product T- 
conorm/N-conorm, so TiVT 2 = Ti+T 2 -Ti T 2 (herein we have 
a sum, then a product, and afterwards a subtraction of two 
subunitary sets). 

Or A can be any T-norm/N-norm, and V any T- 
conorm/N-conorm from the above; for example the easiest 
way would be to consider the min for crisp components (or 
inf for subset components) and respectively max for crisp 
components (or sup for subset components). 

If we have crisp numbers, we can at the end 
neutrosophically normalize. 

Since the min/max (or inf/sup) operators work the best 
for subunitary set components, let’s present their definitions 
below. They are extensions from subunitary intervals 
{defined in [3]} to any subunitary sets. Analogously we can 
do for all neutrosophic operators defined in [3]. 

Let x(T b Ii, Fi) and y(T 2 , I 2 , F 2 ) be in the neutrosophic 
set/logic M. 

C. More Neutrosophic Operators 

Neutrosophic Conjunction/Intersection: 

xAy=(T A ,I A ,F A ), 

where inf T A = minjinf T b inf T 2 } 
sup T a = min{sup T 1? sup T 2 } 
inf I A = max {inf I b inf I 2 } 
sup I A = max {sup I b sup I 2 } 
inf F A = max {inf F b inf F 2 } 
sup F a = max {sup F 1? sup F 2 } 

Neutrosophic Disjunction/Union: 

xVy=(T v ,Iv,F v ), 

where inf T v = max {inf T b inf T 2 } 
sup T v = max{sup T b sup T 2 } 
inf I v = min{inf I b inf I 2 } 
sup I v = min {sup I b sup I 2 } 
inf F v = min{inf F b inf F 2 } 
sup F v = min{sup F b sup F 2 } 

Neutrosophic Negation/Complement: 

C(x) = (T c ,Ic,F c ), 

where T c = F , 
inf I c = 1-sup Ii 
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sup I c = 1-inf lx 
F C = Ti 

Upon the above Neutrosophic 

Conjunction/Intersection, we can define the 

Neutrosophic Containment: 

We say that the neutrosophic set A is included in the 
neutrosophic set B of the universe of discourse U, 
iff for any x(T A , I A , F A ) I A with x(T B , I B , F B ) I B we 
have: 

inf T a < inf T b ; sup T A < sup T B ; 
inf I A > inf I B ; sup I A > sup I B ; 
inf F a > inf F b ; sup F A > sup F B . 

D. Remarks 

a) The non-standard unit interval ]"0, l + [ is merely 
used for philosophical applications, especially 
when we want to make a distinction between 
relative truth (truth in at least one world) and 
absolute truth (truth in all possible worlds), and 
similarly for distinction between relative or 
absolute falsehood, and between relative or 
absolute indeterminacy. 

But, for technical applications of neutrosophic logic and set, 
the domain of definition and range of the N-norm and N- 
conorm can be restrained to the normal standard real unit 
interval [0, 1], which is easier to use, therefore: 

N n : ( [0,1] x [0,1] x [0,1] f -> [0,1] x [0,1] x [0,1] 
and 

N c : ( [0,1] x [0,1] x [0,1] f [0,1] x [0,1] x [0,1]. 

b) Since in NL and NS the sum of the components (in 
the case when T, I, F are crisp numbers, not sets) is 
not necessary equal to 1 (so the normalization is 
not required), we can keep the final result un- 
normalized. 

But, if the normalization is needed for special 
applications, we can normalize at the end by 
dividing each component by the sum all 
components. 

If we work with intuitionistic logic/set (when the 
information is incomplete, i.e. the sum of the crisp 
components is less than 1, i.e. sub -normalized), or 
with paraconsistent logic/set (when the information 
overlaps and it is contradictory, i.e. the sum of 
crisp components is greater than 1, i.e. over- 
normalized ), we need to define the neutrosophic 
measure of a proposition/set. 

If x(T,I,F) is a NL/NS, and T,I,F are crisp numbers 
in [0,1], then the neutrosophic vector norm of 
variable/set x is the sum of its components: 
N vec tor-norm(x) = T+I+F. 



Now, if we apply the N n and N c to two 
propositions/sets which maybe intuitionistic or 
paraconsistent or normalized (i.e. the sum of 
components less than 1 , bigger than 1 , or equal to 
1), x and y, what should be the neutrosophic 
measure of the results N n (x,y) and N c (x,y) ? 

Herein again we have more possibilities: 

either the product of neutrosophic measures of 
x and y: 

N vector-norm(N n (x,y )) N vec t 0 r-norm(x) ’N vec t 0 r- 

norm (y), 

or their average: 

N V ector-norm (N n (x,y)) = (N 

vector-norm (x) + 

N vec tor- 

norm(y))/2, 

or other function of the initial neutrosophic 
measures: 

Nyector-norm (N n (x,y)) = f(N 

vector-norm (x), Ny ec tor- 

norm(y))? where f(.,.) is a function to be determined 
according to each application. 

Similarly for Ny ec t or -norm(N c (x,y)). 

Depending on the adopted neutrosophic vector 
norm, after applying each neutrosophic operator 
the result is neutrosophically normalized. We’d 
like to mention that “neutrosophically 
normalizing” doesn’t mean that the sum of the 
resulting crisp components should be 1 as in fuzzy 
logic/set or intuitionistic fuzzy logic/set, but the 
sum of the components should be as above: either 
equal to the product of neutrosophic vector norms 
of the initial propositions/sets, or equal to the 
neutrosophic average of the initial propositions/sets 
vector norms, etc. 

In conclusion, we neutrosophically normalize the 
resulting crisp components T',I',F' by multiplying 
each neutrosophic component T\F,F' with S/( 
T'+F+F'), where 

S— N vec tor-norm(N n (x,y)) for a N-norm or S— N vec t 0 r- 
norm(N c (x,y)) for a N-conorm - as defined above. 

c) If T, I, F are subsets of [0, 1] the problem of 
neutrosophic normalization is more difficult. 

i) If sup(T)+sup(I)+sup(F) < 1, we have an 
intuitionistic proposition/set. 

ii) If inf(T)+inf(I)+inf(F) > 1, we have a 
paraconsistent proposition/set. 

iii) If there exist the crisp numbers t E T, i E I, 
and f E F such that t+i+f =1, then we can say 
that we have a plausible normalized 
proposition/set. 

But in many such cases, besides the 
normalized particular case showed herein, we 
also have crisp numbers, say fi E T, ii E I, and 
fi E F such that ti+q+f] < 1 (incomplete 
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information) and t 2 E T, i 2 E I, and f 2 E F such 
that t 2 +i 2 +f 2 > 1 (paraconsistent information). 

E. 

We define a binary neutrosophic conjunction 
(intersection) operator, which is a particular case of a N- 
norm (neutrosophic norm, a generalization of the fuzzy T- 
norm): 

cf :([Ql]x[0,l]x[0,l]) 2 -^[Ql]x[0,l]x[0,l] 

C ^ F ( X ^y) = {T?2’ I l I 2 + / l 7 2 +F A’ F l F 2 + F A + F A + F A + F A\) 

The neutrosophic conjunction (intersection) operator 
xa n y component truth, indeterminacy, and falsehood 
values result from the multiplication 

(T, + I, + F l )-(T 2 + I 2 + F 2 ) 

since we consider in a prudent way T p I p F , where 
“p ” is a neutrosophic relationship and means “weaker”, 
i.e. the products FI j will go to I , TF. will go to F , and 

liFj will go to F f or all i, j E {1,2}, i^j, while of course 
the product will go to T, CI 2 will go to I, and will 
go to F ( or reciprocally we can say that F prevails in front 

of I which prevails in front of F , and this neutrosophic 
relationship is transitive): 



(T* 


Ii FO 


(Ti I, F.) 


l 




Xl 


J 2 


h F 2 ) 


(T 2 i 2 f 2 ) 


(T, 


>vf 




A" - 

(T 2 


h f 2 ) 





So, the truth value is F^T 2 , the indeterminacy value is 
/,/ 2 + I x F 2 + FJ 2 and the false value is 
F X F 2 + F X I 2 + F X F 2 + F 2 T X + F 2 I x . The norm of xUyy 
is (F x + I x + F x + 1 2 + F 2 ) . Thus, if X and y are 
normalized, then X y is also normalized. Of course, the 



reader can redefine the neutrosophic conjunction operator, 
depending on application, in a different way, for example in 
a more optimistic way, i.e. I p F p F or F prevails with 
respect to I , then we get: 

fT*;y)=( 7 T + Tf 2 + T AAhA F 2 +F A +F A + F A+ F A) 

Or, the reader can consider the order F p F p I , etc. 

V. ROBOT POSITION CONTROL BASED ON 
KINEMATICS EQUATIONS 

A robot can be considered as a mathematical relation 
of actuated joints which ensures coordinate transformation 
from one axis to the other connected as a serial link 
manipulator where the links sequence exists. Considering 
the case of revolute-geometry robot all joints are rotational 
around the freedom ax [4, 5]. In general having a six 
degrees of freedom the manipulator mathematical analysis 
becomes very complicated. There are two dominant 
coordinate systems: Cartesian coordinates and joints 

coordinates. Joint coordinates represent angles between 
links and link extensions. They form the coordinates where 
the robot links are moving with direct control by the 
actuators. 




Fig.l. The robot control through DH transformation. 

The position and orientation of each segment of the 
linkage structure can be described using Denavit-Hartenberg 
[DH] transformation [6]. To determine the D-H 
transformation matrix (Fig. 1) it is assumed that the Z-axis 
(which is the system’s axis in relation to the motion surface) 
is the axis of rotation in each frame, with the following 
notations: 0 7 - joint angled is the joint angle positive in the 
right hand sense about j z ; aj - link length is the length of 
the common normal, positive in the direction of (/+ 1 ) x ; a, - 
twist angled is the angle between j z and (/+ l) z , positive in 
the right hand sense about the common normal ; dj - offset 
distance is the value of j z at which the common normal 
intersects j z ; as well if j x and (/+!)* are parallel and in the 
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same direction, then 0 7 = 0 ; (j+l)x - is chosen to be 
collinear with the common normal between j z and (/+l) z 
[7, 8] . Figure 1 illustrates a robot position control based on 
the Denavit-Hartenberg transformation. The robot joint 
angles, 0 C , are transformed in X c - Cartesian coordinates 
with D-H transformation. Considering that a point in /, 
respectively j+ 1 is given by: 



X 




X 


Y 


and 


Y 




= J P 




Z 




Z 


1 


j 


1 



then j P can be determined in relation to j+1 P through the 
equation : 



j P= J A j+ 1 • 



( 2 ) 



where the transformation matrix j A J+ \ is: 




cos Oj -sm6Jcos&j + sin sin 6^ a :j cos 
sin Oj -cos Oj cos -cos^ •sinet' a. •sinet' 
0 sin6f cos 0 j dj 

0 0 0 1 



Control through forward kinematics consists of the 
transformation of robot coordinates at any given moment, 
resulting directly from the measurement transducers of each 
axis, to Cartesian coordinates and comparing to the desired 
target’s Cartesian coordinates (reference point). The 
resulting error is the difference of position, represented in 
Cartesian coordinates, which requires changing. Using the 
inverted Jacobean matrix ensures the transformation into 
robot coordinates of the position error from Cartesian 
coordinates, which allows the generating of angle errors for 
the direct control of the actuator on each axis. 

The control using forward kinematics consists of 
transforming the actual joint coordinates, resulting from 
transducers, to Cartesian coordinates and comparing them 
with the desired Cartesian coordinates. The resulted error is 
a required position change, which must be obtained on 
every axis. Using the Jacobean matrix inverting it will 
manage to transform the change in joint coordinates that 
will generate angle errors for the motor axis control. 

Figure 2 illustrates a robot position control system 
based on the Denavit-Hartenberg transformation. The robot 
joint angles, 0 C , are transformed in X c - Cartesian 
coordinates with D-H transformation, where a matrix 
results from (1) and (2) with 0 7 -joint angle, dj -offset 
distance, a j - link length, a 7 - twist. 

Position and orientation of the end effector with 
respect to the base coordinate frame is given by X : 



Xc — A\ • A2 ‘ A3 • ■ Ag 



(3) 



Position error AX is obtained as a difference between 
desired and current position. There is difficulty in 
controlling robot trajectory, if the desired conditions are 



specified using position difference AX with continuously 
measurement of current position 0 1 2 6 . 




Fig. 2. Robot position control system based on the Denavit- 
Hartenberg transformation 

The relation, between given by end-effector’s position and 
orientation considered in Cartesian coordinates and the 
robot joint angles 0 1 2 6 , it is : 

Xi=fi(d) (4) 

where 0 is vector representing the degrees of freedom of 
robot. By differentiating we will have: 8 X 6 = J ( 0 ) • 
8 012 6 where 8 6 X 6 represents differential linear and 

angular changes in the end effector at the currently values of 
X 6 and 8 0! 2 6 represents the differential change of the set 

of joint angles. J (0) is the Jacobean matrix in which the 
elements a t j satisfy the relation: a y = 8 / M / 8 0 j. 1 , 
(x.6) where i, j are corresponding to the dimensions of v 
respectively 0. The inverse Jacobian transforms the 
Cartesian position 8 X 6 respectively AX in joint angle error 
(A0): 8 0 l 2 6 = J _1 (0) • 8 6 X 6 . 

VI. HYBRID POSITION AND FORCE CONTROL OF 
ROBOTS 

Hybrid position and force control of industrial robots 
equipped with compliant joints must take into consideration 
the passive compliance of the system. The generalized area 
where a robot works can be defined in a constraint space 
with six degrees of freedom (DOF), with position constrains 
along the normal force of this area and force constrains along 
the tangents. On the basis of these two constrains there is 
described the general scheme of hybrid position and force 
control in figure 3. Variables X c and F c represent the 
Cartesian position and the Cartesian force exerted onto the 
environment. Considering X c and F c expressed in specific 
frame of coordinates, its can be determinate selection 
matrices S x and S f , which are diagonal matrices with 0 and 1 



65 



Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



diagonal elements, and which satisfy relation: S x + S f = Id , 
where S x and S f are methodically deduced from kinematics 
constrains imposed by the working environment [9, 10]. 




Fig. 3. General structure of hybrid control. 



Mathematical equations for the hybrid position-force 
control. A system of hybrid position-force control normally 
achieves the simultaneous position-force control. In order to 
determine the control relations in this situation, AX P — the 
measured deviation of Cartesian coordinate command 
system is split in two sets: AX F corresponds to force 
controlled component and AX P corresponds to position 
control with axis actuating in accordance with the selected 
matrixes S f and S x . If there is considered only positional 
control on the directions established by the selection matrix 
S x there can be determined the desired end - effector 
differential motions that correspond to position control in the 
relation: AX P = K P AX P , where K P is the gain matrix, 
respectively desired motion joint on position controlled axis: 

A9p = J-'(e) • AX P [ 11 , 12]. 

Now taking into consideration the force control on the 
other directions left, the relation between the desired joint 
motion of end-effector and the force error AX P is given by 
the relation: A0 F = J _1 (0) * AX P , where the position 
error due to force AX P is the motion difference between 
AX f - current position deviation measured by the control 
system that generates position deviation for force controlled 
axis and AX D - position deviation because of desired 
residual force. Noting the given desired residual force as F D 
and the physical rigidity K w there is obtained the relation: 
A Xd — Kw * Fd . 

Thus, AX F can be calculated from the relation: AX P = 
K P (AX f — AX d ), where K F is the dimensionless ratio of the 
stiffness matrix. Finally, the motion variation on the robot 
axis matched to the motion variation of the end-effectors is 
obtained through the relation: A0 = J _1 (0) A X F + J _1 (0) 
AX P . Starting from this representation the architecture of the 
hybrid position - force control system was developed with 
the corresponding coordinate transformations applicable to 
systems with open architecture and a distributed and 
decentralized structure. 



For the fusion of information received from various 
sensors, information that can be conflicting in a certain 
degree, the robot uses the fuzzy and neutrosophic logic or set 
[3]. In a real time it is used a neutrosophic dynamic fusion, 
so an autonomous robot can take a decision at any moment. 

CONCLUSION 

In this paper we have provided in the first part an 
introduction to the neutrosophic logic and set operators and 
in the second part a short description of mathematical 
dynamics of a robot and then a way of applying 
neutrosophic science to robotics. Further study would be 
done in this direction in order to develop a robot 
neutrosophic control. 
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Correlation Coefficient of Interval Neutrosophic Set 

Said Broumi, Florentin Smarandache 



Keywords: Neutrosophic Set, Correlation Coefficient of Interval Neutrosophic Set, Weighted 
Correlation Coefficient of Interval Neutrosophic Set. 

In this paper we introduce for the first time the concept of correlation coefficients of 
interval valued neutrosophic set (INS for short). Respective numerical examples are presented. 



Neutrosophy was pioneered by Smarandache [1]. It is a branch of philosophy which studies the 
origin, nature, and scope of neutralities, as well as their interactions with different ideational spectra 
[2], Neutrosophic set theory is a powerful formal framework which generalizes the concept of the 
classic set, fuzzy set [3], interval-valued fuzzy set [4], intuitionistic fuzzy set [5], interval-valued 
intuitionistic fuzzy set [6], and so on. Neutrosophy introduces a new concept called <NeutA> which 
represents indeterminacy with respect to <A>. It can solve certain problems that cannot be solved by 
fuzzy logic. For example, a paper is sent to two reviewers, one says it is 90% acceptable and another 
says it is 90% unacceptable. But the two reviewers may have different backgrounds. One is an 
expert, and another is a new comer in this field. The impacts on the final decision of the paper by 
the two reviewers should be different, even though they give the same grade level of the acceptance. 
There are many similar problems, such as weather forecasting, stock price prediction, and political 
elections containing indeterminate conditions that fuzzy set theory does not handle well. This theory 
deals with imprecise and vague situations where exact analysis is either difficult or impossible. 

After the pioneering work of Smarandache. In 2005, Wang et al. [7] introduced the notion of 
interval neutrosophic set (INS) which is a particular case of the neutrosophic set (NS) that can be 
described by a membership interval, a non-membership interval, and an indeterminate interval, thus 
the NS is flexible and practical, and the NS provides a more reasonable mathematical framework to 
deal with indeterminate and inconsistent information. 

The theories of both neutrosophic set and interval neutrosophic set have achieved great success in 
various areas such as medical diagnosis [8], database [9,10], topology[ll], image processing 
[12,13,14], and decision making problem [15], 

Although several distance measures, similarity measures, and correlation measure of neutrosophic 
sets have been recently presented in [16, 17], there is a rare investigation on correlation of interval 
neutrosophic sets. 

It is very common in statistical analysis of data to finding the correlation between variables or 
attributes, where the correlation coefficient is defined on ordinary crisp sets, fuzzy sets [18], 
intuitionistic fuzzy sets [19,20,21], and neutrosophic set [16,17] respectively. In this paper we first 
discuss and derive a formula for the correlation coefficient defined on the domain of interval 
neutrosophic sets. The paper unfolds as follows. The next section briefly introduces some 
definitions related to the method. Section III presents the correlation and weighted correlation 
coefficient of the interval neutrosophic set. Conclusions appear in the last section. 
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2. Preliminaries 

In this section, we mainly recall some notions related to neutrosophic sets, and interval neutrosophic 
sets relevant to the present work. See especially [1, 7, 17] for further details and background. 

2.1 Definition ([1]). Let U be an universe of discourse; then the neutrosophic set A is an object 
having the form A = {< x: T A (x),I A (x),F A (x)>,x G U}, where the functions T,I,F : U— >] _ 0,l + [ 
define respectively the degree of membership, the degree of indeterminacy, and the degree of non- 
membership of the element x G U to the set A with the condition: 

"0 < T a (x> I a (x)+ F a (x)< 3 + . (1) 

From philosophical point of view, the neutrosophic set takes the value from real standard or non- 
standard subsets of ]~0,l + [.So instead of ] 0,l + [ we need to take the interval [0,1] for technical 
applications, because ]~0,l + [will be difficult to apply in the real applications such as in scientific 
and engineering problems. 

2.2 Definition ([7]). Let X be a space of points (objects) with generic elements in X denoted by x. 
An interval neutrosophic set A in X is characterized by truth-membership function T A (x), 
indeteminacy-membership function I A (x), and falsity-membership function F A (x). For each point x 
in X, we have that T A (x), I A (x), F A (x) <= [0,1]. 

Remark 1. An INS is clearly a NS. 

2.3 Definition ([7]). 

• An INS A is empty if infT A (x) — supT A (x)= 0, infl A {x)—supl A {x)= 1, 

infF A (x) — supF A (x)= 0, for all x in A. 

• Let 0 = <0, 1 ,1> and 1 = <1, 0 ,0> 



2.4 Correlation Coefficient of Neutrosophic Set ([17]). 

Let A and B be two neutrosophic sets in the universe of discourse X = [x l5 x 2 , . . . ,x n } . 



The of A and B is given by 

R(A,B)= C(A ' E) , (2) 

where the of two NSs A and B is given by 

C (A,B) =2”=q( ^(^i) ^(^i) "I" (* i ) (* "II" F a (3) 

And the of two NSs A and B are given by 

E(A) = S; =0 ( J?(x,} + F/(z,)) (4) 

E(B) = Zi=o( Tj(z,) +/J{x ( ) + Fj(x ,)) (5) 

Respectively, the correlation coefficient of two neutrosophic sets A and B satisfies the following 
properties: 

(1) 0 < R(A,B) < 1 (6) 

(2) R(A,B)= R(B,A) (7) 

(3) R(A,B)= 1 if A=B (8) 
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3. Correlation of Two Interval Neutrosophic Sets 

In this section, following the correlation between two neutrosophic sets defined by A. A. Salama in 
[17], we extend this definition to interval neutrosophic sets. If we have a random non-crisp set, with 
a triple membership form, for each of two interval neutrosophic sets, we get the interest in 
comparing the degree of their relationship. We check if there is any linear relationship between the 
two interval neutrosophic sets; thus we need a formula for the sample correlation coefficient of two 
interval neutrosophic sets in order to find the relationship between them. 

3.1. Definition 



Assume that two interval neutrosophic sets A and B in the universe of discourse X = [xi, x 2 , x 3 , . . ., 
x n } are denoted by 



A= : 



B=- 



S"<[tra/Td(a;j) Qfllliw/ (a?;) rap J A (gj}],[iw/T A I 






, i /v, turn 



rapT^ (jfiJLtrrc/Jg rapfg (afi)l,[ire/Tg (arj) rapFg (»;)],> , 

} Xi t A, where 






( 10 ) 



™fT A (jq) < supT A (jq) ,mfF A (jq) < sup F A (3q), inf I A (jq) < supI A ( Xi ), InfTgM 
supT B (jq), infF B (x i ) < supF B (jq), inflsOq) < supIgOq), and they all belong to [0, 1]; 
then we define the correlation of the interval neutrosophic sets A and B in X by the formula 
^Uis(A> ^0 = 

E;{infT A (xt) ' InfTuOi) + ^pTaC^) ' supT B (jq) + infl^Xi) ■ infI B 0q) + sup^Oq) ■ 
>I 3 Cxi) + infFA^)- infF B (x i ) + 5upF A (x i )- supF B (x i )} 

(ID 



< 



sup ] 



Let us notice that this formula coincides with that given by A. A Salama [17] when ^ n fT A (sq) 
= su P T A( x i) , ™fF A (3q) = su PF A 0q), “^aOO = suplACxi) and 
lnf T 3 (x i ) = supT B ( Xi ), mfF B (x i ) = supFgfXi), inflgOq) = supI B (}q) 
and the correlation coefficient of the interval neutrosophic sets A and B given by 



e [0,V[ 



( 12 ) 



where 



*00=2 +T AU 2 (x t ) + + W&d + F^ixJ+F^ixJ] (13) 

^(^) = ^[7' fli 2 (^) + r By 2 C Xi ) + / fl£ 2 (% i ) + / fly 2 ( X J + F Bi 2 C Xi )+F flEr 2 ( Xi )] (14) 



express the so-called informational energy of the interval neutrosophic sets A and B respectively. 



Remark 2: For the sake of simplicity we shall use the symbols: 



infT A (x i )= , supT A (x i ) = T AU , 


(15) 


Tb ( X i )=T 0 L , sup Tg (x { ) = Tg (j , 


(16) 


infI A ( Xi )=I AL ,supI A (x i )=I AU , 


(17) 


lnf I g(X i )= I B L , SUpIg(X i ) = I BU , 


(18) 


infF A (x i )=F AL , supF A ( Xi >F AU , 


(19) 


infFg(x i )= F bl , sup Fg(x i )= F BU , 


(20) 



For the correlation of interval neutrosophic set, the following proposition is immediate from the 
definition. 
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3.2. Proposition 

For A, B E INSs in the universe of discourse X={xi,x 2 ,x 3 ,...,x n } the correlation of interval 
neutrosophic set have the following properties: 

(1 )C lNS {A,A') = E(A-) (21) 

(2) C^(AB)=C JlVS (B^) (22) 

3.3. Theorem. For all INSs A, B the correlation coefficient satisfies the following properties: 

(3) K lNS {A, B) = 1 (23) 

(4) K ins {A,B) = K ine (B,A) (24) 

(5) 0 < K ms {A, B) < 1 (25) 

Proof. Conditions (1) and (2) are evident; we shall prove condition (3). K| NS (A B) > 0 is evident. 

We will prove that K| NS (A., B) <1. From the Schwartz inequality, we obtain 

j'CvsfA B) — (2 " ITa^(x t ) Ibl C t) + {x i )Igi (Xf)+ 1 AV (x j jl^u Gq ) F 

F A i(_x i ')F B i(x i ) + F au Gq)^n/Gq)]) 

-1 

(X”T AL 2 (_x-) + T AU 2 (_x i ') + I^ix-) F ^ 2 hi) + 4 ! hi)+fffl J W) S ■ (Z n 1 T BL 2 (x i )+T BU 2 (x [ ) + 

— L 

hi 2 (xj + hu 2 (*i) + F bl 2 {x;)+F bu 2 (x t )) 1 < J(2»i Tju 2 (xj £» i T BL 2 (xjf + 

( 27=1 Tab 2 (^) 27=1 T su 2 (xjf + ( 27 = i 4 * 2 0 q) 27 =i lBL 2 (xi)}\+ ( 27=1 W (xi) 27=1 hu 2 + 
(27=i^ 2 C i )27=i^ 2 (^))^ + (27=i^ z U i )27=i^ ! (^))’}{(27=i^ i 2 (* i ) + 

27=i T AU \xd + 27=i + 27=i iAv\*d + 27=iTu 2 (* i: ) + 27 z^GO) ■ (p^TVW + 

x 27=1 T BU \xd + 27=i ^ei 2 U,) + 27=1 i B v\xd F 27=i*V(* £ ) + 27=if B /GO)F 
Let us adopt the following notations: 

2"=1 i ( X i) = a 27=l7’fli 2 Fi) 27=1^4 U 2 ( X i')~ C 27=1 ~ ^ 

ir=i^ 2 o,)=» =/ zr=iW J ^o=s 

27=i ^(^j) — i 27=i^i Z Ci) =; 27 =i^4u"( x e) = & 27=i^u i ( x i) 

The above inequality is equivalent to 



T . Vnfe+Vcd+ya/+^h+^[j+Vki 

XlirrtA D J < 

y(a + c+0+g+i+k)vfe+d+/+fc+J+i 

Then, since Xr jVS (A, B) > 0 we have 



(26) 

(27) 

(28) 

(29) 

(30) 



^vs(AS) < 



(V ah + \fcd + Hf + -Jgk + + V kl) 

(ffl + c + e+ ^-|-i + fe)(li + d F / + k+j + 1) 
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=1- 



|(V aci — v + {<Jaf — \ bef + {yah — hgf + (^faj — ( \fbl 'f + y ai — y'bfc) + 

{-J cf — yfdef + {\fch - ^dg)" 4- (y cj — \fdly + (ycl — (yfdk) 2 + \ eh - y'fg) + 

(y'ej — jny + y/ei - i/fk) 2 + y/gi - yfky + (^fgi - y/hk) 2 + yn- ,/jk) J x 

{(a + c + e+ ^r + i4-fe)(fo+ci + #i + j-|- 01 1 — 

1. (31) 

And thus we have 0 < K ms {A f B) < 1. (32) 

Remark 3: From the following counter-example, we can easily check that 

K ins (A, B) = 1 but A =£ B. (33) 

Remark 4: 

Let A and B be two interval neutrosophic set defined on the universe X = {xi } 

A={ xi: < [0.5, 0.5] [0.5, 0.5] [0.5, 0.5]>] 

B={ xi: < [0.25, 0.25] [0.25, 0.25] [0.25, 0.25]>] 

K INS (A r B) = 1 but A^ B. 



3.4. Weighted Correlation Coefficient of Interval Neutrosophic Sets 

In order to investigate the difference of importance considered in the elements in the universe of 
discourse, we need to take the weights of the elements ^(i = 1, 2, 3, ..., n). In the following we 
develop a weighted correlation coefficient between the interval neutrosophic sets as follows: 
WrtsU.B) = 

E? T BL tj:P+T d[ ,tj:P +7^ (j $-I Bt W +*au WIbu^i* +r*L^i-'rE 

fEJ W| (T >.£i) +T AV 2 (zP +7 jx Z !. +I A u 2 +JF^ 2 : .zP +F AU 2 Li*]) Ef (T BL 2 !. +T E v 2 +I E l 2 +?b v 2 + ^bl 2 ^ +^b u 2 1: ' 2 

[0, l + [ (34) 

If w = ... ^}, equation (34) is reduced to the correlation coefficient (12); it is easy to check 

that the weighted correlation coefficient % s (A B) between INSs A and B also satisfies the 



properties: 

(1) 0 w jjvs(A B) — 1 

(2) w u vs (A B) = w 1NE ( B,A ) 

(3) w ins (A,B)= \ if A = B 

3.5. Numerical Illustration. 



(35) 

(36) 

(37) 



In this section we present, an example to depict the method defined above, where the data is 
represented by an interval neutrosophic sets. 



Example. For a finite universal set X = [xi, x 2 ], if two interval neutrosophic sets are written, 
respectively 

A = {*i:<[0.2, 0.3] [0.4, 0.5] [0.1, 0.2]>; jc 2 :<[0.3, 0.5] [0.1, 0.2] [0.4, 0.5]>] 

B = {*i:<[0.1, 0.2] [0.3, 0.4] [0.1, 0.3]>; x 2 :<[0.4, 0.5] [0.2, 0.3] [0.1, 0.2]>] 
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Therefore, we have 

K ins (A, B) = E [0, l + [ 

( 1 , 39 )* ( 0 , 99 ) 

E(A)= 1,39 
E(B) = 0,99 
K ins (A., B) = 0.90 

It shows that the interval neutrosophic sets A and B have a good positively correlation. 

Conclusion: 

In this paper we introduced a method to calculate the correlation coefficient of two interval 
neutrosophic sets. 
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Cosine Similarity Measure of Interval Valued Neutrosophic Sets 



Said Broumi 



Florentin Smarandache 



Abstract. In this paper, we define a new cosine similarity 
between two interval valued neutrosophic sets based on 
Bhattacharya’s distance [19]. The notions of interval valued 
neutrosophic sets (IVNS, for short) will be used as vector 
representations in 3D-vector space. Based on the comparative 
analysis of the existing similarity measures for IVNS, we find that 
our proposed similarity measure is better and more robust. An 
illustrative example of the pattern recognition shows that the 
proposed method is simple and effective. 

Keywords: Cosine Similarity Measure; Interval Valued 
Neutrosophic Sets . 

I. INTRODUCTION 

The neutrsophic sets (NS), pioneered by F. Smarandache 
[1], has been studied and applied in different fields, including 
decision making problems [2, 3, 4 , 5, 23], databases [6-7], 
medical diagnosis problems [8] , topology [9], control theory 
[10], Image processing [11,12,13] and so on. The character of 
NSs is that the values of its membership function, non- 
membership function and indeterminacy function are subsets. 
The concept of neutrosophic sets generalizes the following 
concepts: the classic set, fuzzy set, interval valued fuzzy set, 
Intuitionistic fuzzy set, and interval valued intuitionistic fuzzy 
set and so on, from a philosophical point of view. Therefore, 
Wang et al [14] introduced an instance of neutrosophic sets 
known as single valued neutrosophic sets (SVNS), which were 
motivated from the practical point of view and that can be used 
in real scientific and engineering application, and provide the 
set theoretic operators and various properties of SVNSs. 
However, in many applications, due to lack of knowledge or 
data about the problem domains, the decision information may 
be provided with intervals, instead of real numbers. Thus, 
interval valued neutrosophic sets (IVNS), as a useful 
generation of NS, was introduced by Wang et al [15], which is 
characterized by a membership function, non-membership 
function and an indeterminacy function, whose values are 
intervals rather than real numbers. Also, the interval valued 
neutrosophic set can represent uncertain, imprecise, incomplete 
and inconsistent information which exist in the real world. As 
an important extension of NS, IVNS has many applications in 
real life [16, 17]. 

Many methods have been proposed for measuring the 
degree of similarity between neutrosophic set, S. Broumi and 
F. Smarandache [22] proposed several definitions of similarity 
measure between NS. P.Majumdar and S.K.Samanta [21] 



suggested some new methods for measuring the similarity 
between neutrosophic set. However, there is a little 
investigation on the similarity measure of IVNS, although 
some method on measure of similarity between intervals 
valued neutrosophic sets have been presented in [5] recently. 

Pattern recognition has been one of the fastest growing 
areas during the last two decades because of its usefulness and 
fascination. In pattern recognition, on the basis of the 
knowledge of known pattern, our aim is to classify the 
unknown pattern. Because of the complex and uncertain nature 
of the problems. The problem pattern recognition is given in 
the form of interval valued neutrosophic sets. 

In this paper, motivated by the cosine similarity measure 
based on Bhattacharya’s distance [19], we propose a new 
method called “cosine similarity measure for interval valued 
neutrosophic sets. Also the proposed and existing similarity 
measures are compared to show that the proposed similarity 
measure is more reasonable than some similarity measures. 
The proposed similarity measure is applied to pattern 
recognition 

This paper is organized as follow: In section 2 some basic 
definitions of neutrosophic set, single valued neutrosophic set, 
interval valued neutrosophic set and cosine similarity measure 
are presented briefly. In section 3, cosine similarity measure of 
interval valued neutrosophic sets and their proofs are 
introduced. In section 4, results of the proposed similarity 
measure and existing similarity measures are compared .In 
section 5, the proposed similarity measure is applied to deal 
with the problem related to medical diagnosis. Finally we 
conclude the paper. 

II. Preliminarie 

This section gives a brief overview of the concepts of 
neutrosophic set, single valued neutrosophic set, interval 
valued neutrosophic set and cosine similarity measure. 

A. Neutrosophic Sets 
1 ) Definition [1] 

Let U be an universe of discourse then the neutrosophic set 
A is an object having the form 

A = {< x: T A (x), I a (x), F a (x)>, x E U}, where the 
functions T, I, F : U— > ]-0, l+[ define respectively the degree 
of membership (or Truth) , the degree of indeterminacy, and 
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the degree of non-membership (or Falsehood) of the element x 
E U to the set A with the condition. 

0 <T a (x)+I a (x)+F a (x) <3 + . (1) 

From philosophical point of view, the neutrosophic set 
takes the value from real standard or non-standard subsets of 
]“0, l + [. So instead of] -0, l + [ we need to take the interval [0, 
1] for technical applications, because ]“0, l + [will be difficult to 
apply in the real applications such as in scientific and 
engineering problems. 

For two NS, A ns = |<x,T A (x), I A (x), F A (x)> I x E X} 

And B ns = {<x, T b (x), I b (x), F b (x)> I x E X} the two 
relations are defined as follows: 

(IMws £ B ns If and only if T A (x) < T B (x), I A (x) 
> I B (x), F a (x) > F b (x) 

(2)A ns = B ns if and only if, T A (x)=T B (x), I A (x) =I B (x), 
F A (x) =F b (x) 



B. Single Valued Neutrosophic Sets 

1 ) Definition [14] 

Let X be a space of points (objects) with generic elements 
in X denoted by x. An SVNS A in X is characterized by a 
truth-membership function T A (x), an indeterminacy- 
membership function I A (x), and a falsity-membership function 
F a (x), for each point x in X, T A (x), I A (x), F A (x) E [0, 1]. 

When X is continuous, an SVNS A can be written as 



A=J, 



<T A (x), IaOO, F a (x),> 



, x E X. 



( 2 ) 



When X is discrete, an SVNS A can be written as 



p^_ v^n Ia ( x i)^F r A 



,Xi E X 



(3) 



For two SVNS, A SVNS = |<x,T A (x) , I A (x), F A (x)> I x E X} 



And B svns ={ <x, T b (x), I b (x), F b (x)> I x E X} the two 
relations are defined as follows: 



(1 ) A S vns — Bsvns if an d only if T A (x) <T B (x),I A (x) 
> I B (x), F a (x) > F b (x) 

(2) A svns = B svns if and only if , T A (x) =T B (x), I A (x) 
=I B (x), F a (x) =F b (x) for any x E X. 

C. Interval Valued Neutrosophic Sets 

1 ) Definition [15] 

Let X be a space of points (objects) with generic elements in 
X denoted by x. An interval valued neutrosophic set (for short 
IVNS) A in X is characterized by truth-membership function 
T a (x), indeteminacy-membership function I A (x) and falsity- 
membership function F A (x). For each point x in X, we have 
thatT A (x), I A (x), F a (x) [0, 1] . 

For two IVNS, IVNS ={<x, [T A L (x). T A u (x)] , 

[Fa(x) F a (x)] [I a (x), iy(x)] > I x G X} 

And Bivns = ( <x > 

[T b (x),T b (x)], [F b (x), F b (x)], [I b (x), 1 b (x)]>I x 6 X} the two 
relations are defined as follows: 



(1) Aivns — B WNS if and only if T A (x) < T B (x),T A (x) 
<T B u (x),lL(x) >I^(x),I^(x) >I«(x), F a (x) > F b (x) 
» F a (x) > F b (x). 

(2) /1 ivns = Sivns if and only if, T];(x)=T^(x), T^x) 
=T b (x), I a (x)=I b (x), I a (x) =I b (x), F a (x)=F b (x), F^(x) 
=F b (x) for any x E X. 



D. Cosine Similarity 
1 ) Definition 

Cosine similarity is a fundamental angle-based measure of 
similarity between two vectors of n dimensions using the 
cosine of the angle between them Candan and Sapino [20]. It 
measures the similarity between two vectors based only on the 
direction, ignoring the impact of the distance between them. 
Given two vectors of attributes, X = (x l9 x 2 , ... , x n ) and Y= 
(yi, y 2 , ... , y n ), the cosine similarity, cos0, is represented 
using a dot product and magnitude as 

Cose = , (4) 

Js"=i x ? JSi = iyf 

In vector space, a cosine similarity measure based on 
Bhattacharya’ s distance [19] between two fuzzy set jU A (Xi) 
and defined as follows: 



C f (A,B ) 



Jz? =1 lUA(Xi) 2 Jz? =1 IUB(Xi) 2 



(5) 



The cosine of the angle between the vectors is within the 
values between 0 and 1 . 



In 2-D vector space, J. Ye [18] defines cosine similarity 
measure between IFS as follows: 



c IF s(AB) 



£ f = i i*a(xQ ^bCxO+vaCxOvbCxQ 
Jz?=lt*A ( x i) 2 +va(x0 2 Jz?= 1 Mb Oi) 2 +VB ix{) 2 



( 6 ) 



III . Cosine Similarity Measure for Interval Valued 
Neutrosophic Sets. 

The existing cosine similarity measure is defined as the 
inner product of these two vectors divided by the product of 
their lengths. The cosine similarity measure is the cosine of the 
angle between the vector representations of the two fuzzy sets. 
The cosine similarity measure is a classic measure used in 
information retrieval and is the most widely reported measures 
of vector similarity [19]. However, to the best of our 
Knowledge, the existing cosine similarity measures does not 
deal with interval valued neutrosophic sets. Therefore, to 
overcome this limitation in this section, a new cosine similarity 
measure between interval valued neutrosophic sets is proposed 
in 3-D vector space. 

Let A be an interval valued neutrosophic sets in a universe of 
discourse X ={x}, the interval valued neutrosophic sets is 
characterized by the interval of membership [T A (x), T A (x)] 
,the interval degree of non-membership [F A (x), F A (x)] and the 
interval degree of indeterminacy [I A (x), I A (x)] which can be 
considered as a vector representation with the three elements. 
Therefore, a cosine similarity measure for interval neutrosophic 
sets is proposed in an analogous manner to the cosine similarity 
measure proposed by J. Ye [18]. 
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E. Definition fuzzy sets, a cosine similarity measure between interval valued 

Assume that there are two interval neutrosophic sets A and neutrosophic sets A and B is proposed as follows 
B in X ={ x l9 x 2 x n ] Based on the extension measure for 



A CriCxQ + Tjf(xQ) (Tg(xd+Tg( Xi » + (lA(xd + #(*i)) Vb(xQ + l B (*i)) +(Fa(xO + fXcxQ) (f£(xQ + Fg(Xj» ^ 

71 1 JctJiCxO + t^(xO) 2 HIa( x 0+^a( x 0) 2 HPaCxO + FjfW) 2 J( t b(^0 + t b (^) 2 +Cb(^+^(^)) 2 +(^(^) + (*«)) 2 



F. Proposition 

Let A and B be interval valued neutrosophic sets then 

i. 0 <C n (A,B)<1 

ii. C n (A,B) = C n (B,A) 

iii. C n (A, B) = 1 if A= B i.e 

rife) = rife), rife) = rife), 

life) = /ife), I a fe) = /ife) and 
fife) - Fife), Fife) = Fife) for i=l,2,....,n 
Proof : (i) it is obvious that the proposition is true according 
to the cosine valued 



(ii) it is obvious that the proposition is true. 

(iii) when A =B, there are 

rife) = rife), rife) = rife), 

(Ife) = /ife), (Ife) = /ife)and 

Fife) = Fife) Fife) = Fife) for i=l,2,..„ n , So 

there is B) - 1 

If we consider the weights of each element x h a weighted 
cosine similarity measure between IVNSs A and B is given as 
follows: 



r f a d>_ 1 vn ... ( t a(. x 0 + t a ( x i)) ( t b( x 0 +t b ( x O) + Oa( x O + ! A( x i)) OBi x i) + ( x 0 ) + ( f a( x 0 + f a (. x i)) ( F B( x i) + f b ( x i)) 

L WN {A,d)= ~ Zji=i w i 



1 Jcrji(x i) + r^(xO) 2 + Oi(xO+I^(xi)) 2 + (fA(Xi) + F^X ;)) 2 + Tg(xO) 2 + (lii(Xi)+lB (*i)) 2 +(Fi(Xf) + Fi(^i )) 2 



( 8 ) 



Where Wj G [0.1] ,i =l,2,...,n ,and £f =1 Wj=l. 

If we take w t = - , i =l,2,...,n , then there is C WN (A, B) = 
c N {A,B). 

The weighted cosine similarity measure between two 
IVNSs A and B also satisfies the following properties: 

i. 0 < Cwm(A, B) < 1 

ii. C WN (A, B) = C wn (B, A) 

iii. C wn (A,B) = 1 ifA=Bi.e 

rife) = rife), rife) = rife) , dfe) = 

fife), /ife) - /ife) and Fife) - Fife), Fife) - 
Fq(xi) for i=l,2,...,n 

G. Proposition 

Let the distance measure of the angle as d(A,B)= arcos 
(C n (A, B )) then it satisfies the following properties. 



i. d(A, B) > 0, if 0 < C S (A, B) < 1 

ii. d(A, B) = arcos(l) = 0, if C N (A, B) = 1 

iii. d(A, B) = d( B, A) if C N (A,B ) = C N (B,A ) 

iv. d(A, C) < d(A, B) + d( B, C) if A c B c C for any 

interval valued neutrosophic sets C. 

Proof : obviously, d(A,B) satisfies the (i) - (iii). In the 
following , d(A,B) will be proved to satisfy the (iv). 

For any C={x;},A^B^C since Eq ( 7) is the sum of 
terms. Let us consider the distance measure of the angle 
between vectors: 

di(Afe), Bfe)) = arcos(Cjvfefe), Bfe))), 
c/ ; (Bfe), Cfe)) = arcos(C w (B(X[), Cfe))) and 
dj(Afe), Cfe)) = arcosfevfefe), Cfe))), for i=l, 2, n, 
where 



r r a td\ ^ vn (Ta(. x 0 + t a( x 0) ( t b( x 0 +t b ( x d) + 0A( x i) + ^( x i)) Ob(. x O + (*i)) +(. f a(. x 0 + f a( x 0) ( f b( x l) + f b (, x d) 

LnvA,d)~ 2.i=i 



L J(Ti(xo + r4(^)) 2 +yi(^)+^^i)) 2 +(Fi(^i) + dc*/)) 2 J ObC*;) + ri(xj)) 2 +(/i(x;)+/i + Fi(x ; )) 2 



(9) 



r r d 1 vn ( t b( x 0 + r i(Xj)) (ri(Xi)+ri(Xj))+(7g(Xj) + /fi (x;)) Uc(. x i) + ( x i)) + ( f b( x 0 + f b i F c( x 0 + F c ( x d) 

(- Y [ D , L J— 2 ,i=l I | 

rt J(?b( x 0 + rg(Xi)) 2 +(ilj(xO+ig ( xO) 2 +(Fb(xO + Fg(x0) 2 J(t£(x0 + ri(xj)) 2 +(/£(x;)+/i C^i)) 2 +C^c C^i) + ?i (*f» 2 

, „n_i ™ (rife) + rife)) (t^xO+t^(.xO)+Oa(xO + /ife)) (/c(*i) + 'cfe)) +(fife) + rife)) «;(*/) + F c fe)) 

2-i i=i i 

n -J(rife) + ri(Xj)) 2 +(/ife)+/ife)) 2 +(Fi(xi) + Fi(x ,)) 2 J(t£(xJ + ri(*o) 2 K/cfe)+/c fe)) 2 + ( F cfe) + rife )) 2 



( 10 ) 

(ID 



For three vectors 

Afe) = <fe, [ rife), rife)], [ /ife), /ife)], [Fife), 
Fife)]> 

Bfe) = < x;, [ rife) , rife) ],[ /ife) , /ife) ], [Fife) , 
Fife)]> 



Cfe) = <Xi, [ rife) , rife)], [ /ife) , /ife) ] , 
[Fife) , Fi fe)] >, in a plane , 
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If A (x £ ) Q B (Xj) Q C (Xj) (I =1, 2,..., n), then it is obvious 
that d(A(Xj), C(Xj)) < d( A(x £ ), B(x £ )) + d(B(x £ ), C(x £ )), 
According to the triangle inequality. Combining the inequality 
with Eq (7), we can obtain d(A, C) < d(A, B) + d(B, C) 

Thus, d(A,B) satisfies the property (iv). So we have finished 
the proof. 

IV. Comparison of New Similarity Measure with 
the Existing Measures. 

Let A and B be two interval neutrosophic set in the 
universe of discourse X={x 1? x 2 ,.,x n }. For the cosine similarity 
and the existing similarity measures of interval valued 
neutrosophic sets introduced in [5, 21], they are listed as 
follows: 

Pinaki’s similarity I [21] 

Spi= 

Ef =1 {min{T A (x i ),TB(xi)}+min{I A (x i ),I B ( x i)}+min{F A (x i ),F B (x i )}} 
£f =1 {max{T A (xi),T B (x i )}+max{I A (x i ),I B (xi)}+ max{F A (xi),F B (xj)}} 

Also ,P. Majumdar [21] proposed weighted similarity measure 
for neutrosophic set as follows: 

^ _ Ef = i Wj (T A (xj)- T B (xi)+(I A (xi)- Ib ( x j)+(F A (x i )- FgQq) 

PI1 max(wj VTA( x i) 2 +lA( x i) 2 +FA( x i) 2 , w £ V T B (xi) 2 +I B (xO 2 +F B (xi) 2 )) 

(13) 

Where, S PI , S PII denotes Pinaki’s similarity I and Pinaki’s 
similarity II 

Ye’s similarity [5] is defined as the following: 

Sye (A B) = l-^Ef =1 Wi [|infT A (Xi) - infT B (Xi)| + 

|supT A (Xj) - supT B (Xi)| + |infI A (Xi) - infI B (Xi)| + 
|supI A (Xi) - supI B (Xi)| + |infF A (Xi) - infF B (xj)| + 
|supF A (xj) - supF B (xj) |] (14) 

Example 1: 

Let A = { <x, (0.2, 0.2 0.3)>} and B= {<x, (0.5, 0.2 0.5)>} 

Pinaki similarity I =0.58 

Pinaki similarity II (with w t = 1) = 0.29 

Ye similarity (with =1) = 0.83 

Cosine similarity C N (A, B) = 0.95 

Example 2: 

Let A= {<x, ([0.2, 0.3], [0.5, 0.6] ,[ 0.3, 0.5])>} and B{<x, 
([0.5, 0.6], [0.3, 0.6] ,[0.5, 0.6])>} 

Pinaki similarty I = NA 

Pinaki similarty II(With w £ =1) = NA 

Ye similarity (with Wj =1) =0.8 1 

Cosine similarity C N (A J B) = 0.92 

On the basis of computational study. J.Ye [5] have shown that 
their measure is more effective and reasonable .A similar kind 
of study with the help of the proposed new measure based on 
the cosine similarity, has been done and it is found that the 
obtained results are more refined and accurate. It may be 



observed from the example 1 and 2 that the values of similarity 
measures are more closer to 1 with C N (A, B) ,the proposed 
similarity measure. This implies that we may be more 
deterministic for correct diagnosis and proper treatment. 

V. Application of Cosine Similarity Measure for 
Interval Valued Neutrosophic Numbers to 
Pattern Recognition 

In order to demonstrate the application of the proposed cosine 
similarity measure for interval valued neutrosophic numbers 
to pattern recognition, we discuss the medical diagnosis 
problem as follows: 

For example the patient reported temperature claiming that the 
patient has temperature between 0.5 and 0.7 severity 
/certainty, some how it is between 0.2 and 0.4 indeterminable 
if temperature is cause or the effect of his current disease. 
And it between 0.1 and 0.2 sure that temperature has no 
relation with his main disease. This piece of information about 
one patient and one symptom may be written as: 

(patient , Temperature) = <[0.5, 0.7], [0.2 ,0.4], [0.1, 0.2]> 
(patient , Headache) = < [0.2, 0.3], [0.3 ,0.5], [0.3, 0.6]> 
(patient , Cough) = <[0.4, 0.5], [0.6 ,0.7], [0.3, 0.4]> 

Then, P= {< x l9 [0.5, 0.7], [0.2 ,0.4], [0.1, 0.2] >, < x 2 , [0.2, 
0.3], [0.3, 0.5], [0.3, 0.6] > ,<x 3 , [0.4, 0.5], [0.6 ,0.7], [0.3, 
0.4]>} 

And each diagnosis A t ( i=l, 2, 3) can also be represented 
by interval valued neutrosophic numbers with respect to all the 
symptoms as follows: 

A t = {< x 1? [0.5, 0.6], [0.2 ,0.3], [0.4, 0.5] >, < x 2 , [0.2 , 0.6 ], 
[0.3 ,0.4 ], [0.6 , 0.7]>,< x 3 , [0.1, 0.2 ], [0.3 ,0.6 ], [0.7, 0.8]>} 

A 2 = {< x^ [0.4, 0.5], [0.3, 0.4], [0.5, 0.6] >, < x 2 , [0.3, 0.5 ], 
[0.4 ,0.6 ], [0.2, 0.4]> ,< x 3 , [0.3, 0.6 ], [0.1, 0.2], [0.5, 0.6]>} 

A 3 = {< xi, [0.6, 0.8], [0.4 ,0.5], [0.3, 0.4]>, <x 2 , [0.3, 0.7 ], 
[0.2, 0.3], [0.4, 0.7]> ,< x 3 , [0.3, 0.5 ], [0.4, 0.7 ], [0.2, 0.6]>} 

Our aim is to classify the pattern P in one of the classes A t , 
A 2 , 3 .According to the recognition principle of maximum 
degree of similarity measure between interval valued 
neutrosophic numbers, the process of diagnosis A k to patient P 
is derived according to 

k = arg Max{ C N { A £ ,P))} 

from the previous formula (7) , we can compute the cosine 
similarity between A t (i=l, 2, 3) and P as follows; 

C N ( A ± , P) =0.8988, C n (A 2 , P)= 0.8560, C N ( A 3 , P) 

=0.9654 

Then, we can assign the patient to diagnosis A 3 (Typoid) 
according to recognition of principal. 

VI. Conclusions. 

In this paper a cosine similarity measure between two and 
weighted interval valued neutrosophic sets is proposed. The 
results of the proposed similarity measure and existing 
similarity measure are compared. Finally, the proposed cosine 
similarity measure is applied to pattern recognition. 
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In this paper several distance and similarity measures of interval neutrosophic soft 
sets are introduced. The measures are examined based on the geometric model, the set 
theoretic approach and the matching function. Finally, we have successfully shown an 
application of this similarity measure of interval neutrosophic soft sets. 

Distance, Similarity Measure, Neutrosophic set, Interval Neutrosohic sets. 
Interval Neutrosohic Soft sets. 



u 



In 1965, fuzzy set theory was firstly given by Zadeh [2] which is applied in many real 
applications to handle uncertainty. Then, interval- valued fuzzy set [3],intuitionisticfuzzy set 
theory[4] and interval valued intuitionistic fuzzy sets[5] was introduced by Tiirksen, 
Atanassov and Atanassov and Gargov, respectively. This theories can only handle incomplete 
information not the indeterminate information and inconsistent information which exists 
commonly in belief systems. So, Neutrsophic sets, founded by F.Smarandache [1], has 
capapility to deal with uncertainty, imprecise, incomplete and inconsistent information which 
exist in real world from philosophical point of view. The theory is a powerful tool formal 
framework which generalizes the concept of the classic set, fuzzy set [2], interval -valued 
fuzzy set [3], intuitionistic fuzzy set [4] interval-valued intuitionistic fuzzy set [5], and so on. 

In the actual applications, sometimes, it is not easy to express the truth-membership, 
indeterminacy-membership and falsity-membership by crisp value, and they may be easier to 
expressed by interval numbers. The neutrosophic set and their operators need to be specified 
from scientific or engineering point of view. So, after the pioneering work of Smarandache, 
in 2005, Wang [6] proposed the notion of interval neutrosophic set ( INS for short) which is 
another extension of neutrosophic sets. INS can be described by a membership interval, a 
non-membership interval and indeterminate interval, thus the interval value (INS) has the 
virtue of complementing NS, which is more flexible and practical than neutrosophic set. The 
sets provides a more reasonable mathematical framework to deal with indeterminate and 
inconsistent information.A lot of works about neutrosophic set theory have been studied by 
several researches [7,11,13,14,15,16,17,18,19,20 ]. 
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In 1999, soft theory was introduced byMolodtsov[45] as a completely new mathematical 
toolfor modeling uncertainties. After Molodsov, based on the several operations on softsets 
introduced in [33, 34, 35, 36, 46], some more properties and algebra may be found in [32,34], 
We can found some new conceptc ombined with fuzzy set in [28,29,37,39,42], interval-valued 
fuzzy set in [38], intuitionistic fuzzy set in [50], rough set in [43,47], interval-valued 
intuitionistic fuzzy set in [45], neutrosophic set in [8,9,27], interval neutrosophic set [31]. 

Also in some problems it is often needed to compare two sets such as fuzzy, soft, 
neutrosophic etc. Therefore, some researchers has studied of similarity measurement between 
fuzzysets in [24,48], interval valued fuzzy in [48], neutrosophic set in [23,26], interval 
neutrosophic set in [10, 12], Recently similarity measure of softsets [40,49], intuitionistic fuzzy 
soft sets [30] was studied. Similarity measure between two sets such as fuzzy, soft has been 
defined by many authors which are based on both distances and matching function. The 
significant differences between similarity measure based on matching function and similarity 
measure based on distance is that if intersection of the two sets equals empty , then between 
similarity measure based on matching function the two sets is zero in but similarity measure 
based on distance may not be equal to zero. Distance-based measures are also popular because 
it is easier to calculate the intermediate distance between two fuzzy sets or soft sets. It’s 
mentioned in [40]. In this paper several distance and similarity measures of interval 
neutrosophic soft sets are introduced. The measures are examined based on the geometric 
model, the set-theoretic approach and the matching function. Finally, we give an 
application for similarity measures of interval neutrosophic soft sets 



This section gives a brief overview of concepts of neutrosophic set [1], and interval valued 
neutrosophic set [6], soft set [41], neutrosophic soft set [27] and interval valued neutrosophic 
soft set [31]. More detailed explanations related to this subsection may be found in 
[8,9,27,31,36], 



Let X be an universe of discourse, with a generic element in X denoted by x, the 
neutrosophic (NS) set is an object having the form 

A = {< x: T A (x), I a (x), F a (x)>,x GX], where the functions T, I, F : X— ► ]"0, l + [ define 
respectively the degree of membership (or Truth) , the degree of indeterminacy, and the 
degree of non-membership (or Falsehood) of the element x GX to the set A with the 
condition. 

0 < T A (x) + I A (x)+ F a (x)< 3 + . (1) 

From philosophical point of view, the neutrosophic set takes the value from real standard or 
non-standard subsets of ]“0, l + [. So instead of] -0, l + [ we need to take the interval [0, 1] for 
technical applications, because ]“0, l + [ will be difficult to apply in the real applications such 
as in scientific and engineering problems. 
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For two NS ,A ns ={ <x , T A (x) , I A (x), F A (x)> I x e X } (2) 

And B ns ={<x , T b (x) , I B (x), F B (x)> I x G X } the two relations are defined as follows: 
(l)Avs £ Bns if and only if T A (x) < T B (x) ,I A (x) > I B (x) ,F A (x) > F B (x) 

(2 )A ns = B ns if and only if, T A (x) =T B (x) ,I A (x) =I B (x) ,F A (x) =F B (x) 



Let X be a universe of discourse, with generic element in X denoted by x. An interval valued 
neutrosophic set (for short IVNS) A in X is characterized by truth-membership function 
T a (x), indeteminacy-membership function I A (x) and falsity-membership function F A (x). For 
each point x in X, we have that T A (x), I A (x), F A (x) G [0,1]. 

For two IYNS , 2l 1VNS ={ <x , [T];(x), t£(x)] , [\ L A (x), l”(x)] , [F^(x), f£(x)]> I x G X } (3) 

And 5 1VNS ={<x , [T B (x), T B (x)J , [I B (x), I B (x)] , [F B (x), F B (x)] > I x G X } the two relations 
are defined as follows: 

(IMfvns — ^ IVN sif and only if T^(x) < T£(x),T^(x) < T^(x) ,I^(x) > I B (x) ,I A (x) > 
Ib (x) , F a (x) > F b (x) ,F”(x) > F B (x) 

(2Mivns = #ivns if and only if, T^(xi) = T^(x0 ,T^(Xi) = T^(Xi) ,I^(Xi) = ijj(Xi) , 
I A (xi) = I B (xj) ,F A (xi) = F B (xj) and F^(xj) = F^(xj) for any x G X. 



The complement of d IVNS is denoted by A° 1VNS and is defined by 

A° lVNS = 1<x , [F a (x), F a (x)]> , [1 - lX(x), 1 - Ii(x)] , [T a l (x), T a (x)]I x G X } 



Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the power set of 
U. Consider a nonempty set A, A c E. A pair (F, A) is called a soft set over U, where F is a 
mapping given by F: A —*■ P (U). 

It can be written a set of ordered pairs(F, A) = {(x, F (x)): xGA}. 

As an illustration, let us consider the following example. 

Suppose that U is the set of houses under consideration, say U = {hi, I 12 , . . ., hs}. 
Let E be the set of some attributes of such houses, say E = {ei, Z 2 , . . e6}, where ei, t 2 , . . ., e6 
stand for the attributes “expensive”, “beautiful”, “wooden”, “cheap”, “modem”, and “in bad 
repair”, respectively. 

In this case, to define a soft set means to point out expensive houses, beautiful houses, and so 
on. For example, the soft set (F,A) that describes the “attractiveness of the houses” in the 
opinion of a buyer, say Thomas, may be defined like this: 

A={ei,e2,e3,e4,e5}; 

F(ei) = {h 2 , h 3 , h 5 }, F(e 2 ) = {h 2 , h 4 ], F(e 3 ) = {hi}, F(e 4 ) = U, F(e 5 ) = (h 3 , h 5 }. 
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Let U be an initial universe set and E be a set of parameters. Consider A<=e. LetN(U) denotes 
the set of all neutrosophic sets of U. Thecollection (F,A) is termed to be the soft neutrosophic 
set over Udenoted by N, where F is amappinggivenbyF : A-»P(U). 

It can be written a set of ordered pairs N= {(x, F (x)): xGA}. 



Let U be an universe set, IVN(U) denotes the set of all interval valued neutrosophic sets of U 
and E be a set of parameters that are describe the elements of U. Thecollection (K, E) is 
termed to be the interval valued neutrosophic soft sets (ivn-soft sets)over U denoted byY, 
where K is a mapping given by K : E-HVN(U). 

It can be written a set of ordered pairs 

Y={(x, K(x)): xGE} 

Here, K which is interval valued neutrosophic sets, is called approximate function of the ivn- 
soft sets Y and K(x) is called x-approximate value of x GE. 

Generally, K, L, M,... will be used as an approximate functions of Y, T* , ft... respectively. 

Note that the sets of all ivn-soft sets over U will be denoted by IVNS(U). 

Then a relation form of Y is defined by R K = { (r K (e,u)/(e, u)) : uGU, eGE} 
where 

r K : ExU-HV NS(U) and r K (ej,u ; )=aj ; for all e* G E and Uj GU. 

Here, 

1. Y is an ivn-soft subset of T', denoted by Y if, if K(e) ^L(e) for alleGE. 

2. Y is an ivn-soft equals toT', denoted by Y = T*, if K(e)=L(e) for all eGE. 

3 . The complement of Y is denoted byY c , and is defined by Y c = {(x, K° (x)): xGE} 

As an illustration for ivn-soft, let us consider the following example. 

Suppose that U is the set of houses under consideration, say U = {hi, I12, h 3 }. Let 
E be the set of some attributes of such houses, say E = {ei, e2, e 3 , e 4 ], where ei, e2, . . ., e 6 stand 
for the attributes “expensive”, “beautiful”, “wooden”, “cheap”, “modem”, and “in bad repair”, 
respectively. 

In this case we give an ivn-soft set as; 

Y= { (e 1 ,{<h 1 ,[0.5, 0.6], [0.6 ,0.7],[0.3,0.4]> ,<h 2 , [0.5, 0.6], [0.6 ,0.7],[0.3,0.4]> , 

<h 3 , [0.5, 0.6], [0.6,0.7],[0.3,0.4]> }),(e 2 ,{<M0.2, 0.3], [0.5 ,0.6],[0.3,0.6]> , 

<h 2 , [0.4, 0.6], [0.2 ,0.3],[0.2,0.3]> , <h 3 , [0.5, 0.6], [0.6 ,0.7],[0.3,0.4]> }), 

(e 3 ,{<M0 -3, 0.4], [ 0.1 ,0.5],[0.2,0.4]>,</i 2 , [0.2, 0.5], [0.3,0.4],[0.4,0.5]>, 
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<h 3 , [0.5, 0.6], [0.6,0.7],[0.3,0.4]> } ),(e 4 ,{</i 1 ,[0.4, 0.6], [0.3 ,0.5],[0.3,0.4]>, 
<h 2 , [0.4, 0.6], [0.2 ,0.3],[0.2,0.3]>) ,<h 3 , [0.3, 0.4], [0.2,0.7],[0.1,0.4]>]) } 



Let E be a set of parameters. Suppose that Y = <K,E>, 4* = <L,E> and fi = <M,E>; are three 
ivn-soft sets in universe U. Assume d is a mapping, 

d :IVNS(U) x IVNS(U) — ■> [0, l].If d satisfies the following properties ((l)-(4)) : 

(1) d (Y, *P) > 0; 

(2) d (Y, *P) = d OP, Y) ; 

(3) d (Y, = 0 iff *P = Y; 

(4) d (Y,^) + d OP, H) > d (Y,ft) . 

Hence dCY,^) is called a distance measure between ivn-soft sets Y and *P. 



A real function S: INS(U) x INS(U) — » [0, 1] is named a similarity measure between two ivn- 
soft set Y=(K,E) and ¥ =(M,E) if S satisfies all the following properties: 

(1) S(Y, l P) G [0, 1]; 

(2) S(Y, Y)=S0P, W) = 1; 

(3) S(Y, 'P) = S('P, Y); 

(4) S (Y, H) < S (Y,*P) and S (Y, H) < S (¥,0) ifYc>fcfi 

Hence SCY,^) is called a similarity measure between ivn-soft setsY and 

For more details on the algebra and operations on interval neutrosophic set and soft set and 
interval neutrosophic soft set, the reader may refer to [ 5,6,8,9,12, 31,45,52]. 



In this section, we present the definitions of the Hamming and Euclidean distances between 
ivn-soft sets and the similarity measures between ivn-soft sets based on the distances, which 
can be used in real scientific and engineering applications. 

Based on Hamming distance between two interval neutrosophic set proposed by Ye[12 ] as 
follow: 



83 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



D ( A 3)=“ Ef=i [ | T a ( x i) - Tg (Xj)| + |T^(Xi) - Tg (x,) | + |l^(Xi) - ljj(Xi)| + |l^(Xj) - 
Ib (X i) | + |F^(Xi) - Fg| + \f\(xJ - Fg (Xj)|] 

We extended it to the case of ivn-soft sets as follows: 



Let Y = (K,E) =[a.ij] mxn and 4* = (M,E)=[h i; ] mxn be two ivn-soft sets. 
K(e) = {<x, LT K L (e) (x).T K u (e) (x)j , [lfc (e) (x),lg (e) (x)] , LF^ (e) (x).T K u (e) (x)j >: x G X} 

M(e) = {<x, [Tm ( 6) (x),TjJ^ (e) (x)] , [lM(e)(x),lM (e) (x)] , [F^ (e) (x),FjJ (e) (x}]>: x G X} 
Then we define the following distances for Y and T' 

(1) The Hamming distance d E VNSS (Y ,T), 

m [| A ij T |+| A li T | + | A ij I | + | A i t i I | + | A ii F | + | A U F |] 



dwNSsOC 

Where Aj]T= T£ (e) (Xj) - T^ (e) (Xj) ,A|}T= T£ (e) (Xj) - T^ (e) (Xi) ,Aj]I= lk (e) (Xi) - lM(e)( x i) 
A"I= lK(e)(xi) - lS(e)(Xi) AjF= FjfejCxj) - F^ (e) ( Xi ) and A--F= F” e) ( Xi ) - F^C*) 

(2) The normalized Hamming distance dfArssO" ,T), 



d IVNSsCf W 



dfvNSsC f - 

(3)The Euclidean distancedf l/W5S (Y ,T), 



jE (Y yn ym C^T)*+(a5T)»+(aSD*+(a5d*+(A5iO*+CaSf>* 

“/VWSSt 1 ^)-yjZjj=iZ,i=i 6 

Where Aj]T= T£ (e) (Xj) - T^ (e) (Xj) ,AjT= T£ (e) (Xj) - T^ (e) (Xi) ,Aj]I= lfc (e) (Xi) - 
,A|jI= lK (e) (Xi) - lM(e)( x i) 4ijF= F^fa) - F^ (e) (Xj) and AjjF= F^fa) - FjJ (e) (Xj) 

(4)The normalized Euclidean distance d?y NSS ( Y ,¥), 



d nE 

U IVNSS 



(Y ,V)= 



dfvNSS^y ’^) 
V rrm 



Here, it is clear that the following properties hold: 

(1) 0 < dfiwssC Y ,W)<mn and 0 < dff NSS ( Y ,¥) < 1; 

(2) 0 < df VNSS ( Y ,¥) < and 0 < df v E NSS (Y ,W) < 1; 



Assume that two interval neutrosophic soft sets Y and V are defined as follows 



K (el) =(<*!, [0.5, 0.6], [0.6 ,0.7],[0.3,0.4]>,<x 2 . 



[0.5, 0.6], [0.6 ,0.7],[0.3,0.4]>), 
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K (e 2) =(<x 1 ,[0.2, 0.3], [0.5 ,0.6],[0.3,0.6]> ,<x 2 , [0.4, 0.6], [0.2 ,0.3],[0.2,0.3]>), 
M (el) =(<Xi,[0.3, 0.4], [0.1 ,0.5],[0.2,0.4]> ,<x 2 , [0.2, 0.5], [0.3 ,0.4],[0.4,0.5]>), 
M (e2) =(<*!, [0.4, 0.6], [0.3 ,0.5],[0.3,0.4]> ,<x 2 , [0.3, 0.4], [0.2,0.7],[0.1,0.4]>), 



„ AjlT + a]]t + Afj I + AHl + a[-F + a|]f 

rlH /V UA — V 2 V 2 _j ]} d ]} ]} d - 

a IVNSS\ 1 - Zjj = lZji=l 6 



| 0.5 — 0 . 3 | + | 0 . 6 — 0 . 4 | + | 0 . 6 — 0 . 1 1 + | 0 . 7 — 0.5 1 + 10 . 3 — 0.2 1 + 10 . 4 — 0.4 1 



+■ 



10 . 5 - 0.2 1 + | 0 . 6 - 0 . 5 | + | 0 . 6 - 0 . 3 | + | 0 . 7 - 0 . 4 | + | 0 . 3 - 0 . 4 | + | 0 . 4 - 0 . 5 | 



■+ 



| 0 . 2 - 0 . 4 | + | 0 . 3 - 0 . 6 | + | 0 . 5 - 0 . 3 | + | 0 . 6 - 0 . 5 | + | 0 . 3 - 0 . 3 | + | 0 . 6 - 0 . 4 | 



+ 



| 0 . 4 - 0 . 3 | + | 0 . 6 - 0 . 4 | + | 0 . 2 - 0 . 2 | + | 0 . 3 - 0 . 7 | + | 0 . 2 - 0 . 1 | + | 0 . 3 - 0 . 4 | 



dfvNssW +) =0.71 

The functions d^ VNSS (Y , V F) , dfvNssO^ ’ dfvNss^ +) - dfy NSS (Y +): 
( ) R + given by Definition 3.1 respectively are metrics where R + is the set of all 
non-negative real numbers. 

The proof is straightforward. 



Let A and B be two interval neutrosophic sets, then S.Broumi and F.Smarandache[ll] 
proposed a generalized interval valued neutrosophic weighted distance measure between A 
and B as follows: 

dx(A,B) = {i ^ 1 Z"= 1 w i [W( J;i )-r 8 l (x 1 )l ;l + W(x,) - r" (*,)!* + 

1 

/£Ui)l A + I(a (*i) - /£(x;)l A + \FK*i) - Fb&i) l A + I Fjfixi) - F"( Xi -)\ A ]y ( 4 ) 
where 

A> Oand Tfad T/CAllCO +10;) ,F%( Xi ), T^d ,7 B y (x+ /£(**) ,/ fi y (x ( ), 

Fb( Xi ) ,F”( Xi ),e[ 0 , 1 ] 

,we extended the above equation (4) distance to the case of interval valued neutrosophic soft 
set between Y and T as follow: 



d,( r,M>) = {is7, 1 




Where A|jT= T£ (e) ( X| ) - Tjj (e) (Xi) ,A«T= T^/x,) - T“ leJ f X| J ,A^I= - I fx,) 

iK(e)fei) - lS(.)(Xi) .AjjF= Ffc (e) (x,) - F^ e) (x,) and A«F= F^Cx.) - F^Cx,). 
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Normalized generalized interval neutrosophic distance is 

djor.to = . zr.i-v, [lAhTp + |AHT| A + |a|jI| a + |aHi| a + |a^f| a + |AHF| A ]f ( 6) 

11 1 

If w={— the Eq. (6) is reduced to the following distances: 

nnn ° 



d A (Y,T) = {iEf. 1 Ef.i[|4ljT| +|4«T| + |A}jl| + |A|{l| + |A}jF| + |A«F| ]f (7) 



d *(yW = {k.X?-i I?-i [|A|jT| +|A|jT| +|Ajjl| + |Ajjl| + |Aj]F| +|A|jF|]} J (8) 



(i) if A =1 then the equation (7), (8) is reduced to the following hamming distance and 
normalized hamming distance between interval valued neutrosophic soft set 



d?vNss(y ’^) ~ YJj=\YliLi 



A"T| + |A"T| + |AhI| + |A" I| + |A"F| + |A" F 



Ur 



tUi 



J lj 



1] 



1] 



1J 



1] 



1] 



drvNSsO^ - 



d IVNSs( Y W 



mn 



(9) 

( 10 ) 



(ii) If A =2 then the equation (7) , (8) is reduced to the following Euclidean distance and 
normalized Euclidean distance between interval valued neutrosophic soft set 



dfvNSsCf ’V) - 




1 



(A|jT) 2 + (AjjT) 2 +(AjjI) 2 + (Ajj I) 2 + (AjjF) 2 +(A-j F) 2 
6 



diVNSs(y 



d fvNSsO[ W 
y/mn 



( 11 ) 

( 12 ) 



This section proposes several similarity measures of interval neutrosophic soft sets. 

It is well known that similarity measures can be generated from distance measures. Therefore, 
we may use the proposed distance measures to define similarity measures. Based on the 
relationship of similarity measures and distance measures, we can define some similarity 
measures between IVNSSs Y = (K,E) and 4* = (M,E) as follows: 



Now for each e t EE , K( e L ) and M( ep are interval neutrosophic set. To find similarity 
between Y and 4k We first find the similarity between K (e*) and M( e*). 

Based on the distance measures defined above the similarity as follows: 

?H /"V UJ\ 1 cE ,IIN 1 



Sasser 



l+d 



IVNSS 






and S* vnss (Y ,V)= 



l+d 



IVNSS 



(Y ,*¥) 
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SlVNSsW 1 . jiiH 



1 +d‘ 



s H 



IVNSsOf ,'Y) 

: Based on example 3, then 
nwssOV * / )= 17^=171 = 0.58 



and Sjy NSS (Y . l l J )— 



1 +d 



nE 
IVNSS 



(Y,V) 



Based on (4), we define the similarity measure between the interval valued neutrosophic soft 
sets Yand 'P as follows: 



S D m 0M0= 1- {^Zf -1 [|Tfe„(Xi) - T^ (e) (x,)| X + |T“ (e) (Xi) - T“ (e ,(x,)| X + |lfc (e) (x,) - 

lM(e)( X i)| X + I^CetCi) “ lM(e)( x i)| X + I^KCe) (^i) “ F^ (e) (Xi)| X + |F^ (e) (Xj) - 
1 

FS w (x,)f]}^ (13) 

Where X > 0 and S DM (Y , f) is the degree of similarity of A and B . 

If we take the weight of each element x t e X into account, then 

SdmCF , 10= 1- {)Z"=i w, [[|T K L (e) (x,) - T^(e)(Xj)f + |Tft e) (x,) - TS (e) (x,)| X + 

|lR(e)( x i) - lM(e)( x i)| X + I^Ce) C x i) “ lM(e)( x i)| A + | F K(e)( x i) “ FM(e)( x i)| A + | F K(e)C x i) “ 

1 

Fa ( „(x,)| l ]]f (14) 

11 1 

If each elements has the same importance ,i.e w ... , -}, then (14) reduces to (13) 

n n n 

By definition 2.7 it can easily be known that S DM (Y , 4 J ) satisfies all the properties of 
definition.. 



[|AijT| + |A«T| + |AS]l| + |Aj]l| + |A|jF| + |A|jF|] 
Similarly , we define another similarity measure of Y and V as: 



SOW = 1 - 



g=i(|^T| X +|AllT| X +|A|jl| A +|A^l| X +|A|jF| A +|A^F| X ) 



LslL^lTfeCxO+TSiCxiDl^+lTgCxO+TjiCxOl^+llfeCxO+lSiCxiD^+llgCxiD+iaCxOl^+lFfeCxO+FfeCxO^+lFgCxiD+FaCxOl^)] 



(15) 



If we take the weight of each element x £ £ X into account, then 
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S(Y,V) = 1 - 



Sf = i w i(|AjjT| A +|A[jT|\|A!jl| A +|AHl| A +|A!jF| A +|AHFQ 



(16) 



Sf=l w i(|Tk( x i)+TM( x i)| +l T k^ x i) +T M^ x i)| + l I K( x i) + I M( x i)| +l I k^ x i) + I M^ x i)| + l F k( x i) + F M( x i)| + l F k( x i) + F M( x i)| 



This also has been proved that all the properties of definition are satisfied, If each elements 
has the same importance, and then (16) reduces to (15) 



In this section, following the similarity measure between two interval neutrosophic sets 
defined by S.Broumi and F.Samarandache in [11], we extend this definition to interval valued 
neutrosophic soft sets. 

Let Sj(Y, 4*) indicates the similarity between the interval neutrosophic soft sets Y and T .To 
find the similarity between Y and V first we have to find the similarity between their e - 
approximations. Let 5)(Y, T) denote the similarity between the two e r approximations K(eP 
and M(e;). 



Let Y and 4* be two interval valued neutrosophic soft , then we define a similarity 
measure between K(e*) and M(e;) as follows: 



Si( Y,H0= 



If =1 {min{T^ (e . ) (x j ),Tfc (e . ) (x j )}+min{TK (e . ) (x j ),TS (e . ) (x j )}+min{l^ (e . ) (x j ),lfa (e . ) 

lF=i{max{TL (e . ) (x j ),TL (e . ) (x j )}+max{TU (e . ) (x j ),TU (e . ) (x j )}+max{lL (e . ) (x j ),lL (e . ) 

)) 



(x j )}+min{l^ (e . ) (x ) ),l|i, (e . ) (x ) )j+ min{F{; (e . ) (x ) ),Ffc 1(e . ) (x ) )}+min{F|j (e . ) (x ) ).FK (e . ) (x ) )j , , ~ 
(x J )j+max{l^ (e . ) (x J ),I^ (e . ) (x j )}+max{F|( (ej) (x ) ),Fjj (e() (x j )}+max{F^ ej) (x ) ),F^ (e() (x ) )}'' 



Then S(Y, T') = maxS;(Y, T') 

i 

The similarity measure has the following proposition 



Let Y and T be interval valued neutrosophic soft sets then 



<S( Y,V) < 

ii. S(Y,40 =SQV,Y) 

iii. S(Y,49 =1 ifY=4* 



^X(e)( x i) — 



Tw(e) ( x i)> 



’j'U 

l K(e) 



(*i) = Tw(e) ( x i) , 



^K(e)( x i) — 



jL 

l M(e) 



^M(e) (.Xi) and Fjt ie) 



(.Xi) = F^ e) (Xi) , 



^K{e)( x i) ~ 



F M(e)(*i) for 



(Xi), ^K{e) ( x i) = 

i=l,2,....,n 



IvYc^cn =>S(Y,¥) < min(S(Y, l T), S(V,fl) 

. Properties (i) and( ii) follows from definition 
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(iii) it is clearly that if Y = V =» S(Y, W) =1 

=> Sr=i{ min { T K(e)( x i)AM(e)(xi)} + min{T£ (e) (xi) f T^ (e) (xi)} +min{l^ (e) (x i ) > lM (e) (xi)} + 
minOKCe/Xi)' I M(e)Cx 1 )} + minfF^Cxi), F^ (e) (Xi)} + minfF^CxO, Fjj (e) (xj)} 
=Sr=l{ max { T K(e)( x i)' T M(e)( x i)] + max { T K(e)( x i)' T M(e)( x i)} + max { I k(e)( x i)< Im^CO} + 
I M(e) ( x i)} + max { F K(e)( x i)' F^ (e) (Xi)} + max{F^ (e) (Xj), Fjj (e) (xi)} 

=* ir=i{[min{T^ (e) (x i ),T^ (e) (x i )} - max{T 1 ^ (e) (x i ),T^ (e) (x i )}] + 
[min{Tg :e) (x i ),T^ (e) (x i )}-max{Tgr e) (x i ) f T^ (e) (x i )}] + [min{l^ (e) (xj), lM (e) ( x i)} - 

max { I K(e)( x i)' I M(e)( x i)}l + [min{l^ (e) (X;), I^ (e) (X;)} - 

max { I K(e)( x i)TM(e)( x i)}l + [min{Fk (e )(Xi), F^ (e) (Xi)} - max{F^ (e) (Xi), F^ (e) (Xi)}] + 

[min{F^ ( e)( x i), F{J (e) (Xi)} - max{F^ (e) (xi), F^ (e) (xj)]} =0 

Thus for each x, 

[min{T^ (e) (x i ),T I ^ (e) (x i )} - max{T^ (e) (x i ),T^ (e) (x i )}] =0 

[min{T^ , (e) (x i ),T^ (e) (x i )} - max{T^ , (e) (x i ),T ] J{ (e) (x i )}] = 0 

[min{l^(e) ( x i), lM(e)( x i)} - max{lfc (e) (Xi), lM(e) ( x i)}] =0 

[min{ I ^(e)(Xi),lM(e)( x i)} - ma x{lK (e) ( x i)dM (e) ( x i)}] =° 

[min{F^ ( e)( x i), Fjj (e) (xi)} - max{F^ (e) (xi), Fj* (e) (xi)}] =0 

l min { F K(e)( x i)' F M(e)( x i)} - max { F k(e)( x i)' FjJ (e) (Xi)]}=0 holds 

Thus T^ (e) (x;) = TfeejCXi) ,TK(e)( x i) = T^ (e) (Xi) JK(e) ( x i) = J M(e)( X i) ’ feCi) = 
lM(e)( x i) TaCxi) = f b(Xi) and F” e) ( Xl ) = FjJ (e) ( Xl ) => Y = V 

(iv) now we prove the last result. 

Let Y Q T* Q fl,then we have 

Tic(e) ( x i) ^ T^ (e) (Xi) < T c L (x) , Tgr e) (Xi) < T^ (e) ( Xi ) < T c L (x) , lfc (e )(x) > lM(e) (x) ^ 

Ic(x)Ja(x) ^ lM(e)(x) ^ I C U (X). F K(e)( x ) ^ F M(e)( X ) ^ F c( x ) Tk(e)( x ) ^ F M(e)( x ) ^ F c( x ) 
for all x G X .Now 

t k(x) +Tr (x) +Ik( x ) +IkOO + f m( x )+ f m( x ) ^ t k( x ) + t k( x ) +lk( x ) + I k( x )+ F c( x )+ F c ( x ) 
And 

Tm(x) +T[1}(x) +Im(x) +I{J(x) +Fk(x)+Fk(x) > T c L (x) +t£(x) +l£(x) +Ic (x)+F{^(x)+Fk(x) 
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srY _Tfe(x) +T^(x) +lfe(x) +lg(x) +F^(x) + F^,(x) T^(x) +T^(x) +lfe(x) +I^(x)+F^(x)+F^(x) _ 

^ ’ ’ tL(x)+tU(x)+iL(x)+iU( x )+fL(x)+fU(x) - tL(x)+tU(x)+iL(x)+iU(x)+fL(x)+fU(x) 1 ’ ’ 

Again similarly we have 

Tm(x) +T^(x) +Im(x) +Im(x)+Fc(x)+F^(x) > T^(x) +T^(x) +lfc(x) +Ir(x)+F^(x)+F^(x) 
T c l (x) +Tq (x) +Ic(x) +Ic (x)+Fk(x)+Fk (x) > T c L (x) +T c u (x) +l£(x) +I c u (x)+FL (x)+F^(x) 

srV n m _Tm ( x ) +T^(x) +lfa(x) +Im(x)+F^(x)+F^(x) Tfe(x) +T^(x) +lfe(x) +I^(x)+Fj;(x)+F»(x) _ 

^ ’ ’ T^(x)+T^(x)+I^(x)+I^(x)+Ffc,(x)+F^(x) “ T^(x)+Tg(x)+I^(x)+I^(x)+F{j(x)+F^(x) 1 ’ ’ 

=>S(Y,H) < min(S(Y,'F) , S(¥,n)) 



Hence the proof of this proposition 



If we take the weight of each element x £ £ X into account, then 
SC Y, V)= 

Sf =1 w i {min{TA(xi),TB(xi)}+min{TA(xi),T^(xi)}+min{lA(x i ),lB( x i)}+ mi n{ 1 A( x i), 1 B( x i))+ mintFACxp.FBCxPj+minfFACxp.F^Xj)} 
S"_iW i { m ax{T^(x i ),TB(xi))+max{T^(x i ),TB(xi)}+max{l^(x i ),I^(x i )}+max{l^(x i ),I^(x i )}+max{F^(x i ),F^(x i )}+max{F^(x i ),F^(x i )} 

(18) 



Particularly , if each element has the same importance, then (18) is reduced to (17) , clearly 
this also satisfies all the properties of definition . 

Y = <K,E>, T* = <L,E> and fl = <M,E>; are three ivn-soft sets in universe U such 
that Yis a ivn-soft subset of T* and fis a soft subset of fl then, S(Y, fl) < SIH 7 , fl). 

The proof is straightforward. 



Chen [24] and Chen et al. [25]) introduced a matching function to calculate the degree of 
similarity between fuzzy sets. In the following, we extend the matching function to deal 
with the similarity measure of interval valued neutrosophic soft sets. 

Let Y = A and be two interval valued neutrosophic soft sets, then we define a 

similarity measure between Y and 'P as follows: 



SmfW W= 

Z?=i ((#(*,)■ Tkixd) + (rfCti) ■ Tj^xS) + (dOi) ■ /£(*()) + (/.?(*()■ lg(x,)) + (Fjt(x ,)■ F£(x t )) + (f a u (xJ ■ F B U (*())) 
maxC^CTiCx,) 2 + T A u (x,) 2 + I^x,) 2 + l“(x,) 2 + F^x,) 2 + F“(x,) 2 ), HUTfe) 2 + T B u (x,) 2 + fe) 2 + igCx,) 2 + F^x,) 2 + F“(x,) 2 )) 



Tf(e)(*i) — Tw(e)( x i)< T 



K(e) 



( x i) — Tw(e) 



( x i) > ^K(e)^ x 0 ~ ^M(e) ( x i)< ^r(e) 



i x i) = 



I M (e)(. x i) and F K(e ) 



(*i) = F^ (e) (Xj) , 



= Pi 



M(e) 



( x i) 
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< s mf (y ,ho < 

The inequality S MF ( Y ,T)> 0 is obvious. Thus, we only prove the inequality S(Y .T') < 1. 

Smf(Y.T) 2r=i((T K L (e)W- K (e) (xO) + (Tft e) (Xi) • T" (e) (x,)) + (/£,„(*,) ■ 

J M(c)( x i)) + ('*(«)(*>) ' ; M(c)( x i)) + (f* W (*i) ’ Fii M (x i)) + (F" (e ,M ■ F" (e) (x ,))) 

=r ^K(e)(- X l) ' T'M(e)(- X l) +, ^K(e')(- X 2) ' ^M(e)(^2) + - ■ •~ l T£(e)0* : n) ' Tw(e)(*n)+Tf(e)(Al)' 

Tw (el ( X 1 ) + ^K(e) ( x 2 ) ' T^ (e x(x 2 )+. . ■+T F(e - ) (x n ) ■ TfriCe) (x n )+ 



^K(e')^~ x l) ' ^M(e) (Al)"^if(e) (^2) " ^M(e)(-Y 2)+ — ^K(e)^ X Y " ^M(e) 0 ^n)"^X(e) (A l) 
^M(e)( x l) + ^(e)( x 2) ' ^M(e)( x 2) + --- + ^(e)( x n) ' ^M(e) (x n )+ 

^K(e)(- X l) ' ^M(e)(- x l) + ^K(e)(- x 2Y ^M(e) ( x 2)+- • • + ^K : (e) (*n) ‘ pM(e)( x n) + ^K(e)(. x l) 

U 



^M(e) (. X l)+F F{ ^ e ) (x 2 ) 1 ^M(e) (-^ 2 )“*“- • •~*~Cf(e) O^n) ‘ ^M(e) (-^n)+ 

According to the Cauchy-Schwarz inequality: 

(*i ■ y ± + x 2 ■ y 2 + ••• + x n ■ y n ) 2 < (x x 2 + x 2 2 + ••• + x n 2 ) ■ (y x 2 + y 2 2 + ••• + y n 2 ) 



xi * 2 x n G # n yi T2 Tn e 

n 

[S MF (X,V )] 2 < YpKieM ) 2 + TK(e)( x iY + ^ (e) fe ) 2 + /* (< 0 (*i ) 2 + ^ (e) (^) 2 

+ F F(e) (x;) 2 ) ■ 

Hr=i(7M(e)( x i) 2 + T M(eY X iY + ^M(e)( x i) 2 + ^M(e)( x i) 2 + ^M(e)( x i) 2 + 

FM(e)( x iY) S(Y,Y)-S(V,V) 

Thus 5 mf (Y,¥)< [5(Y,Y)]i ■ [5(T,T)]i 
Then 5 MF (Y,M J )<max{S(Y, Y), SOP, HO] 

Therefore, 5 mf (Y,¥)< 1. 

If we take the weight of each element ij eX into account, then 



S£ F (Y,H0= 

((rife) ■ riCO) + (rfOi) ■ r^Cxi)) + ■ /£(*,)) + (/ft*,) ■ /ito)) + (rife) ■ F s i (x i )) + (Ff(x i )- f b u (x,))) 

max(Sr = Wf (T^(xi) 2 + T^Oq) 2 + I^Oq) 2 + iJJOq) 2 + F^Oq) 2 + FjJOq) 2 ), Z?= (T^Oq) 2 + T^( Xi ) 2 + I^Cxj) 2 + lg( Xi ) 2 + F^Oq) 2 + F^Oq) 2 )) 



( 20 ) 



Particularly ,if each element has the same importance, then (20) is reduced to (19) , clearly 
this also satisfies all the properties of definition . 
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The larger the value of S(T, V 1 J ) ,the more the similarity between Y and T. 

Majumdar and Samanta [40] compared the properties of the two measures of soft sets and 
proposed a-similar of two soft sets. In the following, we extend to interval valued 
neutrosophic soft sets as; 

Let Yy iy denote the similarity measure between two ivn-soft sets Y and T Table compares 
the properties of the two measures of similarity of ivn-soft soft sets discussed here. It can be 
seen that most of the properties are common to both.and few differences between them do 
exist. 



Property 


S( ) 


5 ( ) 


5 ( 


S(Y, X V) = S(W,Y) 


Yes 


Yes 


Yes 


0 S(Y,¥) 1 


Yes 


Yes 


Yes 


y = vp^S(Y,T') = 1 


Yes 


No 


? 


S(Y, *F) = 1 ^Y = ^ 


Yes 


Yes 


? 


Y POP = 0^S(Y, l F) = O 


No 


No 


? 


S(Y, Y c ) = 0 


No 


No 


? 



A relation a— on IVNS(U), called a-similar, as follows:two inv-soft sets Y and T 
are said to be a-similar, denoted as Ya~T iff S(Y, T) > a for a 6(0, 1). 

Here, we call the two ivn-soft sets significantly similar if S(Y, T) 0.5 

[40] a~is reflexive and symmetric, but not transitive. 

Majumdar and Samanta [40] introduced a technique of similarity measure of two soft sets 
which can be applied to detect whether an ill person is suffering from a certain disease or not. 
In a example, they was tried to estimate the possibility that an ill person having certain visible 
symptoms is suffering from pneumonia.Therefore, they were given an example by using 
similarity measure of two soft sets. In the following application, similarly we will try for ivn- 
soft sets in same example. Some of it is quoted from [40] . 



This technique of similarity measure of two inv-soft sets can be applied to detect whether an 
ill person is suffering from a certain disease or not. In the followinge xample, we will try to 
estimate the possibility that an ill person having certain visible symptoms is suffering from 
pneumonia. For this, we first construct a model inv-soft set for pneumonia and the inv-soft set 
for the ill person. Next we find the similarity measure of these two sets. If they are 
significantly similar, then we conclude that the person is possibly suffering from pneumonia. 

Let our universal set contain only two elements yes and no, i.e. = { yes=h l5 no=h 2 }. Here 
the set of parameters is the set of certain visible symptoms. Let E = {el, e2, e3, e4, e5, e6], 
where 1 = high body temperature, 2 = cough with chest congestion, 3 = body ache, 4 = 
headache, 5 = loose motion, and 6 = breathing trouble. Our model inv-soft for 
pneumoniaYis given below and this can be prepared with the help of a medical person: 
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Y= { ( ei ,{<M0.5, 0-6], [0.6 ,0.7],[0.3,0.4]> ,<h 2 , [0.5, 0.6], [0.6 ,0.7],[0.3,0.4]>}), 

(e 2 ,{< h t , [0.5, 0.6], [0.6,0.7],[0.3,0.4]>,</i 2 ,[0.2, 0.3], [0.5 ,0.6],[0.3,0.6]>}), 

(e 3 ,{</i 1; [0.4, 0.6], [0.2 ,0.3],[0.2,0.3]> , <h 2 ,[ 0.5, 0.6], [0.6 ,0.7],[0.3,0.4]> }), 

(e 4 ,[<M 0.3, 0.4], [0.1 ,0.5] , [0.2,0.4]>,<h 2 , [0.2, 0.5],[0.3,0.4],[0.4,0.5]> }), 

(e s ,{<M0.5, 0.6], [0 ,6,0.7],[0.3,0.4 ]>,</i 2 ,[0.4, 0.6], [0.3 ,0.5],[0.3,0.4]>}), 

(e 6 ,{</ii, [0.4, 0.6], [0.2 ,0.3],[0.2,0.3]>) , <h 2 , [0.3, 0.4], [0.2,0.7],[0.1,0.4]>]) } 

Now the ill person is having fever, cough and headache. After talking to him, we can 
construct his ivn-soft T as follows: 



y V = { ( ei ,{<M0.1, 0.2], [0.1 ,0.2],[0.8,0.9]> ,<h 2 , [0.1, 0.2], [0.0 ,0.1],[0.8,0.9]>}), 
(e 2 ,{< h ± , [0.8, 0.9], [0.1,0.2],[0.2,0.9]> ,<h 2 ,[0.8, 0.9], [0.2 ,0.9],[0.8,0.9]>}), 

(e 3 , {<h t , [0.1, 0.9], [0.7 ,0.8],[0.6,0.9]> , <h 2 , [0.1, 0.8], [0.6 ,0.7],[0.8,0.7]> }), 
(e 4 ,{<h 1 ,[0.8, 0.8], [0.1 ,0.9],[0.3,0.3]>,<h 2 , [0.6, 0.9],[0.5,0.9],[0.8,0.9]> }), 

(e 5 , {<h t , [0.3, 0.4], [0 . 1,0.2], [0.8, 0.8]> ,<h 2 ,[0.5, 0.9], [0.8 ,0.9],[0.1,0.2]>}), 

(e 6 , {<K, [0.1, 0.2], [0.8 ,0.9],[0.7,0.7]>) , <h 2 , [0.7, 0.8], [0.8,0.9],[0.0,0.4]>]) } 



Then we find the similarity measure of these two ivn-soft sets as: 



S/™ssO'.V)= 



1+d 



IVNSS 



(Y,H0 



=0.17 



Hence the two ivn-softsets, i.e. two symptoms Y and Tare not significantly similar. Therefore, 
we conclude that the person is not possibly suffering from pneumonia. A person suffering 
from the following symptoms whose corresponding ivn-soft set fl is given below: 



{ (e 1 ,{<h 1 ,[0.5, 0.7], [0.5 ,0.7],[0.3,0.5]> ,<h 2 , [0.6, 0.6], [0.6 ,0.8],[0.3,0.5]>}), 
(e 2 ,{< h t , [0.5, 0.7], [0.5,0.7],[0.3,0.4]> ,<h 2 ,[0.2, 0.4], [0.6 ,0.7],[0.2,0.7]>}), 
(e 3 ,[<h 1 , [0.4, 0.7], [0.2 ,0.2],[0.1,0.3]> , <h 2 , [0.4, 0.8], [0.2 ,0.8],[0.2,0.8]> }), 

(e 4 ,{<M0.3, 0.4], [0.1 ,0.5],[0.2,0.6]>,<h 2 , [0.2, 0.5],[0.3,0.4],[0.4,0.5]> }), 
(e 5 d</ti, [0.5, 0.6], [0 ,6,0.7],[0.3,0.4]> ,<h 2 ,[0.4, 0.6], [0.3 ,0.5],[0.1,0.8]>}), 
(e 6 ,{</i 1; [0.4, 0.7], [0.3 ,0.7],[0.2,0.8]>) , <h 2 , [0.5, 0.2], [0.3,0.5],[0.2,0.5]>]) } 
Then, 



SlVNSsCf ’ 41 )- 



1+d 



IVNSS 



(Y/F) 



= 0.512 



Here the two ivn-soft sets, i.e. two symptoms Y and fl are significantly similar. Therefore, we 
conclude that the person is possibly suffering from pneumonia. This is only a simple example 
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to show the possibility of using this method for diagnosis of diseases which could be 
improved by incorporating clinical results and other competing diagnosis. 



In this paper we have defined, for the first time, the notion of distance and similarity measures 
between two interval neutrosophic soft sets. We have studied few properties of distance and 
similarity measures. The similarity measures have natural applications in the field of pattern 
recognition, feature extraction, region extraction, image processing, coding theory etc. The 
results of the proposed similarity measure and existing similarity measure are compared. We 
also give an application for similarity measures of interval neutrosophic soft sets. 



The authors are very grateful to the anonymous referees for their insightful and constructive 
comments and suggestions, which have been very helpful in improving the paper. 
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- In this work, we introduce the concept of generalized interval neutrosophic soft set and 
study their operations. Finally, we present an application of generalized interval neutrosophic soft set 
in decision making problem. 



Neutrosophic sets, founded by Smarandache [8] has capability to deal with uncertainty, imprecise, 
incomplete and inconsistent information which exist in real world. Neutrosophic set theory is a 
powerful tool which generalizes the concept of the classic set, fuzzy set [16], interval -valued fuzzy set 
[10], intuitionistic fuzzy set [13] interval-valued intuitionistic fuzzy set [14], and so on. 

After the pioneering work of Smarandache, Wang [9] introduced the notion of interval neutrosophic set 
(INS) which is another extension of neutrosophic set. INS can be described by a membership interval, a 
non-membership interval and indeterminate interval, thus the interval value (INS) has the virtue of 
complementing NS, which is more flexible and practical than neutrosophic set, and interval 
neutrosophic set provides a morereasonable mathematical framework to deal with indeterminate and 
inconsistent information.The theory of neutrosophic sets and their hybrid structures has proven useful in 
many different fields such as control theory [25], databases [17,18], medical diagnosis problem [3,11], 
decision making problem [1,2,15,19,23,24,27,28,29,30,31,32,34], physics[7], and etc. 

In 1999, a Russian researcher [5] firstly gave the soft set theory as a general mathematical tool for 
dealing with uncertainty and vagueness. Soft set theory is free from the parameterization inadequacy 
syndrome of fuzzy set theory, rough set theory, probability theory. Recently, some authors have 
introduced new mathematical tools by generalizing and extending Molodtsov’s classical soft set theory; 
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fuzzy soft set [22], vague soft set [35], intuitionistic fuzzy soft set [20], interval valued intuitionistic 
fuzzy set [36]. 

Similarity, combining neutrosophic set models with other mathematical models has attracted the 
attention of many researchers: neutrosophic soft set [ 21 ], intuitionistic neutrosophic soft set [26], 
generalized neutrosophic soft set [23], interval neutrosophic soft set [12]. 

Broumi et al. [33] presented the concept of rough neutrosophic set which is based on a combination of 
the neutrosophic set and rough set models. Recently, §ahin and Kugiik [23] generalized the concept of 
neutrosophic soft set with a degree of which is attached with the parameterization of fuzzy sets while 
defining a neutrosophic soft set, and investigated some basic properties of the generalized neutrosophic 
soft sets. 

In this paper our main objective is to extend the concept of generalized neutrosophic soft set introduced 
by §ahin and Kiigiik [23] to the case of interval neutrosophic soft set [12]. 

The paper is structured as follows. In Section 2, we first recall the necessary background on 
neutrosophic sets, soft set and generalized neutrosophic soft set. The concept of generalized interval 
neutrosophic soft sets and some of their properties are presented in Section 3. In Section 4, we present 
an application of generalized interval neutrosophic soft sets in decision making. Finally we conclude 
the paper. 



In this section, we will briefly recall the basic concepts of neutrosophic set, soft sets and generalized 
neutrosophic soft sets. Let U be an initial universe set of objects and E the set of parameters in relation 
to objects in U . Parameters are often attributes, characteristics or properties of objects. Let P(t/) 
denote the power set of U and A Q E. 



[ 8 ] Let U be an universe of discourse.The neutrosophic set A is an object having the 
forint = {< x: u A (x), w A (x),v A (x) > : x E [/}, where the functions u, w, v : U ]0“, 1 + [define 
respectively the degree of membership, the degree of indeterminacy, and the degree of non- 
membership of the element x £ [/to the set A with the condition. 

0“ < u A (x) + w A (x ) + v A (x)) < 3 + 

From philosophical point of view, the neutrosophic set takes the value from real standard or non- 
standard subsets of ]“0,l + [. So instead of ] - 0,l + [ we need to take the interval [0,1] for 
technical applications, because ]“ 0 ,l + [will be difficult to apply in the real applications such as in 
scientific and engineering problems. 

[ 8 ] A neutrosophicset ^4 is contained in the other neutrosophic set B , A Q B iff 
inf u A (x) < inf u B (x), sup u A (x) < sup u B (x), infw^(x) > infw B (x), sup 14 / 4 (x) > sup (x) and 
influx) > infv B (x), supt^(x) > supv B (x) for all x E U. 

An INS is an instance of a neutrosophic set, which can be used in real scientific and engineering 
applications. In the following, we introduce the definition of an INS. 
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[9] Let U be a space of points (objects) and lnt[0,l] be the set of all closed subsets of 
[0,1]. An INS A in U is defined with the form 

A = {(x,u A (x),w A (x), v A (x)):x E U] 

where u A (x)\ U -* int[0,l] , w A {x)\ U -» int[0,l] and v A (x ): U -» int[0,l] with 0 < supu^(x) + 
sup w A (x) + sup v A (x) < 3 for all x E U . The intervals u A (x), w A (x) and v A (x) denote the truth- 
membership degree, the indeterminacy-membership degree and the falsity membership degree of xto 
A, respectively. 

For convenience, 

if let u A (x) = [u A (x),u A (x)], w A (x) = [w A (x), w A (x)] and v(x) = [v A (x), v A (x)], then 
A = «x, [u A (x), u+ (x)], [w A (x), wX (x)], [v A (x), vl (x)]>: x E U] 

with the condition, 0 < sup u\ (x) + sup (x) + sup (x) < 3 for all x E U . Here, we only 

consider the sub-unitary interval of [0,1]. Therefore, an INS is clearly a neutrosophic set. 

[9] Let A and B be two interval neutrosophic sets, 

A = «x, [uj (x), uX (x)], [wj(x), wX (x)], [vj(x), vX (x)]>: x E U] 

B = «X, [Ug(x),ttB(x)], [Wg (x),M/g (x)], [VgCx), t7g(x)]):x E U}. 

Then some operations can be defined as follows: 

(1) A Q B iff uj(x) < Ug (x), u A (x) < Ug (x), w A (x) > Wg (x), wX (x) > Wg (x)v A (x) > 
Vg (x), vX (x) > Vg (x) for each x E U. 

(2) A = Biff A c B and B c A. 

(3) A c = {(x, [v A (x), vX (x)], [1 - wX (x), 1 - w A (x)], [uj (x), uX (x)]>: x E U] 



[5] A pair (F, ^4) is called a soft set over, where F is a mapping given by F : A -> 
P (t/ ). In other words, a soft set over U is a mapping from parameters to the power set of U, and it is 
not a kind of set in ordinary sense, but a parameterized family of subsets of U. For any parameters E 
A , F (e) may be considered as the set of e —approximate elements of the soft set ( F,A ). 

Suppose that U is the set of houses under consideration, say U = [h lt h s }. Let E 

be the set of some attributes of such houses, say E = { e lt e 2 , e 3 , e 4 }, where e lf e 2) e 3 , e 4 stand for the 
attributes “beautiful”, “costly”, “in the green surroundings” and “moderate”, respectively. 

In this case, to define a soft set means to point out expensive houses, beautiful houses, and so on. For 
example, the soft set (F, ^4) that describes the “attractiveness of the houses” in the opinion of a buyer, 
say Thomas, may be defined like this: 

F(e i) = {h 2 ,h 3 ,h$}, F(e 2 ) — {^ 2 ^ 4 }? ^(^ 4 ) = {^ 3 ^ 5 } f° r ^4 = {e 1 ,e 2 ,e 4 }. 
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[21] Let!/ be an initial universe set and ,4 c Fbe a set of parameters. Let NS(U) 
denotes the set of all neutrosophic subsets of U. The collection ( F,A ) is termed to be the neutrosophic 
soft set over U , where F is a mapping given by F: A -> NS(U) 

[21] Let U be the set of houses under consideration and E is the set of parameters. Each 
parameter is a neutrosophic word or sentence involving neutrosophic words. Consider E = {beautiful, 
wooden, costly, very costly, moderate, green surroundings, in good repair, in bad repair, cheap, 
expensive}. In this case, to define a neutrosophic soft set means to point out beautiful houses, wooden 
houses, houses in the green surroundings and so on. Suppose that, there are five houses in the universe U 
given by U = {h lt h 2 ,..., h$} and the set of parameters 

A = {e lt e 2 , e 3 , e 4 ), where e 1 stands for the parameter "beautiful', e 2 stands for the parameter "wooden', 
e 3 stands for the parameter "costly' and the parameter c 4 stands for "moderate'. Then the neutrosophic set 
(F, A ) is defined as follows: 



K 



C F,A ) = 



.(0.5, 0.6, 0.3) 


’ (0.4, 0.7, 0.6) 


’ (0.6, 0.2, 0.3) 


’(0.7, 0.3, 0.2)' 


' (0.8, 0.2, 0.3): 


- K 


h 2 


h 3 


h 4 


hs ' 


.(0.6, 0.3, 0.5) 


’ (0.7, 0.4, 0.3) 


’(0.8, 0.1, 0.2) 


’(0.7, 0.1, 0.3)' 


’(0.8, 0.3, 0.6). 


- K 


h 2 


h 3 


h 4 


hs ' 


.(0.7, 0.4, 0.3) 


’(0.6, 0.7, 0.2) 


’(0.7, 0.2, 0.5) 


’(0.5, 0.2, 0.6)' 


’(0.7, 0.3, 0.4). 


- K 


h 2 


h 3 


h 4 


hs ' 



[12] Let U be an initial universe set and A a E be a set of parameters. Let INS(U) 
denotes the set of all interval neutrosophic subsets of U. The collection ( F,A ) is termed to be the 
interval neutrosophic soft set over U , where F is a mapping given by F\ A -> INS(U ) 



[12] Let U = {x lf x 2 } be set of houses under consideration and E is a set of 
parameters which is a neutrosophic word. Let E be the set of some attributes of such houses, say E = 
{ e lf e 2 , e 3 , e 4 }, where e lf e 2 , e 3 , e 4 stand for the attributes e 1 = cheap, e 2 = beautiful, e 3 = in the 
green surroundings, e 4 = costly and e 5 = large, respectively. Then we define the interval 
neutrosophic soft set A as follows: 



(F,A) — 




x x x 2 

[ 0 . 5 , 0 . 8 ], [ 0 . 5 , 0 . 9 ], [ 0 . 2 , 0 . 5 ] ' [ 0 . 4 , 0 . 8 ], [ 0 . 2 , 0 . 5 ], [ 0 . 5 , 0 . 6 ] 

X i X 2 

[ 0 . 5 , 0 . 8 ], [ 0 . 2 , 0 . 8 ], [ 0 . 3 , 0 . 7 ] ' [ 0 . 1 , 0 . 9 ], [ 0 . 6 , 0 . 7 ], [ 0 . 2 , 0 . 3 ] 
x± x 2 

[0. 2, 0. 7], [0. 1, 0. 5], [0. 5, 0. 8] ’ [0. 5, 0. 7], [0. 1, 0. 4], [0. 6, 0. 7] 
x± x 2 

[0. 4, 0. 5], [0. 4, 0. 9], [0. 4, 0. 9] ’ [0. 3, 0. 4], [0. 6, 0. 7], [0. 1, 0. 5] 

x t x 2 

[ 0 . 1 , 0 . 7 ], [ 0 . 5 , 0 . 6 ], [ 0 . 1 , 0 . 5 ] ' [ 0 . 6 , 0 . 7 ], [ 0 . 2 , 0 . 4 ], [ 0 . 3 , 0 . 7 ] 



)) 

)) 

I) 

I) 

))J 
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The concept of generalized neutrosophic soft is defined by §ahin and Kiigiik [23] as follows: 

[23] Let U be an intial universe and £ be a set of parameters. Let NS(U) be the set of 
all neutrosophic sets of U . A generalized neutrosophic soft set F M over U is defined by the set of 
ordered pairs 



F M = {(F(e),/i (e)): e E F ,F(e) E N ([/), ti(e) E [0,1]}, 

whereF isa mapping given byF: E -> NS(U ) X / and [i is a fuzzy set such that fi\ E -> / = [0, 1] . 
Here,F M is a mapping defined by F M : E -> NS(U) X /. 

For any parameter e E F, F(e) is referred as the neutrosophic value set of parameter e, i.e, 

F(e) = {(x, Wf (e) (x), w F(e) (x), v f(e) (x)): x E U} 



where u,w,v : U -> [0 ,1] are the memberships functions of truth, indeterminacy and falsity 
respectively of the element x E [/.For any x E U and e E F, 



0 < u F(e) (x) + w F(e) (x) + v F(e) (x) <3. 



In fact, F M is a parameterized family of neutrosophic sets over [/, which has the degree of possibility of 
the approximate value set which is represented by fi (e) for each parameter e , so F M can be expressed 
as follows: 



F^e) = {( 



Xi x 2 

F (e)(x 1 ) ’F(e)(x 2 ) 



x n 

''T(e)(xJ 




[4] A binary operation ® : [0,1] X [0,1] — > [0,1] is continuous t —norm if (8) satisfies 
the following conditions: 

(1) ® is commutative and associative, 

(2) 0 is continuous, 

(3) a 0 1 = a, Va E [0,1], 

(4) a0b < c0dwhenevera < c,b < d and a, b, c, d E [0,1]. 



[4] A binary operation 0: [0,1] X [0,1] — > [0,1] is continuous t — conorm if 0 
satisfies the following conditions: 

(1) 0 is commutative and associative, 

(2) © is continuous, 

(3) a©0 = a, Va E [0,1], 

(4) a©b < c©dwhenevera < c,b < d and a, b, c, d E [0,1]. 
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In this section, we define the generalized interval neutrosophic soft sets and investigate some basic 
properties. 



Let U be an initial universe and £ be a set of parameters. Suppose that/A^5(f/)is the set 
of all interval neutrosophic sets over!/ and int[0,l]is the set of all closed subsets of [0,1]. A generalized 
interval neutrosophic soft set F M over U is defined by the set of ordered pairs 

F M = {(F(e),/*(e)):e E F ,F(e) E INS(U),^e) E [0,1]}, 

where F is a mapping given byF: F -> INS(U ) X / and fi is a fuzzy set such that fi: E -> / = [0, 1]. 
Here,F M is a mapping defined by F M : E -> INS(U ) X /. 

For any parameter e E F,F(e) is referred as the interval neutrosophic value set of parameter e, i.e, 



F(e) = {(x, u F(e) (x), w F(e) (x), iv (e) (*)): x 6 £/} 



where u F ( e ), w F ( e ), : [/ -> int[0 ,l]with the condition 



0 < sup u F ( e )(x) + sup w F ( e )(x) + supv F ( e ) (x) < 3 



for all x E U. 

The intervals ^ F ( e )(x), w F ( e )(x) and ^ F ( e )(x)are the interval memberships functions of truth, interval 
indeterminacy and interval falsity of the element x E [/, respectively. 

For convenience, if let 



«F(e)0) = [u L F ( e )(x),U^ {e) (x)] 
w F(e) (x) = [ Wp (e) (x),w^ (e) (x)] 
Vp(e) ( x ) = [v F (e)(x)’V F(e) (x)] 



then 



F(e) = {(x, [u£ (c) (x), u^ (e) (x)], [w£ (c) (x), w" (e) (x)], [v^ (e) (x), i^ (e) (x)] ): x G U] 

In fact, F M is a parameterized family of interval neutrosophic sets on U, which has the degree of 
possibility of the approximate value set which is represented by [i (e) for each parameter e , so F M can 
be expressed as follows: 



F^e) = {( 



Xi x 2 

F(e)(x 1 ) ’FO)(x 2 ) 



x n 

"T(e)(xJ 




Consider two generalized interval neutrosophic soft set F M and G 0 . Suppose that U = 
{ hi , /i 2 , h 3 } is the set of house and E = [e lf e 2 , e 3 } is the set of parameters where 
e ± =cheap,e 2 =moderate,e 3 ^comfortable. Suppose that F M and G 6 are given as follows, respectively: 



102 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



FHeJ = (■ 
F M (e 2 ) = (' 

^(e 3 ) = (■ 



hi h 2 h 3 

([0.2, 0.3], [0.3, 0.5], [0.2, 0.3]) ’ ([0.3, 0.4], [0.3, 0.4], [0.5, 0.6]) ’ ([0.5, 0.6], [0.2, 0.4], [0.5, 0.7]) 
hi h 2 h 3 

([0.1, 0.4], [0.5, 0.6], [0.3, 0.4]) ’ ([0.6, 0.7], [0.4, 0.5], [0.5, 0.8]) ' ([0.2, 0.4], [0.3, 0.6], [0.6, 0.9]) 
hi h 2 h 3 

([0.2, 0.6], [0.2, 0.5], [0.1, 0.5]) ’ ([0.3, 0.5], [0.3, 0.6], [0.4, 0.5]) ' ([0.6, 0.8], [0.3, 0.4], [0.2, 0.3]) 



)< ( 0 - 2 ) 
■),(0.5) 

) > (0-6) J 



and 



rer\( % ^2 "-3 ^ ^ ^ 

G ^ ~ V([0.1, 0.2], [0.1, 0.2], [0.1, 0.2]) ' ([0.4, 0.5], [0.2, 0.3], [0.3, 0.5]) ' ([0.6, 0.7], [0.1, 0.3], [0.2, 0.3]) J ' 

n6r \ ( hi h 2 h 3 ^ ^ ^ 

G “ V([0.2, 0.5], [0.3, 0.4], [0.2, 0.3]) ’ ([0.7, 0.8], [0.3, 0.4], [0.4, 0.6]) ’ ([0.3, 0.6], [0.2, 0.5], [0.4, 0.6]) j ’ ( '°' 7 ' ) 

i r 6 f \ ( hi h 2 h 3 \ . 

l G = V([0.3, 0.5], [0.1, 0.3], [0.1, 0.3]) ’ ([0.4, 0.5], [0.1, 0.5], [0.2, 0.3]) ’ ([0.7, 0.9], [0.2, 0.3], [0.1, 0.2]) j ’ ( '°' 8 ' ) J 



For the purpose of storing a generalized interval neutrosophic soft sets in a computer, we can present it 
in matrix form. For example, the matrix form of F^ can be expressed as follows; 



( ([0.2, 0.3], [o.3, 0.5], [0.2, 0.3]) 
([0.1, 0.4], [0.5, 0.6], [o.3, 0.4]) 
([0.2, 0.6], [o.2, 0.5], [0.1, 0.5]) 



([o.3, 0.4], [0.3, 0.4], [0.5, 0.6]) 
([0.6, 0.7], [0.4, 0.5], [0.5, 0.8]) 
([0.3, 0.5], [0.3, 0.6], [0.4 0.5]) 



([0.5, 0.6], [0.2, 0.4], [0.5, 0.7]), ( 0.2 ) 
([0.2, 0.4], [0.3, 0.6], [0.6, 0.9]), (0.5) 
([0.6, 0.8], [0.3, 0.4], [0.2, 0.3]), (0.6) 



A generalized interval neutrosophic soft set /•'‘"over U is said to be generalized null 
interval neutrosophic soft set , denoted by 0 ,( . if 0^: E — > I X ( t J ) xl such that 

0^(e) = {(F(e),/r (e)}, where F(e) = { < x, ([0,0], [1,1], [1, 1]) >} and /r (e) = 0 for each e G 
E and x G U. 



A generalized interval neutrosophic soft set F^ over U is said to be generalized 
absolute interval neutrosophic soft set, denoted by U^, if U >1 : E -* IN (U) x /such that U >1 (e) — 
{(F(e), (e)}, where F(e) = { < x, ([1,1], [0 ,0], [0, 0]) >}and/r (e) = 1 for each e G E and x G U. 

LetF^be a generalized interval neutrosophic soft set over U, where 

Fh (e) = {(F(e),/r (e)} 
and 



F(e) = {<x, K (e) (x), u£ (e) (x)], [w£ (c) (x), w" (e) (x)], [v^ (e) (x), v v He) (x)]}: x G U } 
for all e E E . Then, fore m E F and x n E U; 

(1) F* = [F£, F^]is said to be interval truth membership part of F M 

whereF — {(F mn (c m ) (c m ))} and F mn (^m) ~ {(%n> [^F(e m )(^n)^F(e m )(^n)])}’ 

(2) F^ = [¥[, F^]is said to be interval indeterminacy membership part of F M 

whereF — {F mn (e m ) } \i (c m )} andF m n( e m) — {(x n , w^ e ^(x n )])}^ 

(3) F A = [F A , F^]is said to be interval falsity membership part of F M 

whereF ={F mn (e m ) , fl (c m )} and F mn( e m) ~ {(^?v [^F(e m )(^n)'^F(e m )(^)])}- 

We say that every part of F M is a component of itself and is denote by F M = (F*, F*, F A ). Then matrix 
forms of components of F^in example 3.2 can be expressed as follows: 
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/ ([0.2, 0.3], [0.3, 0.6], [0.4, 0.5]) (0.1)\ 

F*= ([0.2, 0.5], [0.3, 0.5], [0.4, 0.7]) (0.4) 

\([0.3, 0.4], [0.1, 0.3], [0.1, 0.4]) (0.6)/ 

/ ([0.2, 0.3], [0.3, 0.5], [0.2, 0.5]) (0.1)\ 

F'= ([0.2, 0.5], [0.4, 0.8], [0.3, 0.8]) (0.4) 

\([0.3, 0.4], [0.2, 0.5], [0.2, 0.3]) (0.6) / 

/ ([0.2, 0.3], [0.2, 0.4], [0.2, 0.6]) (0.1)\ 

F A = ([0.2, 0.5], [0.8, 0.9], [0.3, 0.4]) (0.4) 

\([0.7, 0.9], [0.3, 0.7], [0.5, 0.7]) (0.6)/ 



where 



T mn(0 

F'mnC m ) = {<*„, 

F A mn(0 = K(e m ) (*n)> (*„)]>} 

are defined as the interval truth, interval indeterminacy and interval falsity values of n — th element the 
according to m — th parameter, respectively. 

Suppose that F M is a generalizedinterval neutrosophic soft set over U.Then we say that 
each components ofF^can be seen as the generalizedinterval valued vague soft set [15]. Also if it is 
taken /r (e) = 1 for all e E E,the our generalized interval neutrosophic soft set concides with the 
interval neutrosophic soft set [12]. 

Let U be an universe and F be a of parameters, F M and G° be two generalized 
interval neutrosophic soft sets, we say that F M is a generalized interval neutrosophic soft subset G 9 if 

(1) /r is a fuzzy subset of 0, 

(2) For e E F, F(e) is an interval neutrosophic subset ofG(e), i.e, for all e m E F and m,n E A, 

F mn( e m) — G rnnC^m)’ F — G an d F mn^mJ — G mn( e m) where, 

u F(e m )(~ x n) < U L G(em) (x n ),U U F(em) (x n ) < U U G(em) (x n ) 

W he m )&n) > ^ ( e m) (x n ),W^ (em) (x n ) > < (em) (*„) 

V L F (e m) (x n ) > v£ (em) (xj,v" (em) (x n ) > V U G(em) (x n ) 

For x n E U. 

We denote this relationship by F M != G 0 . Moreover ifG 0 is generalized interval neutrosophic soft 
subset of F M , thenF M is called a generalized interval neutrosophic soft superset of G° this relation is 
denoted by F M =! G 9 . 

Consider two generalized interval neutrosophic soft set F M and G 9 . suppose that U= 

{ hi , h 2 , h 3 ] is the set of houses and E = {e lf e 2 ,e 3 } is the set of parameters where 

e 1 =cheap,e 2 =moderate,e 3 ^comfortable. Suppose that F M and G 9 are given as follows respectively: 
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F"(e i) 



( h h h ) co 2) 

l([0.1, 0.2], [0.3, 0.5], [0.2, 0.3]) ’ ([0.3, 0.4], [0.3, 0.4], [0.5, 0.6]) ’ ([0.5, 0.6], [0.2, 0.4], [0.5, 0.7])/ ’ v ' ’ 

hi h 2 h 3 \ 



FM(e2) (([0.1, 0.4], [0.5, ( 



([0.1, 0.4], [0.5, 0.6], [0.3, 0.4]) ’ ([0.6, 0.7], [0.4, 0.5], [0.5, 0.8]) ’ ([0.2, 0.4], [0.3, 0.6], [0.6, 0.9])/ 

hi h 2 h 3 

([0.2, 0.6], [0.2, 0.5], [0.1, 0.5]) ’ ([0.3, 0.5], [0.3, 0.6], [0.4, 0.5]) ’ ([0.6, 0.8], [0.3, 0.4], [0.2, 0.3]) 



l FM(e 3) (([0.2, 0.6], [0.2, 

and 



,(0.5) 

) , (0-6) J 



q / h •]_ h 2 h 3 \ 

G Sl = V([0.2, 0.3], [0.1, 0.2], [0.1, 0.2]) ’ ([0.4, 0.5], [0.2, 0.3], [0.3, 0.5]) ’ ([0.6, 0.7], [0.1, 0.3], [0.2, 0.3])/ ’ (0 ' 4) 

G S ( ') — ( ^2 ^3 \ ,0 „ 

l<?2 j “ \([0.2, 0.5], [0.3, 0.4], [0.2, 0.3]) ’ ([0.7, 0.8], [0.3, 0.4], [0.4, 0.6]) ’ ([0.3, 0.6], [0.2, 0.5], [0.4, 0.6])/ ’ 1 j 

q / h i h 2 h 3 \ 

[ G ~ \([0.3, 0.7], [0.1, 0.3], [0.1, 0.3]) ' ([0.4, 0.5], [0.1, 0.5], [0.2, 0.3]) ' ([0.7, 0.9], [0.2, 0.3], [0.1, 0.2]) J ' J 

Then F M is a generalized interval neutrosophic soft subset of G 9 , that is F M != G e . 



The union of two generalized interval neutrosophic soft setsF M andG 0 over U , denoted 
by u G 6 is a generalized interval neutrosophic soft setH' 1 defined by 



H A = ([ H£, Hy], [ H[, Hy], [ H^, Hy]) 



where/ (e m ) = n (e m )®0 (e m ). 



(0© g l (e m ) 

L mn L mn v ULJ L mn v rny 



and 



H Umn “ ¥ U mn ( e m)® G U mn ( e m) 
H U mn = ¥ U m n( e m)® G U mn (em) 
H £nn = ¥ Ln ( e m)® G U mn ( e m) 



for all e m E E and m,n£A. 

The intersection of two generalized interval neutrosophic soft sets F^and G 6 over U, 
denoted by K £ = n G 0 isa generalized interval neutrosophic soft setK £ defined by 

K £ = ([ K£, Ky], [ K[, Ky], [ Kf, Ky]) 

where£ (e m ) = [i (e m )0 6 (e m ). 



K l = FI (e m )0G l (e m ) 

^mn ^ mn v ,,Ly ^ mn v ,,Ly 

K[ = Ft (e m )®G[ (e m ) 

L mn ^mn v ,,Ly L mn v 

Kl = Ft (e m )®G t (e m ) 

^ mn ^ mn v ^mn v 



and 



= ¥ u mn ( e m)® G u mn ( e m ) 

K n m n = ¥ U m „( e m)® G U mn ( e m) 
K U mn = ¥ U mn ( e m)© G U mn ( e m) 
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for all e m G E and m, n G A . 

Let us consider the generalized interval neutrosophic soft sets F^and G 6 defined in 
Example 3.2. Suppose that the t-conorm is defined by ©(a, b) = max{a, b] and the t — norm 
by0(a, b) = min{a, b}for a, b G [0, l].Then H* = F^ U G e is defined as follows: 



'v _ / "i ^2 F? \ ., 

~~ \([0.2, 0.3], [0.1, 0.2], [0.1, 0.2]) ’ ([0.4, 0.5], [0.2, 0.3], [0.3, 0.5]) ’ ([0.6, 0.7], [0.1, 0.3], [0.2, 0.3 ])/ ’ { ' ’ 

\ ( ^1 ^2 Fs \ „ 

~ \([0.2, 0.5], [0.3, 0.4], [0.2, 0.3]) ’ ([0.7, 0.8], [0.3, 0.4], [0.4, 0.6]) ’ ([0.3, 0.6], [0.2, 0.5], [0.4, 0.6])/ ’ 1 ' j 

p/(e 3 ) = (^|- 0 3 0 _ 6 ] ; [o A> 0 3] [o.i, 0.3]) ’ ([0.4, 0.5], [0.1, 0.5], [0.2, 0.3]) ’ ([0.7, 0.9], [0.2, 0.3], [0.1, 0.2])) ’ ^°' 8) J 



Let us consider the generalized interval neutrosophic soft sets F^and G 6 defined in 
Example 3.2. Suppose that the t —conorm is defined by® (a,b) = max{a,b}and the t —norm by 
0(a, b ) = min{a,b) fora, b G [ 0, 1] ThenK £ = F^ n G e is defined as follows: 



vr ^ _ f 

= v([0.1, 0.2], [0.3,0, 



h* 



0 ,( 0 . 2 ) 



1.5], [0.2, 0.3]) ' ([0.3, 0.4], [0.3, 0.4], [0.5, 0.6]) ' ([0.5, 0.6], [0.2, 0.4], [0.5, 0.7])) 

K ^ = (([0.1, 0.4], [0.5, 0.6], [0.3, 0.4]) ’ ([0.6, 0.7], [0.4, 0.5], [0.5, 0.8]) ’ ([0.2, 0.4], [0.3, 0.6], [0.6, 0.9])) ’ ( -°' 5 ' ) 

, T^ f ^ h 2 h 3 ^ rn r-\ t 

^(e 3 ) = 1([ 0 .2, 0.5], [0.2, 0.5], [0.1, 0.5]) ’ ([0.3, 0.5], [0.3, 0.6], [0.4, 0.5]) ’ ([0.6, 0.8], [0.3, 0.4], [0.2, 0.3])/ ’ ( -°' 6 ' ) J 

Let F^,G e and I F be three generalized interval neutrosophic soft sets over U. 

Then 

(1) FuG s =G e UP, 

(2) F^ n G e = G 6 n F", 

(3) (F M U G e ) U H A =F^ U (G e U H A ), 

(4) (F^ n G e ) n h a =f " n (G 9 n H A ). 

The proofs are trivial. 

Let F G° and H A be three generalized interval neutrosophic soft sets over U. If 
we consider the t —conorm defined by ©(a, b ) = max{a, b } and the t —norm defined by0(a, b ) = 
min{a, b } for a, b E [ 0, 1], then the following relations holds: 

(1) H A n (F M U G° ) = (H x n F^) U ( H x n G e ), 

(2) h a u (F^ n g 9 ) = ( h a u f^) n ( u G°). 

The relations in above proposition does not hold in general. 

The complement of a generalized interval neutrosophic soft sets over U, denoted 
by F ^ is defined by F^ = ([ F^ c \ F^], [ F^], [ F^ c \ F^^]) where 



F (c) Om) = 1 - Ke m ) 



and 



p*( c ) _ pA . pK c ) _ p p? . pA(c) _ p* 

L m n L mn ’ L mn U mn ’ L mn L mn 
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p*(c) _ pA . p ( (c) _ l _ p( . p A (c) _ P* 

Umn Umn ’ U mn W' U mn U mn 



Consider Example 3.2. Complement of the generalized interval neutrosophic soft set 
denoted by /•' , ' (L| is given as follows: 



rfi(c), ^ = ( fh _2 fh \ ro 

1 1 \([0.2, 0.3], [0.5, 0.7], [0.2, 0.3]) ’ ([0.5, 0.6], [0.6, 0.7], [0.3, 0.4]) ’ ([0.5, 0.7], [0.6, 0.8], [0.5, 0.6])/ ' 1 ' ’ 

e^(c) = / hi h hs \ , 

1 2j \([0.3, 0.4], [0.4, 0.5], [0.1, 0.4]) ’ ([0.5, 0.8], [0.5, 0.6], [0.6, 0.7]) ’ ([0.6, 0.9], [0.4, 0.7], [0.2, 0.4])/ ’ 1 ; 

, r ^ ( /li h 2 h 3 \ rn a\ . 

V (c 3 ) = 0.5], [80.5, 0.5], [0.2, 0.6]) ' ([0.4, 0.5], [0.4, 0.7], [0.3, 0.5]) ' ([0.2, 0.3], [0.6, 0.7], [0.6, 0.8])/ ' ^°' 4) J 



Let F M and G° be two generalized interval neutrosophic soft sets over U. Then, 

(1) F M is a generalized interval neutrosophic soft subset of F M U F^ c ^ 

(2) F ^ fl F ^ c ^ is a generalized interval neutrosophic soft subset ofF^. 



It is clear. 



’’And” operation on two generalized interval neutrosophic soft sets F^andG 0 over 
U, denoted byH' 1 = F M A G 6 is the mappingH' 1 : C -> IN(U) X I defined by 

H A =([H2,Ha[Hi,Ha[H L A ,H^]) 
whereA (e m ) = min( /i (e fc ), 6 (e ft ) and 

H [(e m ) = max{F[(e fcn ),G [(e hn ) 

H t(e m ) = max (F A (e fcn ), G A (e hn )} 



and 

Hu( e m) = m i n (Fu( e kn)< ^u( e hn)} 

Hy(Cjn) — max{Fy (e^), Gy (,6 kn )} 

H^(e m ) = max {Fy (e kn ), Gy(e hn )} 

for alle m = (e k , 6 C Q E x E and m, n,k,h 6 /l. 

”OR” operation on two generalized interval neutrosophic soft sets F^zndG 9 over 
U, denoted byK A = F 11 V G e is the mappingK £ : C — > IN(U) x Idefined by 

K £ = ([K£, Ky], [k[, Ky], [ K A , Ky]) 

where s (e m )= max( n (e k ), 6 ( e h ) and 

K 10m) = max{F* L (e kn ),G* L (e hn )} 

K{,(e m ) = min{F/(e fen ), G l L (e hn )} 

K£(e m -) = mm{F L A (e kn '),G£(e hn ')} 

and 

Kp(e m ) = min{F^(e fcn ), Gfj(e hn )} 
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for all e m = ( e k> e h ) E C Q E x E and m, n,k,h E A. 

. LetF^andG 0 be two generalizedinterval neutrosophic soft sets over UandC Q E X E 
, a function R\ C ->IN(U) xldefined by R= F M A G e and R(e m , e h ) = F M (e m ) A G 6 (e h )is said to be a 
interval neutrosophic relation from F M to G 0 for all (e m , e h ) E C. 



Now, we illustrate an application of generalized interval neutrosophic soft set in decision making 
problem. 



Supposethat the universe consists of three machines, that is U = {x 1 ,x 2 ,x 3 } and 
consider the set of parameters F = {e 1 ,e 2 ,e 3 j which describe their performances according to certain 
specific task. Assumethat a firm wants to buy one such machine depending on any two of the 
parameters only. Let there be two observations F M and G 6 by two experts A and B respectively, 
defined as follows: 



FHeJ = (■ 
F M (e 2 ) = (' 

p^(e 3 ) = (■ 



/ii h 2 h 3 

([0.2, 0.3], [0.2, 0.3], [0.2, 0.3]) ’ ([0.3, 0.6], [0.3, 0.5], [0.2, 0.4]) ’ ([0.4, 0.5], [0.2, 0.5], [0.2, 0.6]) 
hi h 2 h 3 

([0.2, 0.5], [0.2, 0.5], [0.2, 0.5]) ’ ([0.3, 0.5], [0.4, 0.8], [0.8, 0.9]) ' ([0.4, 0.7], [0.3, 0.8], [0.3, 0.4]) 
hi h 2 h 3 

([0.3, 0.4], [0.3, 0.4], [0.7, 0.9]) ’ ([0.1, 0.3], [0.2, 0.5], [0.3, 0.7]) ' ([0.1, 0.4], [0.2, 0.3], [0.5, 0.7]) 



Qer e I = ( h h h 

1 V([0.2, 0.3], [0.3, 0.5], [0.2, 0.3]) ’ ([0.3, 0.4], [0.3, 0.4], [0.5, 0.6]) ’ ([0.5, 0.6], [0.2, 0.4], [0.5, 0.7]) 

G e (e i = ( h h h 

2 V([0.1, 0.4], [0.5, 0.6], [0.3, 0.4]) ’ ([0.6, 0.7], [0.4, 0.5], [0.5, 0.8]) ’ ([0.2, 0.4], [0.3, 0.6], [0.6, 0.9]) 

, G e (e i = ( h h h 

l v 3J V([0.2, 0.6], [0.2, 0.5], [0.1, 0.5]) ’ ([0.3, 0.5], [0.3, 0.6], [0.4, 0.5]) ’ ([0.6, 0.8], [0.3, 0.4], [0.2, 0.3]) 



) - ( 0 . 2 ) 
),(0.5) 

) > (0-6) J 

) . (0-3) 
•),(0.6) 
•),(0.4)j 



To find the “AND” between the two GINSSs, we have F^and G e ,R = AG e where 



( ei ([0.2, 0.3], [0.3, 0.6], [0.4, 0.5]) (0.2)\ 

( F»y= e 2 ([0.2, 0.5], [0.3, 0.5], [0.4, 0.7]) (0.5) 

\e 3 ([0.3, 0.4], [0.1, 0.3], [0.1, 0.4]) (0.6)/ 

/e x ([0.2, 0.3], [0.3, 0.5], [0.2, 0.5]) (0.2)\ 

(F»y= e 2 ([0.2, 0.5], [0.4, 0.8], [0.3, 0.8]) (0.5) 

\e 3 ([0.3, 0.4], [0.2, 0.5], [0.2, 0.3]) (0.6)/ 

/e 1 ([0.2, 0.3], [0.2, 0.4], [0.2, 0.6]) (0.2)\ 

(F^) A = e 2 ([0.2, 0.5], [0.8, 0.9], [0.3, 0.4]) (0.5) ) 

\e 3 ([0.7, 0.9], [0.3, 0.7], [0.5, 0.7]) (0.6)/ 

/e 1 ([0.2, 0.3], [0.3, 0.4], [0.5, 0.6]) (0.3)\ 

( G e y= e 2 ([0.1, 0.4], [0.6, 0.7], [0.2, 0.4]) (0.6) 

\e 3 ([0.2, 0.6], [0.3, 0.5], [0.6, 0.8]) (0.4)/ 

/ ei ([0.3, 0.5], [0.3, 0.4], [0.2, 0.4]) (0.3)\ 

0 G e y= e 2 ([0.5, 0.6], [0.4, 0.5], [0.3, 0.6]) (0.6) 

\e 2 ([0.2, 0.5], [0.3, 0.6], [0.3, 0.4]) (0.4)/ 
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(e 1 ([0.2, 0.3], [0.5, 0.6], [0.5, 0.7]) (0.3)\ 

(6 0 ) A = I e 2 ([0.3, 0.4], [0.5, 0.8], [0.6, 0.9]) (0.6) 

\e 3 ([0.1, 0.5], [0.4, 0.5], [0.2, 0.3]) (0.4)/ 

We present the table of three basic component of R , which are interval truth -membership, Interval 
indeterminacy membership and interval falsity-membership part. To choose the best candidate, we 
firstly propose the induced interval neutrosophic membership functions by taking the arithmetic 
average of the end point of the range, and mark the highest numerical grade (underline) in each row of 
each table. But here, since the last column is the grade of such belongingness of a candidate for each 
pair of parameters, its not taken into account while making. Then we calculate the score of each 
component of R by taking the sum of products of these numerical grades with the corresponding 
values of . Next, we calculate the final score by subtracting the score of falsity -membership part of R 
from the sum of scores of truth-membership part and of indeterminacy membership part of R . The 
machine with the highestscore is the desired machine by company. 

For the interval truth membership function components we have: 

fe 1 ([0.2, 0.3], [0.3, 0.6], [0.4, 0.5]) (0.2)\ 

(F^Y= e 2 ([0.2, 0.5], [0.3, 0.5], [0.4, 0.7]) (0.5) 

V 3 ([0.3, 0.4], [0.1, 0.3], [0.1, 0.4]) (0.6)/ 

fe 1 ([0.2, 0.3], [0.3, 0.4], [0.5, 0.6]) (0.3)\ 

0 G e y= e 2 ([0.1, 0.4], [0.6, 0.7], [0.2, 0.4]) (0.6) 

\e 3 ([0.2, 0.6], [0.3, 0.5], [0.6, 0.8]) (0.4)/ 

(«)* = 

00*0?!. ®i) = 

(/?)>!, e 2 ) = 



(/?)>!, e 3 ) = 



a?)*(e 2 , ei ) = 



(fl)*(e 2 ,e 2 ) = 



(fl)*(e 2 ,e 3 ) = 



(R)*(e 3 ,ei) = 



(fl)*(e 3 ,e 2 ) = 



(fi)*(e 3 ,e 3 ) = 
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*i 


*2 


*3 


F 


(Cl , e x ) 


[0.2, 0.3] 


[0.3, 0.4] 


[0.4, 0.5] 


0.2 


(ei , e 2 ) 


[0.1, 0.3] 


[0.3, 0.6] 


[0.2, 0.5] 


0.2 


(ei , e 3 ) 


[0.2, 0.3] 


[0.3, 0.5] 


[0.2, 0.4] 


0.2 


(e 2 , e x ) 


[0.2, 0.3] 


[0.3, 0.4] 


[0.4, 0.6] 


0.3 


( e 2 9 e 2 ) 


[0.1, 0.4] 


[0.3, 0.5] 


[0.2, 0.4] 


0.5 


(e 2 , e 3 ) 


[0.2, 0.5] 


[0.3, 0.5] 


[0.4, 0.7] 


0.4 


(e 3 , ) 


[0.2, 0.3] 


[0.1, 0.3] 


[0.1, 0.4] 


0.3 


(e 3 , e x ) 


[0.1, 0.4] 


[0.1, 0.3] 


[0.1, 0.4] 


0.6 


(e 3 , e 2 ) 


[0.2, 0.4] 


[0.1, 0.3] 


[0.1, 0.4] 


0.4 



Interval truth membership function. 





Xi 


x 2 


x 3 


F 


(Ci , e x ) 


0.25 


0.35 


0.45 


0.2 


(Ci , e 2 ) 


0.2 


0.45 


0.35 


0.2 


(ci , e 3 ) 


0.25 


04 


0.3 


0.2 


(e 2 , e x ) 


0.25 


0.35 


05 


0.3 


( e 2 9 e 2 ) 


0.25 


04 


0.3 


0.5 


( e 2 ? e 3 ) 


0.35 


0.4 


0.55 


0.4 


(e 3 , e x ) 


0.25 


0.2 


0.25 


0.3 


(c 3 , e-i ) 


0.25 


0.2 


0.25 


0.6 


(c 3 , e 2 ) 


03 


0.2 


0.25 


0.4 



Induced interval truth membership function. 



The value of representation interval truth membership function \a,b] are obtained using mean 
value.Then, the scores of interval truth membership function of x 1 ,x 2 andx 3 are: 

= (0.25 x 0.3) + ( 0.25 x 0.6) + ( 0.3 x 0.4) = 0. 325 
S (Rr (x 2 ) = ( 0.45 x 0.2) + (0.4 x 0.2) + (0.4 x 0.5)) = 0.37 

S (sr (x 3 ) = (0.45 x 0.2) + ( 0.5 x 0.3) + ( 0.55 x 0.4) ) + ( 0.25 x 0.3) + ( 0.25 x 0.6) 

= 0.685. 

For the interval indeterminacy membership function components we have: 

/ ([0.2, 0.3], [0.3, 0.5], [0.2, 0.5]) (0.2)\ 

(FV) l = ([0.2, 0.5], [0.4, 0.8], [0.3, 0.8]) (0.5) 

\([0.3, 0.4], [0.2, 0.5], [0.2, 0.3]) (0.6)/ 

/ ([0.3, 0.5], [0.3, 0.4], [0.2, 0.4]) (0.3)\ 

( G e y= ([0.5, 0.6], [0.4, 0.5], [0.3, 0.6]) (0.6) 

\([0.2, 0.5], [0.3, 0.6], [0.3, 0.4]) (0.4)/ 

(*)' = 

(/?)'(e 1( e x ) = {([o. 3(0 .5]'[0.3,0.5] ’ [0.2, 0.5]) ’ °‘ 3 l 
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(/?) ( (e x , e 2 ) (( [0 5; Q 6] . [Q 4 0 5] - [o 3> 0 .6]) ’ °' 6 } 

( RyCe ^ es ) = {( [0 2) o.5] ’[0.3, 0.6] ’ [0.3, 0.5])’ °' 4 } 

^ 2 , X 3 \ 'j 

[0.3, 0.5] ’[0.4, 0.8] ’[0.3,0.8])’°' 5 j 

(«)'(e 2 ,e 2 ) = {([0.5, 0 . 6 ] ' [ 0 . 4 , 0 . 8 ] ’ [ 0 . 3 , 0 . 8 ]) ’ °' 6 l 

(/?)'(e 2 ,e 3 ) = {([o.2, 0.5] ’[0.4, 0.8] ’ [0.3, 0.8]) ’ °' 5 l 
(7?y(e 3 ,e x ) = {([0.3,05]’ [0.3, 0.5] ’ [0.2, 0.4]) ’ °' 6 } 

(R)'0 3 ,e 2 ) = {([o. 5;0 .6]’[0.4,0.5] ’ [0.3, 0.6]) ’ °' 6 } 

(«)'(e 3 .e 3 ) = {([ 03)05 ]’[ 03 , 06 ] ’ [0.3, 0.4])’ °' 6 | 





*1 


x 2 


x 3 


R- 


Oi , e x ) 


[0.3, 0.5] 


[0.3, 0.5] 


[0.2, 0.5] 


0.3 


(e x , e 2 ) 


[0.5, 0.6] 


[0.4, 0.5] 


[0.3, 0.6] 


0.6 


Oi , e 3 ) 


[0.2, 0.5] 


[0.3, 0.6] 


[0.3, 0.5] 


0.4 


(e 2 , ) 


[0.3, 0.5] 


[0.4, 0.8] 


[0.3, 0.8] 


0.5 


( e 2 9 e 2 ) 


[0.5, 0.6] 


[0.4, 0.8] 


[0.3, 0.8] 


0.6 


(e 2 , e 3 ) 


[0.2, 0.5] 


[0.4, 0.8] 


[0.3, 0.8] 


0.5 


(e 3 , e x ) 


[0.3,05] 


[0.3, 0.5] 


[0.2, 0.4] 


0.6 


(e 3 , e x ) 


[0.5, 0.6] 


[0.4, 0.5] 


[0.3, 0.6] 


0.6 


( e 3 ’ ) 


[0.3, 0.5] 


[0.3, 0.6] 


[0.3, 0.4] 


0.6 



Interval indeterminacy membership function 





Xi 


x 2 


x 3 


R 


<A , e x ) 


04 


04 


0.35 


03 


(e x , e 2 ) 


0.55 


0.45 


0.45 


06 


(e x , e 3 ) 


0.35 


0.45 


0.4 


0.4 


(e 2 , e x ) 


0.4 


06 


0.55 


05 


( e 2 9 e 2 ) 


0.55 


06 


0.55 


06 


( e 2 9 e 3 ) 


0.35 


06 


0.55 


05 


(e 3 , e x ) 


04 


04 


03 


06 


(e 3 , e x ) 


0.55 


0.45 


0.45 


06 


( e 3 ’ e 2 ) 


0.4 


0.45 


0.35 


06 



Induced interval indeterminacy membership function 
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The value of representation interval indeterminacy membership function[a, b] are obtained using mean 
value. Then, the scores of interval indeterminacy membership function of x 1 ,x 2 andx 3 are: 

S^yOti) = (0.4 x 0.3) + (0.55 x 0.6) + (0.4 x 0.6) + (0.55 x 0.6) = 1. 02 

S (R y(x 2 ) = (0.4 x 0.3) + (0.45 x 0.4) + (0.6 x 0.5) + (0.6 x 0.6) + (0.6 x 0.5) + (0.4 x 0.60) 
+ (0.45 x 0.6)+ = 1.77 



S/(R) ( (*2) — 0. 



For the interval indeterminacy membership function components we have: 

/ ([0.2, 0.3], [0.2, 0.4], [0.2, 0.6]) (0.2)\ 

(F^) a = ([0.2, 0.5], [0.8, 0.9], [0.3, 0.4]) (0.5) 

\([0.7, 0.9], [0.3, 0.7], [0.5, 0.7]) (0.6 ) ) 

f ([0.2, 0.3], [0.5, 0.6], [0.5, 0.7]) (0.3)\ 

(G e ) A = ([0.3, 0.4], [0.5, 0.8], [0.6, 0.9]) (0.6) 

\([0.1, 0.5], [0.4, 0.5], [0.2, 0.3]) (0.4 ) ) 



C R) A = 

(/?) A ( ei , ei ) = { 


/ X 1 X 2 X 3 \ 


,0.3] 


\[0.2, 0.3] ’ [0.5, 0.6] ' [0.5, 0.7]/ 


(R) A (e ll e 2 ) = { 


/ x x x 2 x 3 \ 


,0.6j 


\[0.3, 0.4] ’ [0.5, 0.8] '[0.6, 0.9 ] ) 


(R) A ( ei ,e 3 ) = { 


/ x x x 2 x 3 \ 


,0.4} 


\[0.2, 0.5] ’ [0.4, 0.5] ’[0.2, 0.6 ] ) 


(R) A (e 2 , ei ) = { 


t *1 *2 *3 ^ 


,0.5} 


\[0.2, 0.5] ’ [0.8, 0.9] '[0.5, 0.7 ] ) 


(/?) A (e 2 , e2 ) = { 


l *1 *2 *3 > 


,0.6j 


\[0.3, 0.5] ’ [0.8, 0.9] '[0.6, 0.9 ] ) 


(ft) A (e 2 , e3 ) = { 


( *1 *2 *3 ^ 


,0.5j 


\[0.2, 0.5] ’ [0.8, 0.9] '[0.3, 0.4 ] ) 


(/?) A (e 3 ,e 1 ) = j 


/ x x x 2 x 3 \ 


,0.6j 


\[0.7, 0.9] ’ [0.5, 0.7] '[0.5, 0.7 ] ) 


0?) A (e 3 ,e 2 ) = { 


( *1 *2 *3 'S 


,0.6} 


\[0.7, 0.9] ’ [0.5, 0.8] ’[0.6, 0.9 ] ) 


(^) A ( e 3 > e 3 ) — j 


Y x 1 x 2 x 3 > 


) 1 oej 


A[0.7, 0.9] ’ [0.4, 0.7] ’[0.5, 0.7]; 
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*i 


x 2 


x 3 




(e-t , e-i ) 


[0.2, 0.3] 


[0.5, 0.6] 


[0.5, 0.7] 


0.3 


(e-i , e 2 ) 


[0.3, 0.4] 


[0.5, 0.8] 


[0.6, 0.9] 


0.6 


(e t , e 3 ) 


[0.2, 0.5] 


[0.4, 0.5] 


[0.2, 0.6] 


0.4 


(e 2 , ) 


[0.2, 0.5] 


[0.8,0.91 


[0.5, 0.7] 


0.5 


(e 2 , e 2 ) 


[0.3, 0.5] 


[0.8,0.91 


[0.6, 0.9] 


0.6 


( e 2 » e 3 ) 


[0.2, 0.5] 


[0.8, 0.9] 


[0.3, 0.4] 


0.5 


(e 3 , e-i ) 


[0.7, 0.9] 


[0.5, 0.7] 


[0.5, 0.7] 


0.6 


(e 3 , e, ) 


[0.7, 0.9] 


[0.5, 0.8] 


[0.6, 0.9] 


0.6 


(e 3 , e 2 ) 


[0.7, 0.9] 


[0.4, 0.7] 


[0.5, 0.7] 


0.6 



Interval falsity membership function. 





Xi 


^2 


*3 




(Cl , Ct ) 


0.25 


0.55 


06 


0.3 


(Ci , e 2 ) 


0.35 


0.43 


0.75 


0.6 


(Ci , e 3 ) 


0.35 


0.45 


0.4 


0.4 


(e 2 , e! ) 


0.35 


0.85 


0.6 


0.5 


(e 2 , e 2 ) 


0.4 


0.85 


0.75 


0.6 


(e 2 , e 3 ) 


0.35 


0.85 


0.35 


0.5 


(e-i , e 1 ) 


08 


0.6 


0.6 


0.6 


(e 3 , ej ) 


08 


0.43 


0.75 


0.6 


(^3 9 ) 


08 


0.55 


0.6 


0.6 



Induced interval falsity membership function. 



The value of representation interval falsity membership function [a, b] are obtained using mean value. 
Then, the scores of interval falsity membership function of x lt x 2 and x 3 are: 

S m a 00 = (0.8 x 0.6) + (0.8 x 0.6) + (0.8 x 0.6) = 1.44 

S m a (x 2 ) = (0.45 x 0.4) + (0.85 x 0.5) + (0.85 x 0.6) + (0.85 x 0.5) = 1. 54 

S w a (x 3 ) = (0.6 x 0.3) + (0.75 x 0.6) = 0 . 63 . 

Thus, we conclude the problem by calculating final score, using the following formula: 



so, 



S(*i) = S (R) *Oi) +S (R y(Xi) - S (R) A (Xj) 



S(Xi) = 0.325 + 1.02 - 1.44 = -0.095 
S(jc 2 ) = 0.37 + 1.77 - 1.54 = 0.6 
S(x 3 ) = 0.685 + 0 -0.63 = 0.055. 

Then the optimal selection for Mr.X is the x 2 . 

Table 1, Table 3 and Table 5 present the truth-membership function, indeterminacy-membership 
function and falsity-membership function in generalized interval neutrosophic soft set respectively. 
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This paper can be viewed as a continuation of the study of Sahin and Kiisuk [23]. We extended the 
generalized neutrosophic soft set to the case of interval valued neutrosophic soft set and also gave the 
application of GINSS in dealing with some decision making problems. In future work, will study 
another type of generalized interval neutrosophic soft set where the degree of possibility are interval. 



The authors are very grateful to the anonymous referees for their insightful and constructive comments 
and suggestions, which have been very helpful in improving the paper. 
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eutrosophic pace 

Mumtaz Ali, Florentin Smarandache, Munazza Naz, Muhammad Shabir 



: Group action, G-space, orbit, stabilizer, G-neutrosophic space, 
neutrosophic orbit, neutrosophic stabilizer. 



The Concept of a G-space came into being as a consequence of Group 
action on an ordinary set. Over the history of Mathematics and Algebra, theory of 
group action has emerged and proven to be an applicable and effective framework 
for the study of different kinds of structures to make connection among them. The 
applications of group action in different areas of science such as physics, 
chemistry, biology, computer science, game theory, cryptography etc has been 
worked out very well. The abstraction provided by group actions is a powerful 
one, because it allows geometrical ideas to be applied to more abstract objects. 
Many objects in Mathematics have natural group actions defined on them. In 
particular, groups can act on other groups, or even on themselves. Despite this 
generality, the theory of group actions contains wide-reaching theorems, such as 
the orbit stabilizer theorem, which can be used to prove deep results in several 
fields. Neutrosophy is a branch of neutrosophic philosophy which handles the 
origin and stages of neutralities. Neutrosophic science is a newly emerging 
science which has been firstly introduced by Florentin Smarandache in 1995. This 
is quite a general phenomenon which can be found almost everywhere in the 
nature. Neutrosophic approach provides a generosity to absorbing almost all the 
corresponding algebraic structures open heartedly. This tradition is also 
maintained in our work here. The combination of neutrosophy and group action 
gives some extra ordinary excitement while forming this new structure called G- 
neutrosophic space. This is a generalization of all the work of the past and some 
new notions are also raised due to this approach. Some new types of spaces and 
their core properties have been discovered here for the first time. Examples and 
counter examples have been illustrated wherever required. In this paper we have 
also coined a new term called pseudo neutrosophic spaces and a new property 
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called ideal property. The link of transitivity with ideal property and the 
corresponding results are established. 



: Let Cl be a non empty set and be a group. Let // : Qx be 

a mapping. Then // is called an action of on Q such that for all coeCl and 
, e . 

1 ) /U fd CO, , = /u CO, 

2) /u o,l = co , where 1 is the identity element in 

Usually we write co instead of // co, . Therefore 1 and 2 becomes as 

1) co = co .For all cog Cl and , <e . 

2) co — co . 

Let Cl be a -space. Let Q x ±cj) be a subset of Cl . Then is 
called -subspace of Cl if co eQ, for all co eC! 1 and e . 

We say that Cl is transitive -space if for any cc,/3g , there exist 
e such that a = [3 . 

Let a e Cl, then a or a is called -orbit and is defined as 

a = a : e 

A transitive -subspace is also called an orbit. 

A transitive space has only one orbit. 

Let be a group acting on Q and if a e Q , we denote stabilizer 
of a by a and is define as a = a = e : a = a . 

Let Cl be a -space and a e Cl. Then 

1) B < and 

2) There is one-one correspondence between the right cosets of a and the 
orbit a in 

If is finite, then | | = | J.l a I 
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Let Cl be a -space and e . Then 
q = a gC1:cc -a . 
Let Cl and be finite. Then 

I | = — VI I 

I Q I | iZJ n | ■ 

I I G 

where I n I is the number of orbits of in Cl . 



10: Let Cl be a -space. Then Q is called -neutrosophic 
space if Q = (Q u ) which is generated by Cl and I. 

1: Let £2 = , , 2 , , , 2 =S 3 and = , . Let 

jLi:Clx — »£2 be an action of on Cl defined by ju a>, = co , for all 

co e Cl and e . Then Q be a -space under this action. Let Q be the 

corresponding -neutrosophic space, where 

Q = /Q u \ 2 2 2 2 

i , , , , , , , , , , , 

3: Cl always contains Q . 



1 1 : Let Cl be a neutrosophic space and 
Cl . Then Q, is called neutrosophic subspace of 
for all g Qj and e 



Q 1 be a subset of 
Q if g 



2: In the above example 1 . Let 12, = , 

Cl 2 = 2 , 2 are subsets of Q . Then clearly 

are neutrosophic subspaces of Q . 



and 

Qj and Cl 2 



4: Let Q be a -neutrosophic space and £2 be a -space. Then 
Cl is always a neutrosophic subspace of Cl . 
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Proof: The proof is straightforward. 

12: A neutrosophic subspace is called strong neutrosophic 

subspace or pure neutrosophic subspace if all the elements of Q, are 
neutrosophic elements. 

3: In example 1 , the neutrosophic subspace Cl 2 = 2 , 2 is 

a strong neutrosophic subspace or pure neutrosophic subspace of Q . 

2: Every strong neutrosophic subspace or pure neutrosophic subspace is 
trivially neutrosophic subspace. 

The converse of the above remark is not true. 

4: In previous example Qj = , is a neutrosophic subspace but 

it is not strong neutrosophic subspace or pure neutrosophic subspace of Q . 

13: Let Q be a -neutrosophic space. Then Q is said to 
be transitive -neutrosophic space if for any , e Q , there exists e 
such that = . 



5: LetQ= = 4 ,+ , where 4 is a group under addition modulo 

4 . Let //:Qx -+Q be an action of on itself defined by // <x>, -<a+ , 

for all coe Q and e . Then Q is a -space and Q be the 
corresponding -neutrosophic space , where 

O = 0, 1, 2, 3, ,2 ,3 ,4 ,1+ ,2+ ,3+ ,1 + 2 ,2 + 2 ,2 + 3 ,3 + 2 ,3+3 

Then Q is not transitive neutrosophic space. 

5: All the -neutrosophic spaces are intransitive -neutrosophic 

spaces. 
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14: Let e Q , the neutrosophic orbit of is denoted by 
and is defined as = : e 

Equivalently neutrosophic orbit is a transitive neutrosophic subspace. 

: In example 1 , the neutrosophic space Q has 6 neutrosophic 
orbits which are given below 

9 9 9 9 

_ 2 2 _ 

2 9 9 9 9 

_ _ 2 2 

9 9 2 9 

: A neutrosophic orbit is called strong neutrosophic orbit or 
pure neutrosophic orbit if it has only neutrosophic elements. 

7 : In example 1 , 

9 9 

9 9 

2 2 

2 ~ 9 

are strong neutrosophic orbits or pure neutrosophic orbits of Q . 

All strong neutrosophic orbits or pure neutrosophic orbits are 
neutrosophic orbits. 

Proof: Straightforward 

To show that the converse is not true, let us check the following example. 

8: In example 1 

9 9 

9 9 

_ 2 2 

2 ~ 9 



120 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



are neutrosophic orbits of Q but they are not strong or pure neutrosophic 
orbits. 

16: Let be a group acting on Cl and g Q . The neutrosophic 
stabilizer of is defined as = = g : = 

9: Let Q= , , 2 , , , 2 and = , , 2 . Let 

//: Qx —> Cl be an action of on Q defined by no, = co , for all 
coe Q and g . Then Cl is a -space under this action. Now Cl be the 
-neutrosophic space, where 

Q _ 2 2 2 2 

^ ^ 5 5 5 5 5 5 5 5 5 5 5 

Let g Q , then the neutrosophic stabilizer of is = and also let 

g Cl , so the neutrosophic stabilizer of is = 

: Let Q be a neutrosophic space and g Q , then 
1) < . 

2) There is also one-one correspondence between the right cosets of and the 
neutrosophic orbit 

: Let is finite and g Q , then | | = | |.| | . 

17: Let g Q , then the neutrosophic stabilize of is called 
strong neutrosophic stabilizer or pure neutrosophic stabilizer if and only if is a 
neutrosophic element of Q . 

10: In above example (9), = is a strong neutrosophic or pure 

neutrosophic stabilizer of neutrosophic element , where g Q . 

3: Every strong neutrosophic stabilizer or pure neutrosophic stabilizer 
is always a neutrosophic stabilizer 

but the converse is not true. 
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11: Let e Q , where 

q _ 2 2 2 2 

Then = is the neutrosophic stabilize of but it is not strong neutrosophic 
stabilizer or pure neutrosophic stabilizer as is not a neutrosophic element of 
Q . 



18: Le Q be a neutrosophic space and be a finite group 
acting on Q . For e , Q = e Q : = 

12: In example 11, 

2 2 2 2 

Q ????? ??? ?? ? 

q = ^, where * . 

8: Let Q be a finite neutrosophic space, then 

= — Vi 

Q I I O 

I I 8 

Proof: The proof is same as in group action. 



13: Consider example 1 , only identity element of fixes all the 
elements of Q . Hence 



2 2 2 2 

????? ??? ?? ? 



and hence 



= 12 . 



The number of neutrosophic orbits of Q are given by above theorem 



= -12 =6 
2 



Hence Q has 6 neutrosophic orbits. 



19: A neutrosophic space Q is called pseudo neutrosophic space 
which does not contain a proper set which is a -space. 

14: Let Q = = 2 where 2 is a group under addition modulo 2 . 

Let //:Qx — » Q be an action of on Q defined by no, =o+ , for all 
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coe Cl and e . Then Cl be a -space under this action and Cl be the 
-neutrosophic space, where Cl = 0,1, , 1 + 

Then clearly Cl is a pseudo neutrosophic space. 

Every pseudo neutrosophic space is a neutrosophic space but the 
converse is not true in general. 

15: In example 1 , Cl is a neutrosophic space but it is not pseudo 
neutrosophic space because , , , and 2 , 2 are proper subsets 

which are -spaces. 

20: Let Cl be a neutrosophic space and Q, be a 
neutrosophic subspace of Q . Then Q, is called pseudo neutrosophic 
subspace of Cl if Q, does not contain a proper subset of Cl which is a 
-subspace of Cl . 

16: In example 1 , etc are pseudo neutrosophic 

subspaces of Q but , , , is not pseudo neutrosophic subspace of 

Q as , is a proper -subspace of Cl . 

All pseudo neutrosophic subspaces are neutrosophic subspaces but 
the converse is not true in general. 

17: In example 1 , , , , is a neutrosophic subspace of 

Cl but it is not pseudo neutrosophic subspace of Cl . 

A neutrosophic space Cl has neutrosophic subspaces as well as 
pseudo neutrosophic subspaces. 

Proof : The proof is obvious. 

A transitive neutrosophic subspace is always a pseudo 
neutrosophic subspace but the converse is not true in general. 
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Proof: A transitive neutrosophic subspace is a neutrosophic orbit and hence 
neutrosophic orbit does not contain any other subspace and so pseudo 
neutrosophic subspace. 

The converse of the above theorem does not holds in general. For instance let see 
the following example. 

18: In example 1 , , , , is a pseudo neutrosophic subspace 

of Q. but it is not transitive. 

: All transitive pseudo neutrosophic subspaces are always 
neutrosophic orbits. 

Proof: The proof is followed from by definition. 

21: The pseudo property in a pseudo neutrosophic subspace is called 
ideal property. 

The transitive property implies ideal property but the converse is 

not true. 

Proof: Let us suppose that Q, be a transitive neutrosophic subspace of 
Q . Then by following above theorem, Q, is pseudo neutrosophic 
subspace of Q and hence transitivity implies ideal property. 

The converse of the above theorem is not holds. 

19: In example 1 , , , , is a pseudo neutrosophic subspace 

of Q but it is not transitive. 

The ideal property and transitivity both implies to each other in 
neutrosophic orbits. 

Proof: The proof is straightforward. 

22: A neutrosophic space Q is called ideal space or simply if all 
of its proper neutrosophic subspaces are pseudo neutrosophic subspaces. 
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20: In example 14 , the neutrosophic space Q is an ideal space 
because 0,1, ,1 + are only proper neutrosophic subspaces which are pseudo 

neutrosophic subspaces of Cl . 

Every ideal space is trivially a neutrosophic space but the converse 

is not true. 

For converse, we take the following example 

21: In example 1 , Q is a neutrosophic space but it is not an ideal 

space. 

17: A neutrosophic space Cl is an ideal space If Cl is transitive 

-space. 

18: Let Cl be a neutrosophic space, then Cl is pseudo 
neutrosophic space if and only if Q is an ideal space. 

Proof: Suppose that Q is a pseudo neutrosophic space and hence by 
definition all proper neutrosophic subspaces are also pseudo neutrosophic 
subspaces. Thus Q is an ideal space. 

Conversely suppose that Cl is an ideal space and so all the proper 
neutrosophic subspaces are pseudo neutrosophic subspaces and hence Q 
does not contain any proper set which is -subspace and consequently Cl is 
a pseudo neutrosophic space. 

If the neutrosophic orbits are only the neutrosophic proper 
subspaces of Cl , then Cl is an ideal space. 

Proof: The proof is obvious. 

A neutrosophic space Cl is an ideal space if Q =2 

21: A neutrosophic space Cl is ideal space if all of its proper 

neutrosophic subspaces are neutrosophic orbits. 
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The main theme of this paper is the extension of neutrosophy to group action and 
G-spaces to form G-neutrosophic spaces. Our aim is to see the newly generated 
structures and finding their links to the old versions in a logical manner. 
Fortunately enough, we have found some new type of algebraic structures here, 
such as ideal space, Pseudo spaces. Pure parts of neutrosophy and their 
corresponding properties and theorems are discussed in detail with a sufficient 
supply of examples. 
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Said Broumi 
Florentin Smarandache 



-This paper combines interval-valued neutrosophic sets and 
rough sets. It studies rougheness in interval-valued neutrosophic sets and 
some of its properties. Finally we propose a Hamming distance between 
lower an upper approximations of interval neutrosophic sets. 



Interval Neutrosophic, Rough Set, Interval Neutrosophic Rough Set. 



Neutrosophic set (NS for short), a part of neutrosophy introduced by Smarandache [1] as a new 
branch of philosophy, is a mathematical tool dealing with problems involving imprecise, 
indeterminacy and inconsistent knowledge. Contrary to fuzzy sets and intuitionistic fuzzy sets, 
a neutrosophic set consists of three basic membership functions independently of each other, 
which are truth, indeterminacy and falsity. This theory has been well developed in both theories 
and applications. After the pioneering work of Smarandache, In 2005, Wang [2] introduced 
the notion of interval neutrosophic sets (INS for short) which is another extension of 
neutrosophic sets. INS can be described by a membership interval, a non-membership interval 
and indeterminate interval, thus the interval neutrosophic (INS) has the virtue of 
complementing NS, which is more flexible and practical than neutrosophic set, and Interval 
Neutrosophic Set (INS ) provides a more reasonable mathematical framework to deal with 
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indeterminate and inconsistent information. The interval neutrosophic set generalize, the 
classical set ,fuzzy set [ 3] , the interval valued fuzzy set [4], intuitionistic fuzzy set [5 ] , interval 
valued intuitionstic fuzzy set [ 6] and so on. Many scholars have performed studies on 
neutrosophic sets , interval neutrosophic sets and their properties [7,8,9,10,11,12,13]. Interval 
neutrosophic sets have also been widely applied to many fields [14,15,16,17,18,19]. 

The rough set theory was introduced by Pawlak [20] in 1982, which is a technique for 
managing the uncertainty and imperfection, can analyze incomplete information effectively. 
Therefore, many models have been built upon different aspect, i.e, univers, relations, object, 
operators by many scholars [21,22,23,24,25,26]such as rough fuzzy sets, fuzzy rough sets, 
generalized fuzzy rough, rough intuitionistic fuzzy set. intuitionistic fuzzy rough sets[27]. It 
has been successfully applied in many fields such as attribute reduction [28,29,30,31], feature 
selection [32,33,34], rule extraction [35,36,37,38] and so on. The rough sets theory 
approximates any subset of objects of the universe by two sets, called the lower and upper 
approximations. It focuses on the ambiguity caused by the limited discernibility of objects in 
the universe of discourse. 

More recently, S.Broumi et al [39] combined neutrosophic sets with rough sets in a new hybrid 
mathematical structure called “rough neutrosophic sets” handling incomplete and indeterminate 
information . The concept of rough neutrosophic sets generalizes fuzzy rough sets and 
intuitionistic fuzzy rough sets. Based on the equivalence relation on the universe of discourse, 
A.Mukherjee et al [40] introduced lower and upper approximation of interval valued 
intuitionistic fuzzy set in Pawlak’ s approximation space . Motivated by this ,we extend the 
interval intuitionistic fuzzy lower and upper approximations to the case of interval valued 
neutrosophic set. The concept of interval valued neutrosophic rough set is introduced by 
coupling both interval neutrosophic sets and rough sets. 

The organization of this paper is as follow : In section 2, we briefly present some basic 
definitions and preliminary results are given which will be used in the rest of the paper. In 
section 3 , basic concept of rough approximation of an interval valued neutrosophic sets and 
their properties are presented. In section 4, Hamming distance between lower approximation 
and upper approximation of interval neutrosophic set is introduced, Finally, we concludes the 
paper 



Throughout this paper, We now recall some basic notions of neutrosophic set , interval 
neutrosophic set , rough set theory and intuitionistic fuzzy rough set. More can found in ref [1, 
2,20,27], 



Let U be an universe of discourse then the neutrosophic set A is an object having the form A= 
{< x: |x a(x), v a(x), to a(x) >,x 6 U], where the functions |x, v, to : U— >]4),l + [ define respectively 
the degree of membership , the degree of indeterminacy, and the degree of non-membership of 
the element x e X to the set A with the condition. 

”0 <p A(x)+ V A(x) + 0) A(x) < 3 + . ( 1 ) 

From philosophical point of view, the neutrosophic set takes the value from real standard or 
non-standard subsets of ]“0,l + [.so instead of ]"0,l + [ we need to take the interval [0,1] for 
technical applications, because ]“0,l + [will be difficult to apply in the real applications such as 
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in scientific and engineering problems. 

Let X be a space of points (objects) with generic elements in X denoted by x. An interval 
valued neutrosophic set (for short IVNS) A in X is characterized by truth -membership 
function p A (x) , indeteminacy-membership function v A (x) and falsity-membership 
function co A (x). For each point x in X, we have that p A (x), v A (x), co A (x) 6 [0,1]. 

For two IVNS, A= {<x , [p A (x), p A (x)] , [v A (x), v A (x)] , [oj a (x),co a (x)] > I x e X } (2) 

And B= {<x , [pg (x), Pg (x)] , [v B (x), v B (x)] , [co B (x), co B (x)]> I x 6 X } the two relations are 
defined as follows: 

(1) A c Bif and only if p]((x) < F B (x),p A (x) < pjj(x) ,v A (x) > v^(x) ,co^(x) > ro^(x) , 
®a(x) > ® B (x) ,C 0 ^(x) > ( 0 B (x) 

(2) A = B if and only if, p A (x) =p B (x) ,v A (x) =v B (x) ,co A (x) =co B (x) for any x e X 
The complement of A IV ns is denoted by A° VNS and is defined by 

A°={ <x , [co A (x),co A (x)]> , [1 - v A (x), 1 - v A (x)] , [p A (x), p A (x)] I x G X } 

AnB ={ <x , [min(p A (x),Pg (x)), min(p^(x),p^(x))], [max(v A (x),v^(x)), 

max(v A (x),v B (x)], [max(co A (x),oj B (x)), max(co A (x),oj b (x))] >: x e X } 



AUB ={ <x , [max(p A (x),pg (x)), max(p^(x),p^(x))], [min(v^(x),v^(x)), 
min(v A (x) ,v B (x)] , [min((o^(x),a)^(x)), min((o^(x),G)^(x))] >: x G X } 

0 N = {<x, [ 0, 0] ,[ 1 , 1], [1 ,1] >1 x G X), denote the neutrosophic empty set 4> 

1 N = {<x, [ 0, 0] ,[ 0 , 0], [1 ,1] >1 x G X), denote the neutrosophic universe set U 



As an illustration, let us consider the following example. 

Example l.Assume that the universe of discourse U={xl, x2, x3}, where xl characterizes the 
capability, x2characterizes the trustworthiness and x3 indicates the prices of the objects. It 
may be further assumed that the values of xl, x2 and x3 are in [0, 1] and they are obtained 
from some questionnaires of some experts. The experts may impose their opinion in three 
components viz. the degree of goodness, the degree of indeterminacy and that of poorness to 
explain the characteristics of the objects. Suppose A is an interval neutrosophic set (INS) of 
U, such that, 

A = {< xl,[0.3 0.4], [0.5 0.6], [0.4 0.5] >,< x2, ,[0.1 0.2], [0.3 0.4], [0.6 0.7]>,< x3, [0.2 0.4], [0.4 
0.5], [0.4 0.6] >}, where the degree of goodness of capability is 0.3, degree of indeterminacy 
of capability is 0.5 and degree of falsity of capability is 0.4 etc. 

Definition 3 [20] 

Let R be an equivalence relation on the universal set U. Then the pair (U, R) is called a Pawlak 
approximation space. An equivalence class of R containing x will be denoted by [x] R . Now 
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for X Q U, the lower and upper approximation of X with respect to (U, R) are denoted by 

respectively R *X and R* X and are defined by 

R»X={xeU:[x] R cX}, 

R *X ={ xGU: [x] R nX^0j. 

Now if R *X = R* X, then X is called definable; otherwise X is called a rough set. 

Definition 4 [27] 

Let U be a universe and X , a rough set in U. An IF rough set A in U is characterized by a 
membership function p A :U-» [0, 1] and non-membership function v A :U-» [ 0 , 1] such that 

H A (RX) = 1, v a (RX) = 0 

Or [ p A (x) , v A (x)] = [1,0] if x G (R X ) and p A (U -R X) = 0 , v A (U -R X) = 1 

Or [ p A (x) , v A (x)] = [ 0,_1] if x G U - R X , 

0< p A (R X — R X) + v a (R X — R X) < 1 

Example 2: Example of IF Rough Sets 

Let U= {Child, Pre-Teen, Teen, Youth, Teenager, Young-Adult, Adult, Senior, Elderly] 
be a universe. 

Let the equivalence relation R be defined as follows: 

R*= {[Child, Pre-Teen], [Teen, Youth, Teenager], [Young-Adult, Adult], [Senior, Elderly]}. 
Let X = {Child, Pre-Teen, Youth, Young-Adult} be a subset of univers U. 

We can define X in terms of_its lower and upper approximations: 

RX= {Child, Pre-Teen}, and RX= {Child, Pre-Teen, Teen, Youth, Teenager, 

Young- Adult, Adult}. 

The membership and non-membership functions 
p A :U->] 1 , 0 [ and v A; U-»] 1 , 0 [ on a set A are defined as follows: 
p A Child) =1, p A (Pre-Teen) = 1 and p A (Child) = 0, p A (Pre-Teen) = 0 
p A (Young- Adult) = 0, p A (Adult) = 0, p A (Senior) = 0, p A (Elderly) = 0 



In this section we define the notion of interval valued neutrosophic rough sets (in brief ivn- 
rough set ) by combining both rough sets and interval neutrosophic sets. IVN- rough sets are 
the generalizations of interval valued intuitionistic fuzzy rough sets, that give more 
information about uncertain or boundary region. 



: Let ( U,R) be a pawlak approximation space ,for an interval valued neutrosophic set 

A= {<x , [p A (x), p A (x)J , [v A (x),v A (x)] , [oo A (x), oo A (x)] > I x G U } neutrosophic set of. 
The lower approximation A R and A R upper approximations of A in the pawlak 
approwimation space (U,R) are defined as: 

Ar={<x> [A ye[ x] R {bA(y)}, A ye[ x] R {b A (y)}L [Vy e[x ] R {v A (y)}, Vy e[x]j? {v A (y)} ], 

[Vy e[ x k K(y)}, Vy e[x ] R {w A (y)}]>:xG U}. 
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A r ={<x, [V ye[x ] R {MA(y)}» V ye[x ] R {HA(y)}]» [A ye [ X ] R {vk(y)}, A ye[x ] R {vA(y)], 
[A ye[X ] R {«A(y)}, A y£[X ] R K(y)}]:x 6 U}. 

Where " A " means " min" and " V " means " max", R denote an equivalence relation for 
interval valued neutrosophic set A. 

Here [x] R is the equivalence class of the element x. 

It is easy to see that 

[A ye[ x] R {fik(y)l A ye[x ] R {PA(y)}] c [0,1] 

[V y e[xj R {vk(y)L v y e[xj R {vk(y)}] <= [ o ,1] 

[V ye[ x] R {wA(y)}, V ye[x]R {wA(y)}] <= [0,1] 

And 

o ^ A y e[x]R {PA(y)} + v y6[X ]>k(y)} + v ye[X ] R {«A(y)} ^ 3 

Then, Ar is an interval neutrosophic set 
Similarly , we have 

[v y G[x] R {^k(y)T v yG[X ] R {pk(y)}] c [o,i] 

[Ay e[x] R {vk(y)F A y e[xj R {vk(y)}] <= [0,1] 

[A ye[X ] R {«A(y)}, A ye[x]R {wA(y)}] <= [o,i] 

And 

o < v y e[X ] R {PA(y)} + A ye[X ] R {vA(y)} + A y6[X ] R Wk(y)} ^ 3 

Then, A R is an interval neutrosophic set 

If Ar = A r ,then A is a definable set, otherwise A is an interval valued neutrosophic rough set, 
A r and A r are called the lower and upper approximations of interval valued neutrosophic set 
with respect to approximation space ( U, R), respectively. Ar and A r are simply denoted by A 
and A. 

In the following , we employ an example to illustrate the above concepts 

Example: 

Theorem 1. Let A, B be interval neutrosophic sets and A and A the lower and upper 
approximation of interval -valued neutrosophic set A with respect to approximation space 
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(U,R) respectively. B_ and B the lower and upper approximation of interval -valued 
neutrosophic set B with respect to approximation space (U,R) ,respectively.Then we have 

i. AQAQA 

ii. AaTb =AUB, A_T\_B =AnB 

iii. AVB = duj?,T7TI? = In B 

iv. (I) =(Z) =A , (4)= (A)=A 

v. U_ =U ; <p = <p 

vi. If Ac B, then AQB andlc b 

vii. A^=(A) C ,A e = (A) c 

Proof:we prove only i,ii,iii, the others are trivial 

(0 

Let A- {<x , LPa(x), Pa( x )J , [va(x),v^(x)] , [coa(x),oc^(x)] > I x G X } be interval 
neutrosophic set 

From definition of A R and A R , we have 



Which implies that 

Pa(x) < Ha( x ) ^ h^(x) ; Pa( x ) ^ Ma ( x ) ^ h^(x) for all x G X 
> Va( x ) > vt(x) ; vj(x) > vX(x) > v£(x) for all x G X 
oi>a(x) > o)a(x) > O)^(x) ; 00 a (x) > 00a( x ) ^ oo^(x) for all x G X 



(IhA > [Va . VaI, Ma , «a!) £ (IhA . VaI 1 Va . vj/], [«a . «a!) [vjj , V^], 

, o>j]) .Hence 4 r —A ^ A R 



(ii) Let A= {<x , [|Ia(x), Pa( x )1 > [va( x )> v a( x )1 . K( x ),Wa(x)] > I x G X } and 



B= {<x , [pih ( x ), Pb(x)] , [vg (x), Vg (x)] , [cog (x), (Og (x)] > I x G X } are two interval 
neutrosophic set and 



AUB = {<x , [p^g(x), p^(x)] , [v^(x),v^(x)] , [m^(x), co^(x)] > I x G X } 



AUB y 



AUB 



AUB' 



Al)B= {x, [max(pt( x ) , p|(x)) ,max(p^(x) , p^(x)) ],[ min(v^(x) , v|(x)) ,min(v^(x) 
, vj(x))],[ min((o^(x) , oo|(x)) ,min(o^(x) , co^(x))] 



for all x G X 



h^( x ) =v{ PAufi(y)| y e Mr) 

= v {pa(y) v pb(y) \ y e Mr) 

= ( v pk(y) i y e 1 x 1r) v (v pa(y) I y E Mr) 
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=(^vn|)(x) 

^(x) =v ^ ^u B (y)l y g [x\ R } 

= v {nXCy) v v*(y) I y e Mr) 

= ( v iA (y) i y g [x] R ) v (v nj[(y) I y g Mr) 
=(n5Vng)(x) 

v Iub^ x )=A{ UR (y) | y e [x] R } 

= A (vaO A Vg(y) | y e [x] R ] 

= ( A Va(y) I y G [x] R ) A (A Vpj(y) | y G [x] R ) 
= ( V Z Av ^ X x ) 

v Iur( x )=A{ v^ UR (y)| y e [x] R } 

= A {v^(y) A Vg (y) | y G [x] R ] 

= ( A vj[(y) I y G [x] R ) A (A vg(y) I y G [x] R ) 
=(v^(y) Avg(y) )(x) 

w ^us^ x )=A{ w^ uR (y)| y G [x] R } 

= A {o)^(y) A a>{j(y) | y G [x] R } 

= ( A a)^(y) I y G [x] R ) A (A a>{j(y) | y G [x] R ) 
=(co^ A a)| )(x) 

( 0 ^rW=A{ coV uB (y)| y G [x] R ] 

= A {a>A(y) A VgCy) | y G [x] R ] 

= ( A W^(y) I y e [x] R ) A (A «H(y) I y G [x] R ) 
=((o5A(o§ )(x) 

Hence, A U B =AuB 

Also for A fl B =AC\B_ for all x G A 

V-AHB 00 =A{ H^nfi(y)| y G [x] R } 

= A {ha ( y) a nkCy) I y g [x] r ] 
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= A (nk(y) I y G Mr) a (V^(y) |y e [x] R ) 
=M*(x) A n|(x) 

=(Ha A h|)(x) 

Also 

00 =a{ ^n B (y)| y e [x]*} 

= A {haO a M^eCy) |y G [x] R ] 

= A OaO I y G Mr) a ( V ng(y) | y £ [x] R ) 

=lA00 A |ig(x) 

=(Ha A M-bXx) 

Vaob (x) =V{ v^ nB (y)| y £ [x]*} 

= V (va(y) V Vg(y) | y £ [x] R ] 

= V (vaO | y £ [x] R ) V (vv|j(y) |y 6 [x] R ) 
=Va(x) v v|(x) 

= 0 >a V v|)(x) 

v ^nB (x) =V{ v^ nB (y)| y 6 [x] R } 

= V {v^(y) V vJi(y) | y G [x]*} 

= v OaO | y e [X]*) V ( V V^(y) I y e [x] R ) 
=v?(x)W, u (x) 

=(Va V v^)(x) 

00 =v{ 0 ^ nB (y)| y 6 [x] R } 

= V {w^(y) V w^(y) | y £ [x] R } 

= V (co^(y) | y £ [x]*) V ( V w^(y) | y £ [x] R ) 
=coji00 V vo)|(x) 

=(«a V (o|)(x) 
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( x ) =v { w ^ne(y)| y e [x] R } 

= V {o>X(y) V 4(y)|y 6 [x]*} 

= V (coX (y) I y g Mr) V (vo>H(y) |y e Mr) 

=<(x) v w^(x) 

=(wy v (o^xx) 

(iii) 

^( x ) =v{ ^ nB (y)| y e [x] R } 

= v {nXCy) A ^(y) |y G Mr) 

=( v ( nX(y) I y e [x]*)) a (v ( nX(y) I y e Mr)) 

= Hi(x) V H§(x) 

=(n5vng)(x) 

v^(x) =A ( v ^n B (y)|y e [x] R } 

= A K(y) A Vg(y) I y G [x] R ] 

=( A (v^(y) | y G [x] R )) v (A ( v^(y) | y e [x] R )) 

= v^(x) V vg(x) 

=(v^Vvg)(x) 

w^s(x) =A{ 0 )^ nR (y)| y G [x] R ] 

= A {o)^(y) A wvg (y) | y G [x] R } 

=( A ( (O^(y) I y G [x] R )) v (A ( «X(y) I y G Mr)) 

= O)^(x) V cog(x) 

=((o5V(o§ )(x) 

Hence follow that A D B — A fl B .we get A U 6 = A U B by following the same procedure as 
above. 

Definition 6: 
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Let ( U,R) be a pawlak approximation space ,and A and B two interval valued neutrosophic 
sets over U. 

If A =B_ ,then A and B are called interval valued neutrosophic lower rough equal. 

If A=B , then A and B are called interval valued neutrosophic upper rough equal. 

If A =B_ , A=B, then A and B are called interval valued neutrosophic rough equal. 

Theorem 2 . 

Let ( U,R) be a pawlak approximation space ,and A and B two interval valued neutrosophic sets over 
U. then 

1. A =B <=> A 0 B -A , A 0 B =B 



2. A=B <^AUB=A,AUB=B 

3. If A = A 7 and B = W /then AaTb =A' U W 

4. If A =A^_ and 6 =B^_ ,Then 

5. If A£ Band 6 = 0 ,then A = (p 

6. If A Q B and 6 = 6_,then A = 6_ 

7. If A = <p or 6 = 0 or then A n 6 =0 

8. If A = U or B =6, then A U B =U 

9 . A = U<^A = U 

10. A = 0 <=> A = 0 
Proof: the proof is trial 

4.Hamming distance between Lower Approximation and Upper Approximation 
of IVNS 

In this section , we will compute the Hamming distance between lower and upper 
approximations of interval neutrosophic sets based on Hamming distance introduced by Ye 
[41 ] of interval neutrosophic sets. 

Based on Hamming distance between two interval neutrosophic set A and B as follow: 

d(A,B)=l2f=i[|^A^ X i) ” ( X i) I + K( x i) - l*B ( X i) I + K( x i) “ Vb( x l)| + K( x i) “ 

Vb(xj)| + |^(Xj) - (O^(Xi)l + |(0^(Xi) - VB(Xi)|] 

we can obtain the standard hamming distance of A and A from 

*h(A,A) =lEf=i[|^( x j) " ^i( x i)l + l^( x i) " ^i( x i)l + l v i( x i) “ v l( x i)l + K( x j) “ 

v K x i)l + K( x j) - <4(xj)l + K(xj) - <(xj)|] 

Where 



136 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



Ar={<*, [Ay 6 [x] R (HA(y)}, Ay 6 [x] H {^A(y)}]* [Vy e[x] fi {A(y)}, Vy e [X \ R {<(y)}l [Vy 6 [xj R {«k(y)}, 

Vy e[ x] R K(y)}]>:xGU}. 



A R ={<X, [V ye[ x] R {^A(y)I V ye[ x] R {HA(y)}], [Ay G[ x] R {VA(y)}, Ay G[ x] R {V^(y)] ; [Ay G[ x] R {WA(y)I 
A ye[ x] R K(y)}]:xeu}. 

nh( x j) = Ay e[x] R { A(y)l ; ^Cj) =A ye[ x] R {i-iA(y)} 

v K x i) = v y 6[x] R ( v A(y)} ; V A (Xj) = Vy e[x]R {vX(y)} 



a) K x i) = A 6 [x] R ( w A(y)} ; “a (xj) = Vy e [X ] R {«A(y)} 



^i( x i)= Vy 6MR (A(y)} 
^l( x i)= A ye[ x] R {v^(y)} 
(0 l( X j) = Aye[x] R {WA(y)}, 



;^(xj)= Vy 6[X ] R {^A(y)} 
;^i( x i) = Ay e[x] R ( v A(y)l 
;(0%(xj)= Ay e[x]R {0)X(y)} 



Let (U, R) be approximation space, A be an interval valued neutrosophic set 
over U . Then 



(1) If d (A, A) = 0, then A is a definable set. 

(2) If 0 < d(A , A) < 1, then A is an interval- valued neutrosophic rough set. 

(U, R) be a Pawlak approximation space, and A and B two interval-valued 
neutrosophic sets over U . Then 

1. d(A,A)>d(A,A) and d (A ,A) > d (A ,A); 

2. d (A U B , A U B) = 0, d ( A 0 B , A (T B ) = 0. 

3. d (A U B , A U B) > d(A U B , A U B) 

and d(4 U B , A U B) > d (A U B , A U B) ; 

and d( A (T B, A D B) > d(A n B, A n B) 
andd( A (T B, A D B) > d(A (T B,A n B) 

4. d ((A), (Z)= 0 , d((A), A) = 0 , d((T) , A)= 0; 
d((4) , (A)) = 0 , d((4) , , A) = 0 , d( (A) , A) = 0, 

5. d ({/, U) =0 , d(0, 0) = 0 

6. if A B ,then d(i4 ,B) > d(A , B) and d(4. , B ) > d(B ,B) 

d(^4 , B) >d( A, A) and d( A, B)= >d(1 , 5) 

7. d ,(T) C )= 0, d( AS(A) C ) = 0 
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In this paper we have defined the notion of interval valued neutrosophic rough sets. We have 
also studied some properties on them and proved some propositions. The concept combines two 
different theories which are rough sets theory and interval valued neutrosophic set theory. 
Further, we have introduced the Hamming distance between two interval neutrosophic rough 
sets. We hope that our results can also be extended to other algebraic system. 



The authors would like to thank the anonymous reviewer for their careful reading of this research paper and 
for their helpful comments. 
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Interval Neutrosophic Logic 

Haibin Wang, Florentin Smarandache, Yan- 
Qing Zhang, Raj shekhar Sunderraman 



Abstract 

In this paper, we present a novel interval neutrosophic logic that generalizes the interval valued fuzzy logic, the 
intuitionistic fuzzy logic and paraconsistent logics which only consider truth-degree or falsity-degree of a proposition. 
In the interval neutrosophic logic, we consider not only truth-degree and falsity-degree but also indeterminacy- 
degree which can reliably capture more information under uncertainty. We introduce mathematical definitions of an 
interval neutrosophic propositional calculus and an interval neutrosophic predicate calculus. We propose a general 
method to design an interval neutrosophic logic system which consists of neutrosophication, neutrosophic inference, 
a neutrosophic rule base, neutrosophic type reduction and deneutrosophication. A neutrosophic rule contains input 
neutrosophic linguistic variables and output neutrosophic linguistic variables. A neutrosophic linguistic variable 
has neutrosophic linguistic values which defined by interval neutrosophic sets characterized by three membership 
functions: truth-membership, falsity-membership and indeterminacy-membership. The interval neutrosophic logic can 
be applied to many potential real applications where information is imprecise, uncertain, incomplete and inconsistent 
such as Web intelligence, medical informatics, bioinformatics, decision making, etc, 

Index Terms 

Interval neutrosophic sets, interval neutrosophic logic, interval valued fuzzy logic, intuitionistic fuzzy logic, 
paraconsistent logics, interval neutrosophic logic system. 



I. Introduction 

The concept of fuzzy sets was introduced by Zadeh in 1965 [1]. Since then fuzzy sets and fuzzy logic have been 
applied to many real applications to handle uncertainty. The traditional fuzzy set uses one real value /ia(x) € [0, 1] 
to represent the grade of membership of fuzzy set A defined on universe X. The corresponding fuzzy logic associates 
each proposition p with a real value p(p) C [0, I] which represents the degree of truth. Sometimes /ja(x) itself is 
uncertain and hard to be defined by a crisp value. So the concept of interval valued fuzzy sets was proposed [2] to 
capture the uncertainty of grade of membership. The interval valued fuzzy set uses an interval value [n^(x). /i^(x)] 
with 0 < Pa( x ) ^ ™ 1 t0 represent the grade of membership of fuzzy set The traditional fuzzy logic can 

be easily extended to the interval valued fuzzy logic. There are related works such as type- 2 fuzzy sets and type-2 
fuzzy logic [3], [4], [5]. The family of fuzzy sets and fuzzy logic can only handle “complete” information that 
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is if a grade of truth -membership is / ) then a grade of false-m ember ship is 1 — Pa{x) by default. In some 
applications such as expert systems, decision making systems and information fusion systems, the information is 
both uncertain and incomplete. That is beyond the scope of traditional fuzzy sets and fuzzy logic. In 1986, Atanassov 
introduced the intuitionistic fuzzy set [6] which is a generalization of a fuzzy set and provably equivalent to an 
interval valued fuzzy set. The intuitionistic fuzzy sets consider both truth-membership and false-membership. The 
corresponding intuitionistic fuzzy logic [7], [8], [9] associates each proposition p with two real values //(p) -truth 
degree and v{p ) -falsity degree, respectively, where p,(p),/^(p) £ [0, l],p(p) + v{v) < 1- So intuitionistic fuzzy sets 
and intuitionistic fuzzy logic can handle uncertain and incomplete information. 

However, inconsistent information exists in a lot of real situations such as those mentioned above. It is obvious 
that the intuitionistic fuzzy logic cannot reason with inconsistency because it requires p(p) + v(p) < 1. Generally, 
two basic approaches are used to solve the inconsistency problem in knowledge bases: the belief revision and 
paraconsistent logics. The goal of the first approach is to make an inconsistent theory consistent, either by revising 
it or by representing it by a consistent semantics. On the other hand, the paraconsistent approach allows reasoning in 
the presence of inconsistency as contradictory information can be derived or introduced without trivialization [10]. 
de Costa’s C w logic [11] and Belnap’s four-valued logic [12] are two well-known paraconsistent logics. 

Neutrosophy was introduced by Smarandache in 1995, “Neutrosophy is a branch of philosophy which studies 
the origin, nature and scope of neutralities, as well as their interactions with different ideational spectra” [13], 
Neutrosophy includes neutrosophic probability, neutrosophic sets and neutrosophic logic. In a neutrosophic set 
(neutrosophic logic), indeterminacy is quantified explicitly and truth-membership (truth -degree), indeterminacy- 
membership (indeterminacy-degree) and false-membership (falsity-degree) are independent. The independence as- 
sumption is very important in a lot of applications such as information fusion when we try to combine different 
data from different sensors. A neutrosophic set (neutrosophic logic) is different from an intuitionistic fuzzy set 
(intuitionistic fuzzy logic) where indeterminacy membership (indeterminacy-degree) is 1 — Pa{%) ~ va{x) (1 — 
p{p) — v{p)) by default. 

The neutrosophic set generalizes the above mentioned sets from a philosophical point of view. From a scientific 
or engineering point of view, the neutrosophic set and set-theoretic operators need to be specified meaningfully. 
Otherwise, it will be difficult to apply to the real applications. In [14] we discussed a special neutrosophic set 
called an interval neutrosophic set and defined a set of set- theoretic operators. It is natural to define the interval 
neutrosophic logic based on interval neutrosophic sets. In this paper, we give mathematical definitions of an interval 
neutrosophic propositional calculus and a first order interval neutrosophic predicate calculus. 

The rest of paper is organized as follows. Section II gives a brief review of interval neutrosophic sets. Section III 
gives the mathematical definition of the interval neutrosophic propositional calculus. Section IV gives the math- 
ematical definition of the first order interval neutrosophic predicate calculus. Section V provides one application 
example of interval neutrosophic logic as the foundation for the design of interval neutrosophic logic system. In 
section VI we conclude the paper and discuss the future research directions. 
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II. Interval Neutrosophic Sets 

This section gives a brief overview of concepts of interval neutrosophic sets defined in [14], An interval 
neutrosophic set is an instance of the neutrosophic set introduced in [1.5] which can be used in real scientific 
and engineering applications. 

Definition 1 (Intewal Neutrosophic Set): Let X be a space of points (objects), with a generic element in X 
denoted by x. An interval neutrosophic set (INS) A in X is characterized by truth -membership function T A , 
mdetercninacy-membership function I a and false-membership function F a . For each point a; in X , T A (x), 7'a(x), Fa(x) C 
[0, lj. □ 

When X is continuous, an INS A can be written as 

A = J (T(x),I(x),F{x))/x,x e X 
When X is discrete, an INS A can be written as 

n 

A = 52( T ( x i)> I{xi),F{xi))/xi,Xi € X 

i= 1 

Example 1: Consider parameters such as capability, trustworthiness, and price of semantic Web services. These 
parameters are commonly used to define quality of sendee of semantic Web services [16]. Assume that X ~ 
[xi,x 2 ,x 3 j. x\ is capability, x 2 is trustworthiness and xs is price. The values of xi,x 2 and x$ are a subset of 
[0, 1]. They are obtained from the questionnaire of some domain experts, their option could be a degree of “good 
service”, a degree of indeterminacy and a degree of “poor sendee”. A is an interval neutrosophic set of X defined 
by A =■ ([0.2, 0.4], [0.3, 0.5], [0.3, 0.5])/xi + ([0.5, 0.7], [0, 0.2], [0.2, 0.3])/x 2 + ([0.6, 0.8], [0.2, 0.3] , [0.2, 0.3]) /x 3 . 

□ 

Definition 2: An interval neutrosophic set A is empty if and only if its inf Ta(x) — sup 7' A (x) — 0, in f I A (x) ™ 
supI A (x) = 1 and inf Fa(x) ~ supF^(:c) = 0, for all x in X. □ 

Let .4 be an interval neutrosophic set on X, then A(x) — (T A {x), I A {x),F A {x)). Let 0 ~ (0,0,1) and i = 

0 , 1 . 0 ). 

Definition 3: Let A and B be two interval neutrosophic sets defined on X. A(x) < B(x) if and only if 



inf T a {x) < infT^(x) 


, sup T a (x) < sup T b (x) , 


a) 


inf I A {x) < inf Ib{x) 


, sup / 4 (a;) < sup Is (x) , 


(2) 


inf F a {x) > inf Fb(x) 


, sup F a (x) > sup F b (x) . 


(3) 






D 



Definition 4 (Containment): An interval neutrosophic set A is contained in the other interval neutrosophic set 
B t A C B, if and only if A(x) < B(x) 9 for all x in X. □ 

Definition 5: Two interval neutrosophic sets A and B are equal, written as .4 — B 9 if and only if A C B and 
B C A. □ 

Let A 7 = ([0, 1] x [0, 1], [0, 1] x [0, 1], [0, 1] x [0, 1]). 



143 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



Definition 6 (Complement): Let Cn denote a neutrosophic complement of A . Then Cn is a function 

C N : N -> A r 



and C/v must satisfy at least the following three axiomatic requirements: 

1) 0^(0) ~ I and CW(1) “ Q (boundary conditions). 

2) Let A and B be two interval neutrosophic sets defined on X, if A(x) < B{x), then Ca"(4(x)) > Cw(5(i)), 
for all x in X, (monotonicity). 

3) Let A be an interval neutrosophic set defined on X , then Cn (Cat (4 (37))) = A (x), for all x in X (involutivity). 

□ 

There are many functions which satisfy the requirement to be the complement operator of interval neutrosophic 
sets. Here we give one example. 

Definition 7 (Complement CVJ: The complement of an interval neutrosophic set A is denoted by A and is 
defined by 



T A (x) 


= Fa{x), 


(4) 


inf I A (x) 


= 1— sup 7,4 (x), 


(5) 


sup/^(a:) 




(6) 


Fa(x) 


= Ta(x), 


(7) 






□ 



for all x in X . 

Definition 8 (N-norm): Let In denote a neutrosophic intersection of two interval neutrosophic sets A and B. 
Then In is a function 

I N : A r x N — N 



and I N must satisfy at least the following four axiomatic requirements: 

1) Av(4(z),i) ~ A{x ), for all a; in (boundary condition). 

2) B{x) < C{x) implies 7;v(yl(x) } B(x)) < In(A(x).C(x)), for all x in X . (monotonicity). 

3) /Ar(4(a:), J3(x)) = In(B(x ). A(x)), for all x in X. (commutativity). . 

4) In(A(x), = In(In(A(x), B(x)), C(x)), for all x in X. (associativity). 

□ 

Here we give one example of intersection of two interval neutrosophic sets which satisfies above A r -norm 
axiomatic requirements. Other different definitions can be given for different applications. 

Definition 9 (Intersection InJ: The intersection of two interval neutrosophic sets A and B is an interval neutro- 
sophic set C, written as C — A D B, whose truth-membership, indeterminacy-membership, and false-membership 
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are related to those of A and B by 



inf Tc{x) 


— min (inf 7 \ (x), inf T B (a:)), 


(8) 


sup Tc(x) 


= min(supT, 4 (:r), sup T B (x)) 1 


(9) 


inf Tc(x) 


— min(inf inf / s (a;)), 


( 10 ) 


sup Ic(x) 


= min (sup /^(x), sup /#(x)), 


(11) 


inf Fc(x) 


= max (inf Fa (x), inf F&(x )), 


(12) 


sup F c (x) 


— max(sup Fa (x) , sup F B (x)), 


(13) 






□ 



for all x in X, 

Definition .10 (N~conorm): Let Un denote a neutrosophic union of two interval neutrosophic sets A and B. Then 
Un is a function 

U N : N x N N 

and must satisfy at least the following four axiomatic requirements: 

1) fV(A(x),0) = A(x ), for all a; in X. (boundary condition). 

2) B(x) < C(x) implies Un(A(x), B(x)) < Un(A(x),C(x)), for all x in X. (monotonic ity). 

3) C7jv( J A(a:) l B(2c)) = Un(B(x), A{x)), for all x in X > (commutativity). 

4) I7^(A(a:),PN(B(z),C(ar))) - V n (U n (A(x),B (x)), C{x)\ for all x in X. (associativity). 

□ 

Here we give one example of union of two interval neutrosophic sets which satisfies above iV-conorm axiomatic 
requirements. Other different definitions can be given for different applications. 

Definition 11 (Union Uj yj: The union of two interval neutrosophic sets ,4 and B is an interval neutrosophic set 
C > written as C = A U B, whose truth-membership, indeterminacy-membership, and false-membership are related 
to those of A and B by 



inf T c (z) 


= max(inf Ta{x). inf P^(x)), 


(14) 


sup Tc (a;) 


— max(supTA(x), sup T B (x)), 


(15) 


inf Ic{x) 


= max(mf Ia(x) , inf /b(x)), 


(16) 


sup/c(a;) 


— max(sup sup /^(x)), 


(17) 


inf Fc(x) 


= min(inf Fa(x), inf F B (x)), 


(18) 


sup Fc{x) 


= min (sup Fa (x), sup F B (x)) i 


(19) 






□ 



for all x in X, 

Theorem 1: Let P be the power set of all interval neutrosophic sets defined in the universe X. Then (P; I ^ > Un\ ) 
is a distributive lattice. 
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Proof: Let A, B> C be the arbitrary interval neutrosophic sets defined on X. It is easy to verify that AD A 
A, A U A = A (idempotency), A fi B = B fl A. A U B = B U A (commutativity), (A fl B) 0 C = A n (B D C), ( A U 
B)UC' = .AU(BU C) (associativity), and A fl (B U C) = (A fl B) U (A flB), A U ( B fi C) = (A U B) n (A U C) 
(distributivity). m 

Definition 12 (Internal neutrosophic relation): Let A" and Y be two non-empty crisp sets. An interval neutro- 
sophic relation R(X , Y ) is a subset of product space X x V, and is characterized by the truth membership function 
TR(x,y) 3 the indeterminacy membership function Ir(x* y), and the falsity membership function Fr(x, y), where 
x € X and y e Y and T R (x, y), Ir(x, y), Fr(x, y) C [0,1]. 

Definition 13 (Internal Neutrosophic Composition Functions): The membership functions for the composition of 
interval neutrosophic relations Y) and S(Y, Z) are given by the interval neutrosophic sup-star composition 
of R and S 



Tros(x,z) - supmiu(T/2(a;,s/),T5(y,z)), (20) 

yev 

Irc,s(x,z) - sup min {lR(x, y)Js(y,z))i (21) 

y£Y 

F RoS {x,z) = inf maA-(F fl (a;. y),F s (y,z)). (22) 

y£Y 

If R is an interval neutrosophic set rather than an interval neutrosophic relation, then Y = X and 
sup y{EV min(T/?(z,y), Ts(y, 2 )) becomes sup yeV min (Tr(x),Ts{v ) z)), which is only a function of the output 
variable z. It is similar for sup y€ y min (lR(x y y), Is(y , z)) and ma x(FR(x,'y)>Fs(y, 2 )). Hence, the notation 

of Tr 0 s(x, z) can be simplified to Tr q s(z ), so that in the case of R being just an interval neutrosophic set. 



r -FRos{z) 


= sup min(7'ft(x), Ts (x, z)), 
x£X 


(23) 


Iros{ z ) 


= sup min(/jj(x), Is(x, z)), 
i£X 


(24) 


Fros{z) 


= inf jnax(F R {x),Fs(x,z)). 

x€.X 


(25) 


Definition 14 (Tmth-favorite) : The truth-favorite of an interval neutrosophic set A is an interval neutrosophic set 


B , written as B — A.4, whose truth-membership and false-membership are related to those of A by 




inf Tr(x) 


= min(inf T A (x) L inf Ia(x), 1), 


(26) 


sup Tg(x) 


— min(sup T A {x) + supI A (x), 1), 


(27) 


inf I B (x) 


- 0 , 


(28) 


sup Ib(x) 


= 0, 


(29) 


inf F b (x) 


— inf Fa (x) , 


(30) 


sup Fr (x) 


= sup Fa(x), 


(31) 


for all x in X. 




□ 


Definition 15 (False-favorite): The false-favorite of an interval neutrosophic set A is an interval neutrosophic set 
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B , written as B = VA, whose truth- membership and false-membership are related to those of A by 



inf T b {x) = inf 7 a (x), (32) 

supT B (x) ~~ sup 7 a (x), (33) 

inf I# (x) = 0, (34) 

sup/*(x) = 0 5 (35) 

inf2"B(x) = min(inf 2 a(x) + inf 2 a(x), 1), (36) 

sup F b {x) = min(sup F'a (x) + sup Ia (x), 1), (37) 

for all x in X. D 



III. Interval Neutrosophic Propositional Calculus 

In this section, we introduce the elements of an interval neutrosophic propositional calculus based on the definition 
of the interval neutrosophic sets by using the notations from the theory of classical propositional calculus [17]. 

A. Syntax of Interval Neutrosophic Propositional Calculus 

Here we give the formalization of syntax of the interval neutrosophic propositional calculus. 

Definition 16: An alphabet of the interval neutrosophic propositional calculus consists of three classes of symbols: 

1) A set of interval neutrosophic propositional variables , denoted by lower-case letters, sometimes indexed; 

2) Five connectives which are called conjunction, disjunction, negation, implication, and biimpli- 

cation symbols respectively; 

3) The parentheses ( and ). 

□ 

The alphabet of the interval neutrosophic propositional calculus has combinations obtained by assembling con- 
nectives and interval neutrosophic propositional variables in strings. The purpose of the construction rules is to 
have the specification of distinguished combinations, called formulas. 

Definition 17: The set of formulas (well-formed formulas) of interval neutrosophic propositional calculus is 
defined as follows. 

1) Every intei’val neutmsophic propositional variable is a formula; 

2) If p is a formula, then so is (-~p); 

3) If p and q are formulas, then so are 

a) ( pAq ), 

t>) (pv<j), 

c ) ( P <j), and 

d) (p <-+ q). 
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4) No sequence of symbols is a formula which is not required to be by l, 2 , and 3. 

□ 

To avoid having formulas cluttered with parentheses, we adopt the following precedence hierarchy, with the 
highest precedence at the top: 



A, V, 



Here is an example of the interval neutrosophic propositional calculus formula: 

-’Pl A P‘2 v (pi -» p 3 ) -♦ P2 A “*P 3 

Definition 18: The language of interval neutwsophic propositional calculus given by an alphabet consists of the 
set of all formulas constructed from the symbols of the alphabet. □ 

B . Semantics of Internal Neutrosophic Propositional Calculus 

The study of interval neutrosophic propositional calculus comprises,, among others, a syntax, which has the 
distinction of well-formed formulas, and a semantics , the purpose of which is the assignment of a meaning to 
well-formed formulas. 

To each interval neutrosophic proposition p, we associate it with an ordered triple components (Z(p), i(p), /(p))» 
where t(p), i(p), f(p) C [0,1]. t(p),i(p), f(p) is called truth-degree, indeterminacy-degree and falsity-degree of p, 
respectively. Lei this assignment be provided by an interpretation function or interpretation INL defined over a 
set of propositions P in such a way that 

lNUp) = {t(p),i(j>),f{p)). 

Hence, the function INL : P —* N gives the truth, indeterminacy and falsity degrees of all propositions in P. 
We assume that the interpretation function INL assigns to the logical truth T : I NL(T) = {1.1,0), and to 
F : INL(F) = (0,0,1). 

An interpretation which makes a formula true is a model of the formula. 

Let L l be the subinterval of [0, 1]. Then i -f l = [inf i + inf /, sup i T* sup l ], i — l = [inf i — sup Z, sup i — inf Z], 
max(z,Z) ~ [max(inf i, inf Z), max(sup i. sup Z)], min(z.Z) — [min(inf 2 , inf Z), min(sup L supZ)]. 

The semantics of five interval neutrosophic propositional connectives is given in Table L Note that p <-+ if and 
only if p — > g and q -+ p. 

Example 2: INL{p) = <0.5,0,4, 0.7) and 7ALL(<?) - {1,0.7, 0.2). Then, 7JVX(-*) = (0.7, 0.6, 0.5), IN L(p A 
-p) - (0.5, 0.4, 0.7), 7ATL(pV$) - (1,0.7, 0.2), 7ALL(p -*> g) - (1,1,0). □ 
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TABLE 1 



Semantics of Five Connectives in Interval Neutrosophic Propositional Logic 



Connectives 


Semantics 


/A’L(-p) 


(/(p),a-i(p),t(p)) 


INL(pAq) 


(min(t(p), t(g)). min(i(p), t(g)), max(/(p), /(g))> 


I NL(p V 9) ; 


(max(t(p), <(«)), max(*(p), *(■?)) : min(/(p), /(?))> 


INL(p 9) | 


(min(l, 1 - t(p) + <(<?)), min(l, 1 - i(p) + i(q)), max(0, f(q) - f(p))) 




(min(l - tip) +*(?), 1 - t (q) H- tip)), min(l - i(p) + i(q), 1 - i(q) + t(p)), max(/(p) - f(q),f(q) - f(p))) 



A given well-formed interval neutrosophic propositional formula will be called a tautology (valid) if INL(A) — 
(1, 1.0), for all interpretation functions INL. It will be called a contradiction (inconsistent) if INL(A) = (CLO, 1), 
for all interpretation functions INL. 

Definition 19: Two formulas p and q are said to be equivalent , denoted p = q, if and only if the INL(p) = 
INL(q) for every interpretation function INL. □ 

Theorem 2: Let F be the set of formulas and A be the meet and V the join, then (F; A, V) is a distributive 
lattice. 

Proof: It is analogous to the proof of Theorem L W 

Theorem 3: If p and p ™> q are tautologies, then q is also a tautology. 

Proof: Since p and p — ► q are tautologies then for every INL , IN Up) — INL(p — ► q) — (1, 1,0), that is 
t(p) = i(p) = 1 ,f(p) = 0, t(p ->?) = min(l, 1 - t(p) + t(q )) = 1, i(p -> q) = min(l, 1 - i(p) + i(q)) - 1, 
/(p -*q) = max(0 ,f{q) - /(p)) = 0. Hence, 

t(q) “ i(q) ..=*= 1, f(q) ~ 0, So q is a tautology. m 

C. Proof Theory of Inten f al Neutrosophic Propositional Calculus 

Here we give the proof theory for interval neutrosophic propositional logic to complement the semantics part. 
Definition 20: The interval neutrosophic propositional logic is defined by the following axiom schema, 

p ->(?-> p) 

pi A . . , A p m <?i V . . . q n provided some pi is some qj 
P -+ (9 P A q) 

(p -> r)-*((}-tr)-*(pV{-» r)) 

(p V q) r iff p —► r and q — ► r 
p — ♦ <7 iff 

p q and g r implies p —»■ r 
p — »• g iff p (p A g) iff g (p V g) 

a 
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The concept of (formal) deduction of a formula from a set of formulas, that is, using the standard notation, F b p, 
is defined as usual; in this case, we say that p is a syntactical consequence of the formulas in T. 

Theorem 4: For interval neutrosophic propositional logic, we have 

o {p} 

2) F bp entails FuA b p, 

3) if F b p for any p € A and A b q , then Tb q. 

Proof: It is immediate from the standard definition of the syntactical consequence (b). € 

Theorem 5: In interval neutrosophic propositional logic, we have: 



1) ™ i~np +-» p 

2) i(pA?) «-* p V —>q 

3) -i(p V q) -np A ”i q 

Proof: Proof is straight forward by following the semantics of interval neutrosophic propositional logic. @ 
Theorem 6: In interval neutrosophic propositional logic, the following schemas do not hold: 

1) pV^p 

2) -i(p A -.p) 

3) p A -ip — » 



4) p A 

5) {p,p-> Q} I- 9 

6) {p — ► q. -wj} t — ip 

7) {pV^^Jbp 

8) ->p V 3 +-+ p — > 

Proof: Immediate from the semantics of interval neutrosophic propositional logic. M 

Example 3: To illustrate the use of the interval neutrosophic propositional consequence relation, let’s consider 
the following example. 

p —> (9 A r) 



r 



s 



q -is 



From p — »■ (9 A r), we get p — * q and p r. From p — ► q and q — » -is, we get p — » - 15 . From p — ► r and r 5 , 
we get p -+ 5 . Hence, p is equivalent to p As and pA^s. However, we cannot detach 5 from p nor ~^s from p. This 
is in part due to interval neutrosophic propositional logic incorporating neither modus ponens nor and elimination. 

n 
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IV. Interval Neutrosophic Predicate Calculus 

In this section, we will extend our consideration to the full language of first order interval neutrosophic predicate 
logic. First we give the formalization of syntax of first order interval neutrosophic predicate logic as in classical 
first-order predicate logic. 

A, Syntax of Interval Neutrosophic Predicate Calculus 

Definition 21: An alphabet of the first order interval neutrosophic predicate calculus consists of seven classes of 
symbols: 

1) variables , denoted by lower-case letters, sometimes indexed; 

2) constants , denoted by lower-case letters; 

3) function symbols , denoted by lower-case letters, sometimes indexed; 

4) predicate symbols , denoted by lower-case letters, sometimes indexed; 

5) Five connectives A, V, -i, which are called the conjunction, disjunction, negation, implication, and 

biimplication symbols respectively; 

6) Two quantifiers , the universal quantifier V (for all) and the existential quantifier 3 (there exists); 

7) The parentheses ( and ). 

□ 

To avoid having formulas cluttered with brackets, we adopt the following precedence hierarchy, with the highest 
precedence at the top: 



“h V, 3 

A,V 



Next we turn to the definition of the first order interval neutrosophic language given by an alphabet. 

Definition 22: A term is defined as follows: 

1) A variable is a term. 

2) A constant is a term. 

3) If / is an n-ary function symbol and fi, . . . , t n are terms, then /(fi, . , . , f n ) is a term. 

□ 



Definition 23: A (well-formed )fonnula is defined inductively as follows: 

1) If p is an n-ary predicate symbol and ii, . < . . t n are terms, then p(£i, .... t n ) is a formula (called an atomic 
formula or, more simply, an atom), 

2) If F and G are formulas, then so are (F A G), (F V G), (F G) and (F G). 
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3) If F is a formula and x is a variable, then (\/xF) and (3 xjP) are formulas. 

□ 

Definition 24: The first order in ten' a I neutrosophic language given by an alphabet consists of the set of ail 
formulas constructed from the symbols of the alphabet. □ 

Example 4: Vx3 y(p(x>y) — > q(x))> ~*3x(p(x. a) A < 7 ( 2 )) are formulas. □ 

Definition 25: The scope of Vx (resp. 3x) in \fxF (resp. 3xF) is F. A bound occurrence of a variable in a 
formula is an occurrence immediately following a quantifier or an occurrence within the scope of a quantifier, which 
has the same variable immediately after the quantifier. Any other occurrence of a variable is free . □ 

Example 5: In the formula Vxp(x, y) V g(x), the first two occurrences of x are bound, while the third occurrence 
is free, since the scope of Vx is p(x, y) and y is free. □ 

B. Semantics of Interval Neutrosophic Predicate Calculus 

In this section, we study the semantics of interval neutrosophic predicate calculus, the purpose of which is the 
assignment of a meaning to well-formed formulas. In the interval neutrosophic propositional logic, an interpretation 
is an assignment of truth values (ordered triple component) to propositions. In the first order interval neutrosophic 
predicate logic, since there are variables involved, we have to do more than that To define an interpretation for a 
well- formed formula in this logic, we have to specify two things, the domain and an assignment to constants and 
predicate symbols occurring in the formula. The following is the formal definition of an interpretation of a formula 
in the first order interval neutrosophic predicate logic. 

Definition 26: An interpretation function (or interpretation) of a formula F in the first order interval neutrosophic 
predicate logic consists of a nonempty domain D, and an assignment of “values 5 ’ to each constant and predicate 
symbol occurring in F as follows: 

1) To each constant, we assign an element in D . 

2) To each n-ary function symbol, we assign a mapping from D n to D. (Note that D n = {(xi, . . . ,x n )\xi € 
D,...,x n € D}). 

3) Predicate symbols get their meaning through evaluation functions E which assign to each variable x an 
element E(x) 6 D. To each n-ary predicate symbol p, there is a function IN P(p) : D n — ► N. So 
INP(p(x u . . . , x n )) - INP(p)(E( Xl ), . . . , E(x n )). 

□ 

That is, INP(p)(ai,...,a n ) ~ {t(p(ai, . . . , a n )), i(p(ai, . . . ,o»)), /(p(«i> ■ ■ •»««)). 
where t(p(ai, . . . ,o„)),i(p(ai, . . . , a„)), f(p{<n, . . . ,a„)) C [0,1], They are called truth-degree, indeterminacy- 
degree and falsity-degree of p(a i5 . . . , a n ) respectively. We assume that the interpretation function IN P assigns to 
the logical truth T : INP(T) - (1, 1, 0), and to F : INP(F) = (0,0, 1). 

The semantics of five interval neutrosophic predicate connectives and two quantifiers is given in Table II. For 
simplification of notation, we use p to denote p(a*, . . . , a^). Note that p q if and only if p — * q and q p. 
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TABLE II 



Semantics of Five Connectives and Two Quantifiers in Interval Neutrosophic Predicate Logic 



Connectives 


Semantics 


INP(-ip) 


(/(p).l -»(p).t(p)> 


I N P(p A q) 


<min(t(p), t(g)), min(i(p), i(g)), max(/(p), /(g))) 


INP(p V q) i 


<max(t(p), t(g)), max(i(p), 2 (g)), min(/(p), /(g))> 


lNP(p — » q) 


(min(l, 1 -t(p) + min(L 1 - i(p) 4- i(g)), max(0, /(g) - f(p))) 


I N Pip «-> q) 


(min(l — t(p) -f t(q), 1 — t(q) + t(p)),min(l - i(p) 4- t(g), 1 - i(q) + i(p)), max(/(p) - /(?),/(<?) - f(p))) 


INPtyxF) 


{mmt(F(E(x))),mmi(F{E(x))),maxf(F(E(x)))) t E(x) € D 


INP{3xF) 


(max t(F(E(x))), maxi(f(£(a;))). min f(F(B(x)))) ) E(x ) € 7> 



Examples : Let D = 1, 2,3 andp(l) - (0.5, 1, 0.4>,p(2) = <1,0.2, 0},p(3) = (0.7, 0.4, 0.7). Then INP(^xp{x)) = 
<0.5. 0.2, 0.7), and INP(3xp(x)) = (1,1,0). □ 

Definition 27: A formula F is consistent (satisfiable) if and only if there exists an interpretation / such that F is 
evaluated to (1,1,0) in L If a formula F is T in an interpretation 7, we say that 7 is a model of F and 7 satisfies 

F. a 

Definition 28: A formula F is inconsistent (unsatisfiable) if and only if there exists no interpretation that satisfies 
F. □ 

Definition 29: A formula F is valid if and only if every interpretation of F satisfies F. □ 

Definition 30: A formula F is a logical consequence of formulas F\ , . . . , F n if and only if for every interpretation 
7, if F\ A . . T A F n is true in 7, F is also true in 7. □ 

Example 7: (Vx)(p(ar) — > (3 y)p(y)) is valid, (Wx)p(x) A (3 y)^p(y) is consistent. □ 

Theorem 7: There is no inconsistent formula in the first order interval neutrosophic predicate logic. 

Proof: It is direct from the definition of semantics of interval neutrosophic predicate logic. BS 

Note that the first order interval neutrosophic predicate logic can be considered as an extension of the interval 
neutrosophic propositional logic. When a formula in the first order logic contains no variables and quantifiers, it 
can be treated just as a formula in the propositional logic. 

C. Proof Theory of Interval Neutrosophic Predicate Calculus 

In this part, we give the proof theory for first order interval neutrosophic predicate logic to complement the 
semantics part. 

Definition 31: The first order interval neutrosophic predicate logic is defined by the following axiom schema. 

(p -* q(x)) Vxq(x)) 

Vxp(x) — * p(a) 
p(x) —► 3 xp(x) 

(p(z) -* q) (3xp{x) -* q) 
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□ 

Theorem 8: In the first order interval neutrosophic predicate logic, we have: 

1) p(x) b Vxp(x) 

2) p(a) b 3 xp(x) 

3) Vxp(x) b p(y) 

4) F U {p(x)} b q , then F U {3xp(x)| b q 

Proof: Directly from the definition of the semantics of first order interval neutrosophic predicate logic. H 
Theorem 9: In the first order interval neutrosophic predicate logic, the following schemes are valid, where r is 
a formula in which x does not appear free: 

1) Vxr «-*♦ r 

2) 3 xr r 

3) VxVyp(x> y) *-* VpVxp(x, y) 

4) 3x3 yp(x,y) 3y3xp(x,y) 

5) VxVyp(x,y) —> Vxp(x.x) 

6) 3xp(x i x) 3x3yp(x, y) 

7) Vxp(x) — ► 3 xp(x) 

8) 3xVyp(x>y) Vy3xp(x,y) 

9) Vx(p(x) A g(x)) ^ Vxp(x) A Vxq(x) 

10) 3x(p(x) V y(x)) 3 xp(x) V 3xg(x) 

11) p A Vx<?(x) Vx(p A <?(x)) 

12) p V Vxg(x) Vx(p V y(x)) 

13) p A 3xtf(x) <-» 3 x(p A y(x)) 

14) p V 3x^(x) «-+ 3x(p V y(x)) 

15) Vx(p(x) q(x)) — > (Vxp(x) — > Vx<?(x)) 

16) Vx(p(x) — ♦ <?(x)) “■> (3xp(x) 3xy(x)) 

17) 3x(p(x) A q(x)) 3xp(x) A 3xq(x) 

18) Vxp(x) V Vxq(x) Vx(p(x) V q(x)) 

19) '““i3x-ip(x) ♦-> Vxp(x) 

20) "iVx-'p(x) 3p(x) 

21) -i3xp(x) Vx->p(x) 

22) 3x ” i p(x) ~>Vxp(x) 

Proof: It is straightforward from the definition of the semantics and axiomatic schema of first order interval 
neutrosophic predicate logic. S5 
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V. Am Application of Interval Neutrosophic Logic 

In this section we provide one practical application of the interval neutrosophic logic - Interval Neutrosophic 
Logic System (INLS). INLS can handle rule uncertainty as same as type-2 FLS [4], besides, it can handle rule 
inconsistency without the danger of trivialization. Like the classical FLS, INLS is also characterized by IF-THEN 
rules. INLS consists of neutrosophication, neutrosophic inference, a neutrosophic rule base, neutrosophic type 
reduction and den eutrosophi cation. Given an input vector x = (xi, . . . , x„), where xi, * . . , x n can be crisp inputs 
or neutrosophic sets, the INLS will generate a crisp output y . The general scheme of INLS is shown in Fig. 1. 

Suppose the neutrosophic rule base consists of M rules in which each rule has n antecedents and one consequent. 
Let the kth rule be denoted by R k such that IF x\ is .,4*, x<2 is A k , . . and x n is A k , THEN y is B h . A k is an interval 
neutrosophic set defined on universe Xi with truth-membership function T A k(x { ), indeterminacy-membership 
function 7 4 fc(xi) and falsity-membership function jF 4 fc(x,;), where T A k(xi). I A k (x*) f F A k (a;*) C [0, 1], 1 < i < n. 
B k is an interval neutrosophic set defined on universe Y with truth-membership function T B k(y) f indeterminacy- 
membership function I B k (y) and falsity-membership function F B k(y), where T B k (y), I B k(y), F B k (y) C [0,1]. 
Given fact x\ is A k ,X2 is Ag,..., and x n is A k , then consequence y is B k . A k is an interval neutrosophic 
set defined on universe X % with truth-membership function T A k{xi ), indeterminacy-membership function I Ak {xi) 
and falsity-membership function F Ak (xi ), where T Ak (xi), I A i? ( 2 ^), F 4 k(i,;) C [0. 1], 1 < i < n. B k is an interval 
neutrosophic set defined on universe Y with truth-membership function Tg k ( y ), indeterminacy-membership function 
I B k{y) and falsity -membership function F Bk (y), where TMMv), F B k(y) G [0,1]. In this paper, we consider 
Q-i < and a < y < 0, 

An unconditional neutrosophic proposition is expressed by the phrase: “Z is C”, where Z is a variable that receives 
values ^ from a universal set 17, and C is an interval neutrosophic set defined on U that represents a neutrosophic 
predicate. Each neutrosophic proposition p is associated with i(p), f(p)) with f(p), i(p), f(p) G [0,1]. In 
general, for any value z of Z, (t(p), i(p), f(p)) ~ {T c (z)Jc(z),F c (z)). 

For implication p q, we define the semantics as: 



SUP tp^g 


= min(sup t(p)« supf(y)), 


(38) 


inf tp^g 


= min(inf £(p). inf t(q)), 


(39) 


sup ip-^g 


= min(supi(p), supi(g)), 


(40) 


inf ip.~>q 


" min (inf i(p). inf i (<?)), 


(41) 


SUP 


= max(sup/(p),sup/(i?)). 


(42) 


inf / p _„ 


= max(inf / (p), inf /(g)), 


(43) 



where t(p),i{p)J{p),t(q).i{q),f{q) C [0, 1]. 

Let X = X\ x * ■ ♦ x X n . The truth-membership function, indeterminacy -membership function and falsity- 
membership function T 6 „iv),I 6 >{y), F Bk ( y ) of a fired kxh rule can be represented using the definition of interval 
neutrosophic composition functions (23-25) and the semantics of conjunction and disjunction defined in Table II 
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and equations (38^43) as: 



sup T'B k (y) = sup min (sup T^ k (xi)> sup T A k(xi ), ... , , supT A<c (x n ), sup T A fc (x n ), sup T B k(y))> (44) 

11 ” 

inf Tg k {y) — sup min(inf T A k (xi), inf TWxi inf T^ k (x n ), inf T A k(x n ), inf T B k(y)) 1 (45) 

1 1 

sup Igk(y) = sup min (sup (xx),sup I A k(x \), . . , , sup 7 A * (x n ), sup l A k (x n ). sup 7#* (?/)), ( 46 ) 

inf /sfc(y) = sup min(inf l\ k (xi), inf 7 a * (xi), , . . , inf 7^. (x n ), inf I A k (x n ), inf I B k(y)), (47) 

x€X J 1 1 

supF^ fc ( y ) = inf max(sup F A fc(xi)> sup F A k(xx), . . . , supF Afc (x n ), sup F A k (x n ), supFjgfc(y)), (48) 

X&X 1 1 n 

in f F B k(y) = inf max(inf F A k(xi)<inf F 4 fe(xi), . , . ,inf F Afc (x n ),mf F A fc(x n ),inf F B k(y)) y (49) 

x£X 11 71 



where y^y. 

Now, we give the algorithmic description of INLS. 

BEGIN 

Step 1: Neutrosophication 

The purpose of neutrosophication is to map inputs into interval neutrosophic input sets. Let Gi k be an interval 
neutrosophic input set to represent the result of neutrosophication of ith input variable of fcth rule, then 



supT Gt fe(xi) = sup mm(supT J A fc(x i ),supT A fc(x t )) 1 (50) 

xi&Xi 4 

infT G fe(x,) — sup inin(infTifc(xi), inf T A fc(xj)) } . (51) 

* XiZXi ' * 

sup/ G fc(x f: ) — sup min(sup J A fc(xi),sup/ A fc(xi))^ (52) 

1 Xi€Xi i 

inf I G k (xi) = sup min(mf /x fc (xt),inf / A fc(xi)), (53) 

supF G fc(x 7 ;) - inf max(supF A fc(x i ) 1 supF A fc(xt)) ) (54) 

* ■■ XiZXi * * 

infF G fc(x;) “ inf max(inf F A *(xi), inf F A *(Xi)) } (55) 

* TitXi * 1 



where Xi € Xi. 

If xi are crisp inputs, then equations (50-55) are simplified to 



sup T’ G l(x,) 


= sup T A k(xi), 


(56) 


inf T G k(x{) 


H 

5" 

u-i 

ii 


(57) 


sup 7 G k(xi) 


= sup/ 4 fc(xi), 


(58) 


inf lQk(Xj) 


= inf I A k (£i), 


(59) 


s\ipF G k(x{) 


= SU P F A k (xi), 


(60) 


inf F G k(xi) 


— inf F 4 *(:Ej), 


(61) 



where Xi € Xi, 

Fig. 2 shows the conceptual diagram for neutrosophication of a crisp input 
Step 2: Neutrosophic Inference 
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The core of INLS is the neutrosophic inference, the principle of which has already been explained above. Suppose 
the kt h rule is fired. Let G k be an interval neutrosophic set to represent the result of the input and antecedent 
operation for kth rule, then 



sup T G k ( x ) 


= sup min(sup T i k (xi ) , sup T A k (x i ) sup T A k (x n ), sup T A k (x n ) ) . 

sex ' 1 1 


(62) 


inf T G k (;r) 


— sup min (inf X^*(xi),inf T A k(x \) 1 . . . , inf T Ak (x n )> inf T A k (£ n )). 
st ex 11 ” 


(63) 


sup I G k ( x ) 


= sup min (sup I A k (ffi), sup I A k(x \), . . . , sup I Ak (x n ), sup/ A fc {x n )), 

X€X 11 n 


(64) 


inf I G k(x) 


= sup min(mf I A k (xi), inf I A k (:r 3 ), . . . , inf I Ak (z„), inf I A k (:r n .)), 

x€X 1 n 


(65) 


sup F G k(x) 


= inf max (sup F {%i ). sup (xi ), . . . , sup F Ak (x n ), sup F A k {x n ))> 

x£X 1 1 Tl 


(66) 


inf F G k (x) 


“ inf max(inf F^ k (x\), inf F^xi), . . . , inf F Ak (:r n ), inf F A k (x^)), 

a:€X 1 1 n n 


(67) 


where x % c X{. 






Here we restate the result of neutrosophic inference: 






sup Tg k {y) = min (sup T G k (x),..., sup T B * (y)), 


(68) 




inf T^ k {y) = min(inf T G k(rr), inf T B k{y)), 


(69) 




sup'/g fc (j/) - min(sup/ G jr(x),sup/ i ?i=(j/)), 


(70) 




inf /g t (y) = min(inf I C k(x),MI B k(y)), 


(71) 




sup Fg k (y) = max (sup F G k (z), sup F B k(y)), 


(72) 




inf Fg k (y) = max(iuf F G k (x), inf F B k (y)), 


(73) 


where x € X, y 6 Y . 






Suppose that N rules in the neutrosophic rule base are fired, where N < M, then, the output interval neutrosophic 


set B is: 


sup Ts{y) - maxsupTg )t (j/), 

k—1 


(74) 




inf T s (y) = max inf Tg*(y), 


(75) 




N 

sup Ig{y) = maxsup/g t (j/), 


(76) 




inf Ib(v) = maxinf /^(y), 


(77) 




N 

supFg(y) = minsupTgfc(j/), 


(78) 




inf 7 b (y) = mininfTg k (y), 


(79) 



where y € Y, 

Step 3: Neutrosophic type reduction 
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After neutrosophic inference, we will get an interval neutrosophic set B with Tg (y), ( y ) C [0,1]. Then, 

we do the neutrosophic type reduction to transform each interval into one number. There are many ways to do it, 
here, we give one method: 



T § {y) = 


(infTB(y) + supra(y))/2, 


(80) 


4 to) “ 


(inf /g to) + snp Ig(y))/2, 


(81) 


4to) = 


(inf Fg{y) + s\ipFg{y))/2, 


(82) 



where y € Y. 

So, after neutrosophic type reduction, we will get an ordinary neutrosophic set (a type-1 neutrosophic set) B. 
Then we need to do the deneutrosophication to get a crisp output. 

Step 4: Deneutrosophication 

The purpose of deneutrosophication is to convert an ordinary neutrosophic set (a type-1 neutrosophic set) 
obtained by neutrosophic type reduction to a single real number which represents the real output. Similar to 
defuzzification [18], there are many deneutrosophication methods according to different applications. Here we give 
one method. The deneutrosophication process consists of two steps. 

Step 4.1: Synthesizatiom It is the process to transform an ordinary neutrosophic set (a type-1 neutrosophic set) 
B into a fuzzy set B> It can be expressed using the following function: 

/(rg(s/),/g(y), : [0.1] x [0,1] x [°, 1] —> [0, i) (83) 

Here we give one definition of /: 

7fi(y) = a * T-(y) + b * (1 - F^(y)) + c * /*(»)/ 2 + d * (1 - l’ 6 (y)/ 2), (84) 

where 0 < a, 6, c> d < 1, a -f b + c + d ~ 1. 

The purpose of synthesization is to calculate the overall truth degree according to three components: truth- 
membership function, indeterminacy-membership function and falsity-membership function. The component-truth- 
membership function gives the direct information about the truth-degree, so we use it directly in the formula; The 
component-falsity-membership function gives the indirect information about the truth-degree, so we use (1 — F) in 
the formula. To understand the meaning of indeterminacy-membership function 7, we give an example: a statement 
is “The quality of sendee is good”, now firstly a person has to select a decision among {T, I : F), secondly he or 
she has to answer the degree of the decision in [0, 1], If he or she chooses 7 = 1, it means 100% “not sure” about 
the statement, i.e., 50% true and 50% false for the statement (100% balanced), in this sense, 7 = 1 contains the 
potential truth value 0.5. If he or she chooses 7 - 0, it means 100% “sure” about the statement, i.e., either 100% 
true or 100% false for the statement (0% balanced), in this sense, 7 ~ 0 is related to two extreme cases, but we 
do not know which one is in his or her mind. So we have to consider both at the same time: 7 — 0 contains the 
potential truth value that is either 0 or 1. If 7 decreases from 1 to 0, then the potential truth value changes from one 
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value 0.5 to two different possible values gradually to the final possible ones 0 and 1 (i.e., from 100% balanced 
to 0% balanced), since he or she does not choose either T or F but /, we do not know his or her final truth 
value. Therefore, the formula has to consider two potential truth values implicitly represented by I with different 
weights (c and d) because of lack of his or her final decision information after he or she has chosen I. Generally, 
a > b > c, d; c and d could be decided subjectively or objectively as long as enough information is available. The 
parameters a, 6, c and d can be tuned using learning algorithms such as neural networks and genetic algorithms in 
the development of application to improve the performance of the 1NLS. 

Step 4.2: Calculation of a typical neutrosophic value : Here we introduce one method of calculation of center 
of area. The method is sometimes called the center of gravity method or centroid method , the deneutrosophicated 
value, dn(T^(y)) is calculated by the formula 

i (rr> { w Ia T B(y)y d y 

dn(T B (y)) - - s Tg— — * ( 85 > 

J a T B d y 

END. 

VL Conclusions 

In this paper, we give the formal definitions of interval neutrosophic logic which are extension of many other 
classical logics such as fuzzy logic, intuitionistic fuzzy logic and paraconsistent logics, etc, Interval neutrosophic 
logic include interval neutrosophic propositional logic and first order interval neutrosophic predicate logic. We call 
them classical (standard) neutrosophic logic. In the future, we also will discuss and explore the non-classical (non- 
standard) neutrosophic logic such as modal interval neutrosophic logic, temporal interval neutrosophic logic, etc. 
Interval neutrosophic logic can not only handle imprecise, fuzzy and incomplete propositions but also inconsistent 
propositions without the danger of trivialization. The paper also give one application based on the semantic notion 
of interval neutrosophic logic — the Interval Neutrosophic Logic Systems (INLS) which is the generalization of 
classical FLS and interval valued fuzzy FLS. Interval neutrosophic logic will have a lot of potential applications 
in computational Web intelligence [19]. For example, current fuzzy Web intelligence techniques can be improved 
by using more reliable interval neutrosophic logic methods because T, I and F are all used in decision making. 
In large, such robust interval neutrosophic logic methods can also be used in other applications such as medical 
informatics, bioinformatics and human-oriented decision-making under uncertainty. In fact, interval neutrosophic 
sets and interval neutrosophic logic could be applied in the fields that fuzzy sets and fuzz logic are suitable for, 
also the fields that paraconsistent logics are suitable for 
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Intuitionistic Neutrosophic Soft Set 

Broumi Said and Florentin Smarandache 



Abstract. In this paper we study the concept of intuitionistic neutrosophic set of Bhowmik and Pal. We 
have introduced this concept in soft sets and def ned intuitionistic neutrosophic soft set. Some def nitions and 
operations have been introduced on intuitionistic neutrosophic soft set. Some properties of this concept have 
been established. 



Keywords: Soft sets, Neutrosophic set, Intuitionistic neutrosophic set, Intuitionistic neutrosophic soft set. 



1. Introduction 

In wide varities of real problems like , engineering problems, social, economic, computer science, medical 
science... etc. The data associated are often uncertain or imprecise, all real data are not necessarily crisp, 
precise, and deterministic because of their fuzzy nature. Most of these problem were solved by different 
theories, firstly by fuzzy set theory provided by Lotfi , Zadeh [1] , Later several researches present a number 
of results using different direction of fuzzy set such as : interval fuzzy set [13], intuitionistic fuzzy set by 
Atanassov[2], all these are successful to some extent in dealing with the problems arising due to the 
vagueness present in the real world ,but there are also cases where these theories failed to give satisfactory 
results, possibly due to indeterminate and inconsistent information which exist in belif system, then in 1995, 
Smarandache [3] intiated the theory of neutrosophic as new mathematical tool for handling problems 
involving imprecise, indeterminacy, and inconsistent data. Later on authors like Bhowmik and Pal [7] have 
further studied the intuitionistic neutrosophic set and presented various properties of it. In 1999 Molodtsov 
[4] introduced the concept of soft set which was completely a new approche for dealing with vagueness and 
uncertainties ,this concept can be seen free from the inadequacy of parameterization tool. After 
Molodtsovs’work, there have been many researches in combining fuzzy set with soft set, which incorporates 
the beneficial properties of both fuzzy set and soft set techniques ( see [12] [6] [8]). Recently , by the concept 
of neutrosophic set and soft set, first time, Maji [11] introduced neutrosophic soft set, established its 
application in decision making, and thus opened a new direction, new path of thinking to engineers, 
mathematicians, computer scientists and many others in various tests. This paper is an attempt to combine 
the concepts: intuitionistic neutrosophic set and soft set together by introducing a new concept called 
intuitionistic neutrosophic sof set, thus we introduce its operations namely equal , subset, union ,and 
intersection, We also present an application of intuitionistic neutrosophic soft set in decision making 
problem. 

The organization of this paper is as follow : in section 2, we brief y present some basic definitions and 
preliminary results are given which will be used in the rest of the paper. In section 3, Intuitionistic 
neutrosophic soft set. In section 4 an application of intuitionistic neutrosophic soft set in a decision making 
problem. Conclusions are there in the concluding section 5. 

2. Preliminaries 

Throughout this paper, let U be a universal set and E be the set of all possible parameters under 
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consideration with respect to U, usually, parameters are attributes , characteristics, or properties of objects in 
U. We now recall some basic notions of neutrosophic set , intuitionistic neutrosophic set and soft set . 
Definition 2.1 (see[3]). Let U be an universe of discourse then the neutrosophic set A is an object having 
the form A = {< x: T A ( X ) I a(x) ? Fa(x) >,x £ U}, where the functions T,I,F : U— >]~0,l + [ define respectively the 
degree of membership , the degree of indeterminacy, and the degree of non-membership of the element x £ 

X to the set A with the condition. 

0 < T A (x) + Ia ( x) + F a( x) < 3 + . 

From philosophical point of view, the neutrosophic set takes the value from real standard or non-standard 
subsets of ] _ 0,l + [.so instead of ] 0,l + [ we need to take the interval [0,1] for 
technical applications, because ]~0,l + [will be difficult to apply in the real applications such as in scientific 
and engineering problems. 

Definition 2.2 (see [3]). A neutrosophic set A is contained in another neutrosophic set B i.e. A ^ B if Vx 
G U, T a (x) < T b (x), I a (x) < I B (x), F a (x) > F B (x). 

A complete account of the operations and application of neutrsophic set can be seen in [3 ] [10 ]. 

Definition 2.3(see[7]). intuitionistic neutrosophic set 

An element x of U is called significant with respect to neutrsophic set A of U if the degree of truth- 
membership or falsity-membership or indeterminancy-membership value, i.e.,T A ( X ) or F A ( X )Or I A ( X ) < 0.5. 
Otherwise, we call it insignificant. Also, for neutrosophic set the truth-membership, indeterminacy- 
membership and falsity-membership all can not be significant. We define an intuitionistic neutrosophic set 
by A = {< x: T A(x ) I a(x) ,F A (x) >,x e U}, where 
min { T A(x ),Fa(x)} <0.5, 
min { Ta(x), Ia(x)} <0.5, 
min { F a( x ) , Ia( x) } < 0.5, for all x e U, 
with the condition 0 < T A ( X ) + Ia(x) + F A ( X ) < 2. 

As an illustration Jet us consider the following example. 

Example2.4. Assume that the universe of discourse U={xi,x 2 ,x 3 },' where xi 

characterizes the capability, x 2 characterizes the trustworthiness and x 3 indicates 

the prices of the objects. It may be further assumed that the values of xi, x 2 and x 3 

are in [0,1] and they are obtained from some questionnaires of some experts. The 

experts may impose their opinion in three components viz. the degree of goodness, 
the degree of indeterminacy and that of poorness to explain the characteristics of 

the objects. Suppose A is an intuitionistic neutrosophic set ( IN S ) of U, such that, 

A = {< xi, 0.3, 0.5, 0.4 >,< x 2 , 0.4, 0.2, 0.6 >,< x 3 , 0.7, 0.3, 0.5 >}, where the degree of goodness of 
capability is 0.3, degree of indeterminacy of capability is 0.5 and degree of falsity of capability is 0.4 etc. 

Definition 2.5 (see[4]). Let U be an initial universe set and E be a set of parameters. 

Let P(U) denotes the power set of U. Consider a nonempty set A, A c E. A pair 

( F, A ) is called a soft set over U, where F is a mapping given by F : A — > P(U). 

As an illustration Jet us consider the following example. 

Example 2.6. Suppose that U is the set of houses under consideration, say U = {hi, h 2 , . . ., h 5 }. Let E be the 

set of some attributes of such houses, say E = {ei, e 2 , . . ., e 8 }, where e i? e 2 , . . ., e 8 stand for the attributes 

“expensive”, “beautiful”, “wooden”, “cheap”, “modern”, and “in bad repair”, respectively. 

In this case, to define a soft set means to point out expensive houses, beautiful houses, and so on. For 
example, the soft set (F, A) that describes the “attractiveness of the houses” in the opinion of a buyer, say 
Thomas, may be defined like this: 

A={e 1 ,e 2 ,e 3 ,e 4 ,e 5 }; 

F(e0 = {h 2 , h 3 , h 5 }, F(e 2 ) - {h 2 , h 4 }, F(e 3 ) - {hi}, F(e 4 ) - U, F(e 5 ) - {h 3 , h 5 }. 

For more details on the algebra and operations on intuitionistic neutrosophic set and soft set, the reader may 
refer to [ 5,6,8,9,12]. 

3. Intuitionistic Neutrosophic Soft Set 

In this section ,we will initiate the study on hybrid structure involving both intuitionstic neutrosophic set and 
soft set theory. 
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Definition 3.1. Let U be an initial universe set and A c E be a set of parameters. Let N( U ) denotes the set 
of all intuitionistic neutrosophic sets of U. The collection (F,A) is termed to be the soft intuitionistic 
neutrosophic set over U, where F is a mapping given by F : A —> N(U). 

Remark 3.2. we will denote the intuitionistic neutrosophic soft set defined over an universe by INSS. 

Let us consider the following example. 

Example 3.3. Let U be the set of blouses under consideration and E is the set of parameters (or qualities). 
Each parameter is a intuitionistic neutrosophic word or sentence involving intuitionistic neutrosophic words. 
Consider E = { Bright, Cheap, Costly, very costly, Colorful, Cotton, Polystyrene, long sleeve , expensive } . 
In this case, to define a intuitionistic neutrosophic soft set means to point out Bright blouses, Cheap blouses, 
Blouses in Cotton and so on. Suppose that, there are five blouses in the universe U given by, U = 
{bi,b 2 ,b 3 ,b 4 ,b 5 } and the set of parameters A = {ei,e 2 ,e 3 ,e 4 }, where each ei is a specific criterion for blouses: 

ei stands for ‘Bright’, 
e 2 stands for ‘Cheap’, 
e 3 stands for ‘costly’, 
e 4 stands for ‘Colorful’, 

Suppose that, 



F(Bright)={<b 1 ,0.5,0.6,0.3>,<b 2 ,0.4,0.7,0.2>,<b 3 ,0.6,0.2,0.3>,<b 4 ,0.7,0.3,0.2> 

,<b 5 ,0.8,0.2,0.3>}. 

F(Cheap)={<b 1 ,0.6,0.3,0.5>,<b 2 ,0.7,0.4,0.3>,<b 3 ,0.8,0.1,0.2>,<b 4 ,0.7,0.1,0.3> 

,<b 5 ,0.8,0.3,0.4}. 

F(Costly)={<b 1 ,0.7,0.4,0.3>,<b 2 ,0.6,0.1,0.2>,<b 3 ,0.7,0.2,0.5>,< b 4 , 0.5, 0.2, 0.6 > 

,< b 5 , 0.7, 0.3, 0.2 >}. 

F(Colorful)={<b 1 ,0.8,0.1,0.4>,<b 2 ,0.4,0.2,0.6>,<b 3 ,0.3,0.6,0.4>,<b 4 ,0.4,0.8,0.5> 

,< b 5 , 0.3, 0.5, 0.7 >}. 

The intuitionistic neutrosophic soft set ( INSS ) ( F, E ) is a parameterized family {F(ei),i = 1,* • ,10} of all 
intuitionistic neutrosophic sets of U and describes a collection of approximation of an object. The mapping F 
here is ‘blouses (.)’, where dot(.) is to be filled up by a parameter ei E. Therefore, F(ei) means ‘blouses 
(Bright)’ whose functional-value is the intuitionistic neutrosophic set 
{< b h 0.5, 0.6, 0.3 >,< b 2 , 0.4, 0.7, 0.2 >, < b 3 , 0.6, 0.2, 0.3 >,< b 4 , 0.7, 0.3, 0.2 >,< b 5 , 0.8, 0.2, 0.3 >}. 

Thus we can view the intuitionistic neutrosophic soft set ( INSS ) ( F, A ) as a collection of approximation as 
below: 

( F, A ) = { Bright blouses^ {< bi, 0.5, 0.6, 0.3 >,< b 2 , 0.4, 0.7, 0.2 >, < b 3 , 0.6, 0.2, 0.3 >,< b 4 , 0.7, 0.3, 0.2 >,< 
b 5 , 0.8, 0.2, 0.3 >}, Cheap blouses^ {< bi, 0.6, 0.3, 0.5 >,< b 2 , 0.7, 0.4, 0.3 >,< b 3 , 0.8,0. 1,0.2 >, < b 4 , 0.7,0. 1,0.3 >,< 
b 5 , 0.8, 0.3, 0.4 >}, costly blouses^ {< bi, 0.7, 0.4, 0.3 > ,< b 2 , 0.6,0. 1,0.2 >,< b 3 , 0.7, 0.2, 0.5 >,< b 4 , 0.5, 0.2, 0.6 >,< 
b 5 , 0.7, 0.3, 0.2 >}, Colorful blouses^ {< bi, 0.8,0. 1,0.4 >,< b 2 , 0.4, 0.2, 0.6 >,< b 3 , 0.3, 0.6, 0.4 >, < 
b 4 ,0.4,0.8,0.5>,< b 5 , 0.3, 0.5, 0.7 >} } . 

where each approximation has two parts: (i) a predicate p, and (ii) an approximate value-set v ( or simply to 
be called value-set v ). 

For example, for the approximation ‘Bright blouses= {< bi, 0.5, 0.6, 0.3 >, < 

b 2 , 0.4, 0.7, 0.2 >,<b 3 ,0.6,0.2,0.3>,<b 4 ,0.7,0.3,0.2>,<b 5 ,0.8,0.2,0.3>}’. 

we have (i) the predicate name ‘Bright blouses’, and (ii) the approximate value-set 
is{<bi,0.5,0.6,0.3>,<b 2 ,0.4,0.7,0.2>,<b 3 ,0.6,0.2,0.3>,<b 4 ,0.7,0.3,0.2> ,< b 5 , 0.8, 0.2, 0.3 >}. Thus, an 
intuitionistic neutrosophic soft set ( F, E ) can be viewed as a collection of approximation like ( F, E ) = (pi = 
Vi,p 2 = v 2 ,- -,pio = Vio}. In order to store an intuitionistic neutrosophic soft set in a computer, we could 
represent it in the form of a table as shown below ( corresponding to the intuitionistic neutrosophic soft set in 
the above example ). In this table, the entries are Cy corresponding to the blouse bi and the parameter ej, 
where Cy = (true-membership value of b i? indeterminacy-membership value of b i? falsity membership value of 
bi) in F(ej). The table 1 represent the intuitionistic neutrosophic soft set ( F, A ) described above. 
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u 


bright 


cheap 


costly 


colorful 


bi 


( 0 . 5 , 0 . 6 , 0 . 3 ) 


(0.6, 0.3, 0.5) 


( 0 . 7 , 0 . 4 , 0 . 3 ) 


(0.8, 0.1, 0.4) 


b 2 


( 0 . 4 , 0 . 7 , 0.2 > 


(0.7, 0.4, 0.3) 


(0.6, 0.1, 0.2) 


( 0.4, 0.2, 0.6 ) 


b 3 


( 0 . 6 , 0 . 2 , 0.3 ) 


(0.8, 0.1, 0.2) 


( 0.7, 0.2, 0.5 ) 


( 0.3, 0.6, 0.4 ) 


b 4 


( 0 . 7 , 0 . 3 , 0.2 > 


(0.7, 0.1, 0.3) 


(0.5, 0.2, 0.6) 


( 0.4, 0.8, 0.5 ) 


b 5 


( 0 . 8 , 0 . 2 , 0.3 ) 


(0.8, 0.3, 0.4) 


( 0.7, 0.3, 0.2 ) 


(0.3, 0.5, 0.7) 



Table 1: Tabular form of the INSS ( F, A ). 



Remark 3.4.An intuitionistic neutrosophic soft set is not an intuituionistic neutrosophic set but a 
parametrized family of an intuitionistic neutrosophic subsets. 

Definition 3.5. Containment of two intuitionistic neutrosophic soft sets. 

For two intuitionistic neutrosophic soft sets ( F, A ) and ( G, B ) over the common universe U. We say 
that ( F, A ) is an intuitionistic neutrosophic soft subset of ( G, B ) if and only if 

(i) A c B. 

(ii) F(e) is an intuitionistic neutrosophic subset of G(e). 

Or T F(e) (x) < T G (e)(x), I F (e)(x) < I G (e)(x), F F(e) (x) > F G ( e )(x), Ve E A, X E U. 

We denote this relationship by ( F, A ) ^ ( G, B ). 

( F, A ) is said to be intuitionistic neutrosophic soft super set of ( G, B ) if ( G, B ) is an intuitionistic neutrosophic 
soft subset of ( F, A ). We denote it by ( F, A ) 3 ( G, B ). 

Example 3.6. Let (F,A) and (G ? B) be two INSSs over the same universe U = { 01 , 02 , 03 , 04 , 05 }. The 
INSS (F,A) describes the sizes of the objects whereas the INSS ( G, B ) describes its surface textures. 
Consider the tabular representation of the INSS ( F, A ) is as follows. 



U 


small 


large 


colorful 


O! 


( 0 . 4 , 0 . 3 , 0 . 6 ) 


(0.3, 0.1, 0.7) 


(0.4, 0.1, 0.5) 


o 2 


(0.3, 0.1, 0.4) 


( 0.4, 0.2, 0.8 ) 


( 0.6, 0.3, 0.4 ) 


o 3 


( 0.6, 0.2, 0.5 ) 


(0.3, 0.1, 0.6) 


(0.4, 0.3, 0.8) 


o 4 


(0.5, 0.1, 0.6) 


(0.1, 0.5, 0.7) 


( 0.3, 0.3, 0.8 ) 


o 5 


(0.3, 0.2, 0.4) 


(0.3, 0.1, 0.6) 


(0.5, 0.2, 0.4) 



Table 2: Tabular form of the INSS ( F, A ). 



The tabular representation of the INSS ( G, B ) is given by table 3. 



U 


small 


large 


colorful 


very smooth 


Ol 


(0.6, 0.4, 0.3 ) 


( 0 . 7 , 0 . 2 , 0 . 5 ) 


(0.5, 0.7, 0.4) 


(0.1, 0.8, 0.4) 


02 


( 0.7, 0.5, 0.2 ) 


( 0 . 4 , 0 . 7 , 0 . 3 ) 


( 0.7, 0.3, 0.2 ) 


( 0.5, 0.7, 0.3 ) 


03 


(0.6, 0.3, 0.5) 


( 0 . 7 , 0 . 2 , 0 . 4 ) 


( 0.6, 0.4, 0.3 ) 


(0.2, 0.9, 0.4) 


04 


(0.8, 0.1, 0.4) 


( 0 . 3 , 0 . 6 , 0 . 4 ) 


( 0.4, 0.5, 0.7 ) 


( 0.4, 0.4, 0.5 ) 


05 


( 0.5, 0.4, 0.2 ) 


(0.4, 0.1, 0.5) 


( 0.6, 0.4, 0.3 ) 


(0.5, 0.8, 0.3) 



Table 3: Tabular form of the INSS ( G, B ). 



Clearly, by definition 3.5 we have ( F, A ) c ( G, B ). 

Definition 3.7. Equality of two intuitionistic neutrosophic soft sets. 

Two INSSs ( F, A ) and ( G, B ) over the common universe U are said to be intuitionistic neutrosophic soft 
equal if ( F, A ) is an intuitionistic neutrosophic soft subset of ( G, B ) and ( G, B ) is an intuitionistic 
neutrosophic soft subset of ( F, A ) which can be denoted by ( F, A )= ( G, B ). 

Definition 3.8. NOT set of a set of parameters. 



164 







Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



Let E = {ei,e 2 ,"-,e n } be a set of parameters. The NOT set of E is denoted by ]E is defined by ]E ={ ] ei, 
ie 2 , • • • ,1 e n } , where i e = not ej, Vi ( it may be noted that ] and ] are different operators ). 

Example 3.9. Consider the example 3.3. Here IE = { not bright, not cheap, not costly, not colorful }. 

Definition 3.10. Complement of an intuitionistic neutrosophic soft set. 

The complement of an intuitionistic neutrosophic soft set ( F, A ) is denoted by (F,A) C and is defined by 
(F,A) C = (F C ,]A), where F c :"| A — > N(U) is a mapping given by 

F c (a) = intutionistic neutrosophic soft complement with T F c (x )= F F(x) 1 f c (x) = I F(x) and F P C (X) = T F(X) 

Example 3.11. As an illustration consider the example presented in the example 3.2. the complement (F,A) C 
describes the ‘not attractiveness of the blouses’. Is given below. 

F( not bright) = {< bi, 0.3, 0.6,0. 5 >,< b 2 , 0.2,0. 7,0.4 >,< b3,0.3,0.2,0.6 >, 

< b4, 0.2,0. 3, 0.7 x b 5 ,0.3,0.2,0.8 >}. 

F( not cheap ) = {< bi,0.5,0.3,0.6 >,< b 2 , 0.3, 0.4, 0.7 >,< b3,0. 2,0. 1,0.8 >, 

< b 4 ,0.3,0.1,0.7 >,< b 5 ,0.4,0.3,0.8 >}. 

F( not costly ) = {< bi,0.3,0.4,0.7 >,< b 2 ,0. 2,0. 1,0.6 >,< b 3 ,0.5,0.2,0.7 >, 

< b 4 , 0.6,0. 2,0. 5 >,< b 5 , 0.2, 0.3,0. 7 >}. 

F( not colorful ) = {< bi, 0.4,0. 1,0.8 >,< b 2 , 0.6, 0.2, 0.4 >,< b 3 , 0.4, 0.6,0. 3 >, 

< b 4 ,0.5,0.8,0.4 >< b 5 , 0.7,0. 5,0. 3 >}. 

Definition 3.12:Empty or Null intuitionistic neutrosopphic soft set. 

An intuitionistic neutrosophic soft set (F,A) over U is said to be empty or null intuitionistic neutrosophic soft 
(with respect to the set of parameters) denoted by O a or (0,A) if T F ( e )(m) = 0,F F ( e )(m) = 0 and I F ( e >(m) = 
0,Vm G U,Ve G A. 

Example 3.13. Let U = {bi,b 2 ,b 3 ,b 4 ,b 5 }, the set of five blouses be considered as the universal set and A = 
{ Bright, Cheap, Colorful } be the set of parameters that characterizes the blouses. Consider the 
intuitionistic neutrosophic soft set ( F, A) which describes the cost of the blouses and 
F(bright)={< bj, 0,0,0 >,< b 2 , 0,0,0 >,< b 3 , 0,0,0 >,< b 4 ,0,0,0 >, < b 5 , 0,0,0 >}, 

F(cheap)={< bi,0,0,0 >,< b 2 ,0,0,0 >,< b 3 , 0,0,0 >,< b 4 0,0,0 >, < bs, 0,0,0 >}, 

F(colorful)={< bi, 0,0,0 >,< b 2 , 0,0,0 >,< b 3 ,0,0,0 >, < b 4 , 0,0,0 >,< b 5 ,0,0,0 >}. 

Here the NINSS ( F, A ) is the null intuitionistic neutrosophic soft set. 

Definition 3.14. Union of two intuitionistic neutrosophic soft sets. 

Let (F,A) and (G,B) be two INSSs over the same universe U.Then the 

union of (F,A) and (G,B) is denoted by ‘(F,A)U(G,B)’ and is defined 

by (F,A)U(G,B)=(K,C), where C=AUB and the truth-membership, 

indeterminacy-membership and falsity-membership of ( K,C) are as follows: 

T K (e) ( m) = T F(e )(m), if e G A - B, 

= T G(e) (m), if e G B - A , 

= max (T F(e) (m) ,T G(e) (m)), if e G A IT B. 
lK(e)(m) = I F(e )(m), if e G A - B, 

= I G(e )(m), if e G B - A , 

= min (I F( e)(m),I G(e) (m)), if e G A D B. 

F K (e) ( m) = F F(e) (m), if e G A - B, 

= F G(e) (m), if e G B - A , 

= min (F F (e)(m),F G(e) (m)), if e G A IT B. 

Example 3.15. Let ( F, A ) and ( G, B ) be two INSSs over the common universe U. Consider the tabular 
representation of the INSS ( F, A ) is as follow: 





Bright 


Cheap 


Colorful 


bi 


( 0.6, 0.3, 0.5 ) 


( 0.7, 0.3, 0.4 ) 


( 0.4, 0.2, 0.6 ) 


b 2 


(0.5, 0.1, 0.8) 


(0.6, 0.1, 0.3) 


( 0.6, 0.4, 0.4 ) 


b 3 


( 0.7, 0.4, 0.3 ) 


( 0.8, 0.3, 0.5 ) 


( 0.5, 0.7, 0.2 ) 


b 4 


(0.8, 0.4, 0.1 ) 


( 0.6, 0.3, 0.2 ) 


( 0.8, 0.2, 0.3 
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b 5 


( 0.6, 0.3, 0.2 ) 


(0.7, 0.3, 0.5) 


(0.3, 0.6, 0.5 



Table 4: Tabular form of the INSS ( F, A ). 



The tabular representation of the INSS ( G, B ) is as follow: 



U 


Costly 


Colorful 


bi 


( 0.6, 0.2, 0.3) 


( 0.4, 0.6, 0.2 ) 


b 2 


( 0.2, 0.7, 0.2 ) 


( 0.2, 0.8, 0.3 ) 


b 3 


(0.3, 0.6, 0.5) 


(0.6,0.3,0.4) 


b 4 


(0.8, 0.4, 0.1 ) 


( 0.2, 0.8, 0.3 ) 


b 5 


(0.7, 0.1, 0.4) 


(0.5, 0.6, 0.4) 



Table 5: Tabular form of the INSS ( G, B ). 

Using definition 3.12 the union of two INSS (F, A ) and ( G, B ) is ( K, C ) can be represented into the 
following Table. 



U 


Bright 


Cheap 


Colorful 


Costly 


bi 


(0.6,03, 
0.5 ) 


(0.7,03, 

0.4) 


( 0.4, 0.2, 
0.2) 


( 0.6, 0.2, 
0.3) 


b 2 


(0.5, 0.1, 
0.8) 


(0.6, 0.1, 
0.3) 


( 0.6, 0.4, 
0.3) 


( 0.2, 0.7, 
0.2) 


b 3 


( 0.7, 0.4, 
0.3) 


(0.8,03, 
0.5 ) 


(0.6,03, 

0.2) 


(03,0.6, 
0.5 ) 


b 4 


( 0.8, 0.4, 
0.1) 


(0.6,03, 

0.2) 


(0.8, 0.2, 
0.3) 


( 0.8, 0.4, 
0.1) 


b 5 


(0.6,03, 

0.2) 


(0.7,03, 

0.5) 


(0.5, 0.6, 
0.4) 


(0.7, 0.1, 
0.4) 



Table 6: Tabular form of the INSS ( K, C ). 



Definition 3.16. Intersection of two intuitionistic neutrosophic soft sets. 

Let (F,A) and (G,B) be two INSSs over the same universe U such that A fl BGO. Then the intersection of 
(F,A) and ( G,B) is denoted by ‘( F,A) fl (G, B)’ and is defined by ( F, A ) D( G, B ) = ( K,C), where C 
=AflB and the truth-membership, indeterminacy membership and falsity-membership of ( K, C ) are 
related to those of (F,A) and (G,B) by: 



T K (e) ( m) =min (T F(e) (m),T G(e) (m)), 

I K(e )(m) = min (I F(e) (m),I G(e) (m)), 

F K( exm) =max (F F(e )(m),F G(e )(m)), for all e G C. 



Example 3.17. Consider the above example 3.15. The intersection of ( F, A ) and ( G, B ) can be represented 
into the following table : 



U 


Colorful 


bi 


( 0.4, 0.2,0. 6) 


b 2 


( 0.2,0.4,0.4) 


b 3 


( 0.6,03,0.4) 


b 4 


( 0.8,0.2,03) 


b 5 


( 03,0.6,0.5) 



Table 7: Tabular form of the INSS ( K, C ). 



Proposition 3.18. If (F, A) and (G, B) are two INSSs over U and on the basis of the operations defined 
above ,then: 
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(1) 


idempotency laws: 


(F,A) U (F,A) = 


(F,A). 








(F,A) fl (F,A) = 


(F,A). 


(2) 


Commutative laws 


: (F,A) U (G,B) 


= (G,B) U (F,A). 








(F,A) n (G,B) 


= (G,B) n (F,A). 


(3) 


(F,A) U <F 


= (F,A). 






(4) 


(F,A) n <F 


= <F. 






(5) 


[(F,A)T = 


(F,A). 







Proof. The proof of the propositions 1 to 5 are obvious. 

Proposition 3.19 . If ( F, A ), ( G, B ) and ( K, C ) are three INSSs over U,then: 

(1) (F,A) n [(G,B) n (K,C)] = [(F,A) D (G,B)] PI (K,C). 

(2) (F,A) U [(G,B) U (K,C)] = [(F,A) U (G,B)] U (K,C). 

(3) Distributive laws: (F,A) U [(G,B) H (K,C)] = [(F,A) U (G,B)] FI [(F,A) U (K,C)]. 

(4) (F,A) n [(G,B) U (K,C)] = [(H,A) fl (G,B)] U [(F,A) D (K,C)]. 

Exemple 3.20. Let (F,A) ={(b, ,0.6, 0.3,0. 1 ) ,< b 2 , 0.4, 0.7,0. 5) ,(b 3 , 0.4,0. 1,0.8)} , (G,B) ={ (b u 0.2,0.2,0.6), (b 2 
0.7, 0.2, 0.4), (b 3 , 0.1, 0.6, 0.7) } and (K,C) ={(b 1 ,0.3,0.8,0.2),(b 2 ,0.4,0.1,0.6),(b 3 ,0.9,0.1,0.2)} be three INSSs of U, 
Then: 

(F,A) U (G,B) = { <b,, 0.6, 0.2, 0.1 > , <b 2 , 0.7, 0.2, 0.4 > , ( b 3 , 0.4,0. 1,0.7 ) }. 

(F,A) U (K,C) = { ( bi, 0.6, 0.3,0. 1 ) , (b 2 , 0.4,0. 1 ,0.5 ) , ( b 3 , 0.9,0. 1 ,0.2 > }. 

(G,B) fl (K,C)] = { ( b,, 0.2, 0.2, 0.6 ) , ( b 2 , 0.4,0. 1,0.6), <b 3 , 0. 1 ,0. 1 ,0.7 ) } . 

(F,A) U [(G,B) n (K,C)] = { (b,, 0.6, 0.2, 0.1 >, ( b 2 , 0.4, 0.1, 0.5 >, < b 3 , 0.4, 0.1, 0.7 ) }. 

[(F,A) U (G,B)] fl [(F,A) U (K,C)] = 

Hence distributive (3) proposition verified. 

Proof, can be easily proved from definition 3. 14. and 3.16. 

Definition 3.21. AND operation on two intuitionistic neutrosophic soft sets. 

Let ( F, A ) and ( G, B ) be two INSSs over the same universe U. then ( F, A ) ‘’AND ( G, B) denoted 

by ‘( F, A ) A ( G, B )and is defined by ( F, A ) A ( G, B ) = ( K, A x B ), where K(a, p)=F(a)n B(p) 

and the truth-membership, indeterminacy-membership and falsity-membership of ( K, A*B ) are as 
follows: 

T K (a,p)(m) = min(T F(a )(m),T G (p)(m)), I K (a,p)(m) = min(I F(a )(m),I G (p)(m)) 

F K(a ,p)(m) = max(F F(a) (m),F G( p)(m)), Va6 A,vpe B. 

Example 3.22. Consider the same example 3.15 above. Then the tabular representation of (F,A) AND ( G, 
B ) is as follow: 



U 


(bright, costly) 


(bright, Colorful) 


(cheap, costly) 


bi 


( 0.6, 0.2, 0.5 ) 


( 0.4, 0.3, 0.5 ) 


( 0.6, 0.2, 0.4 ) 


b 2 


(0.2, 0.1, 0.8) 


(0.2, 0.1, 0.8) 


(0.2, 0.1, 0.3) 


b 3 


(0.3, 0.4, 0.5) 


(0.6, 0.3, 0.4) 


(0.3, 0.3, 0.5) 


b 4 


(0.8, 0.4, 0.1 ) 


( 0.2, 0.4, 0.3 ) 


(0.6, 0.3, 0.2) 


b 5 


(0.6, 0.1, 0.4) 


(0.5, 0.3, 0.4) 


(0.7, 0.1, 0.5) 


u 


(cheap, colorful) 


(colorful, costly) 


(colorful, colorful) 


bi 


( 0.4, 0.3, 0.4 ) 


( 0.4, 0.2, 0.6 ) 


( 0.4, 0.2, 0.6 ) 


b 2 


(0.2, 0.1, 0.3) 


( 0.2, 0.4, 0.4 ) 


( 0.2, 0.4, 0.4 ) 


b 3 


( 0.6, 0.3, 0.5 ) 


(0.3, 0.6, 0.5) 


(0.5, 0.3, 0.4) 


b 4 


( 0.2, 0.3, 0.3 ) 


( 0.8, 0.2, 0.3 ) 


( 0.2, 0.2, 0.3 ) 


b 5 


(0.5, 0.3, 0.5) 


(0.3, 0.1, 0.5) 


(0.3, 0.6, 0.5) 



Table 8: Tabular representation of the INSS ( K, A x B). 



Definition 3.23. If (F,A) and (G,B) be two INSSs over the common universe U then ‘(F,A) OR(G,B)’ 
denoted by (F,A) V (G,B) is defined by ( F, A) V (G, B ) = (0,A><B), where, the tmth-membership, 
indeterminacy membership and falsity-membership of 0( a, P) are given as follows: 
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TO(a,p) (m) " max(T F(a) (m) ’ T G(p) (m)) ’ 

I o(a.p)(m) = min(I F(a) <m),I G(P) <m)) ’ 

FO(a,P) (m) = min(F F(a) (m),F G(P) <m)) ’ Va e A ’ vp e B ' 

Example 3.24 Consider the same example 3.14 above. Then the tabular representation of ( F, A ) OR ( G, 
B ) is as follow: 



u 


(bright, costly) 


(bright, colorful) 


(cheap, costly) 


bi 


( 0.6, 0.2, 0.3 ) 


( 0.6, 0.3, 0.2 ) 


( 0.7, 0.2, 0.3 ) 


b 2 


(0.5, 0.1, 0.2) 


(0.5, 0.1, 0.3) 


(0.6, 0.1, 0.2) 


b 3 


( 0.7, 0.4, 0.3 ) 


( 0.7, 0.3, 0.3 ) 


( 0.8, 0.3, 0.5 ) 


b 4 


(0.8, 0.4, 0.1 ) 


(0.8, 0.4, 0.1 ) 


(0.8, 0.3, 0.1 ) 


b 5 


(0.7, 0.1, 0.2) 


( 0.6, 0.3, 0.4 ) 


(0.7, 0.1, 0.4) 


u 


(cheap, colorful) 


(colorful, costly) 


(colorful, colorful) 


bi 


( 0.7, 0.3, 0.2 ) 


( 0.6, 0.2, 0.3 ) 


( 0.4, 0.2, 0.2 ) 


b 2 


(0.6, 0.1, 0.3) 


( 0.6, 0.4, 0.2 ) 


(0.6, 0.4, 0.3) 


b 3 


(0.8, 0.3, 0.4) 


( 0.5, 0.6, 0.2 ) 


( 0.5, 0.7, 0.2 ) 


b 4 


( 0.6, 0.3, 0.2 ) 


(0.8, 0.2, 0.1 ) 


(0.8, 0.2, 0.3) 


b 5 


( 0.7, 0.3, 0.4 ) 


(0.7, 0.1, 0.4) 


( 0.5, 0.6, 0.4) 



Table 9: Tabular representation of the INSS ( O, A x B). 



Proposition 3.25. if ( F, A ) and ( G, B ) are two INSSs over U, then : 

(1) [(F,A) A (G,B)] C = (F,A) C V (G,B) C 

(2) [(F,A) V (G,B)] C = (F,A) C A (G,B) C 
Proof 1. Let (F,A)={<b, T F(x) (b), I F( x)(b), F F(x) (b)>|b 6 U} 

and 

(G,B) = {< b, T G(x) (b), I G(x) (b), F G(x) (b) > |b e U} 
be two INSSs over the common universe U. Also let (K,A x B) = (F,A) A (G,B), 
where, K(a, P) = F(a) fl G(P) for all (a, P) £ A x B then 

K(a, P) = {< b, min(T F(a) (b),T G( p)(b)), min(I F(a) (b),I G(P) (b)), max(F F(a) (b),F G (p)(b)) >|b£U}. 
Therefore, 

[(F,A) A (G,B)] C = (K,A x B) c 

= {< b, max(F F(a) (b),F G( p)(b)), min(I F(a) (b),I G( p)(b)), min(T F(a> (b),T G( p)(b)) >|b e U}. 

Again 

(F,A) C V (G,B) C 

= {< b, max(F F c (a) (b)),F G c ( p)(b)), min(I F c (a) (b),I G c ( p)(b)), min(T F c (a) (b), T G c (P )(b)) >| b £ U}. 

= {< b, min(T F ( a )(b),T G (p)(b)), min(I F ( a )(b),I G (p)(b)), max(F F ( a )(b),F G (p)(b)) >| b £ U} c . 

= {< b, max(F F(a) (b), F G(P) (b)), min(I F(a) (b),I G( p)(b)>, min(T F(a) (b),T G(P) (b» >| b £ U}. 

It follows that [(F,A) A (G,B)]° = (F,A) C V (G,B) C . 

Proof 2. 

Let ( F, A ) = {< b, T F(x) (b), I F(x) (b), F P(x) (b) > |b £ U} and 

(G,B) = {< b, T G ( X )(b),I G ( x) (b),F G ( X )(b) > |b E U} be two INSSs over the common universe U. 
Also let (0,A x B) = (F,A) V (G,B), where, O (a,P) = F(a) U G(P) for all (a,P) E A x B. then 
0(a,P) = {< b, max(T F ( a )(b),T G (p)(b)), min(I F ( a )(b),I G (p)(b)), min(F F ( a )(b),F G ( P )(b)) > |b E U}. 
[(F,A)V(G,B)] C = (0,AxB) c = {< b, min(F F(a) (b),F G(P) (b)), min(I F(a) (b),I G(P) (b)), 
max(T F(a) (b),T G( p)(b)) > |b E U}. 

Again 

(H,A) C A (G,B) C 

= {< b,min(F F C ( a )(b),F G C ( P )(b)),min(I F C ( a )(b),I G C (p)(b)), max(T F C ( a )(b),T G C ( P )(b)),>| b E U}. 
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= {< b ,max(T F(a )(b) ,T G( p)(b)) ,min(I F c ( a)(b) ,I G c ( p)(b)) ,min(F F («)(b) ,F G( p)(b))> | b G U} c . 

= {< b, min(F F (a)(b),FG(p)(b)),min(I F(a )(b),I G (p)(b)), max(T F(a) (b),T G (p)(b)) >| b G U}. 

It follows that [(F,A) V (G,B)] C = (F,A) C A (G,B) C • 

4. An application of intuitionistic neutrosophic soft set in a decision making 
problem 

For a concrete example of the concept described above, we revisit the blouse purchase problem in Example 
3.3. So let us consider the intuitionistic neutrosophic soft set S = (F,P) (see also Table 10 for its tabular 
representation), which describes the ’’attractiveness of the blouses” that Mrs. X is going to buy. on the basis 
of her m number of parameters (ei,e 2 ,...,e m ) out of n number of blouses(bi,b 2 ,...,b n ). We also assume that 
corresponding to the parameter ej(j =1,2,* • *,m) the performance value of the blouse bi (i = 1,2,* • *,n) is a tuple 
Pij = (T F (ej) (bi),I F (ej) (bi),T F (ej) (bi)), such that for a fixed i that values py (j = l,2,***,m) represents an 
intuitionistic neutrosophic soft set of all the n objects. Thus the performance values could be arranged in 
the form of a matrix called the ‘criteria matrix’. The more are the criteria values, the more preferability of the 
corresponding object is. Our problem is to select the most suitable object i.e. the object which dominates each 
of the objects of the spectrum of the parameters ej. Since the data are not crisp but intuitionistic neutrosophic 
soft the selection is not straightforward. Our aim is to find out the most suitable blouse with the choice 
parameters for Mrs. X. The blouse which is suitable for Mrs. X need not be suitable for Mrs. Y or Mrs. Z, as 
the selection is dependent on the choice parameters of each buyer. We use the technique to calculate the score 
for the objects. 

4.1. Definition: Comparison matrix 

The Comparison matrix is a matrix whose rows are labelled by the object names of the universe such as 
bi,b 2 ,***,b n and the columns are labelled by the parameters ei,e 2 ,-**,e m . The entries are Cy, where Cy, is the 
number of parameters for which the value of bi exceeds or is equal to the value bj. The entries are calculated 
by Cy =a + d - c, where ‘a’ is the integer calculated as ‘how many times T b i (ej) exceeds or equal to T b k (ej)’, 
for bi ^ bk, Vbk ^ U, ‘d’is the integer calculated as ‘how many times I b i( ej *) exceeds or equal to I b k(ej)’ ? for bi 
± b k , V b k ^ U and ‘c’ is the integer ‘how many times F bi ( ej ) exceeds or equal to F bk (ej)’, for bi ± b k , Vb k £ 
U. 

Definition 4.2. Score of an object. The score of an object bi is Si and is calculated as : 

Si Ci j 

Now the algorithm for most appropriate selection of an object will be as follows. 

Algorithm 

(1) input the intuitionistic Neutrosophic Soft Set ( F, A). 

(2) input P, the choice parameters of Mrs. X which is a subset of A. 

(3) consider the INSS ( F, P) and write it in tabular form. 

(4) compute the comparison matrix of the INSS ( F, P). 

(5) compute the score Si of b i? Vi. 

(6) find S k = maxi Si 

(7) if k has more than one value then any one of bi may be chosen. 

To illustrate the basic idea of the algorithm, now we apply it to the intuitionistic neutrosophic soft set 
based decision making problem. 

Suppose the wishing parameters for Mrs. X where P= {Bright, Costly, Polystyreneing, Colorful, Cheap}. 
Consider the INSS ( F, P ) presented into the following table. 



u 


Bright 


costly 


Polystyreneing 


Colorful 


Cheap 


bi 


( 0.6, 0.3, 0.4 ) 


( 0.5, 0.2, 0.6 ) 


( 0.5, 0.3, 0.4 ) 


( 0.8, 0.2, 0.3 ) 


( 0.6, 0.3, 0.2 ) 


b 2 


( 0.7, 0.2, 0.5 ) 


( 0.6, 0.3, 0.4 ) 


( 0.4, 0.2, 0.6 ) 


( 0.4, 0.8, 0.3 ) 


( 0.8, 0.1, 0.2 ) 


b 3 


( 0.8, 0.3, 0.4 ) 


( 0.8, 0.5, 0.1 ) 


( 0.3, 0.5, 0.6 ) 


( 0.7, 0.2, 0.1 ) 


( 0.7, 0.2, 0.5 ) 


b 4 


( 0.7, 0.5, 0.2 ) 


( 0.4, 0.8, 0.3 ) 


( 0.8, 0.2, 0.4 ) 


( 0.8, 0.3, 0.4 ) 


( 0.8, 0.3, 0.4 ) 
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b 5 


( 0 . 3 , 0 . 8 , 0.4 ) 


( 0 . 3 , 0 . 6 , 0.1 ) 


( 0 . 7 , 0 . 3 , 0.2 ) 


( 0 . 6 , 0 . 2 , 0.4 ) 


( 0 . 6 , 0 . 4 , 0,2 ) 



Table 10: Tabular form of the INSS (F, P). 



The comparison-matrix of the above INSS ( F, P) is represented into ti 



he following table. 



U 


Bright 


Costly 


Polystyreneing 


Colorful 


Cheap 


bi 


0 


-2 


3 


0 


2 


b 2 


-1 


1 


-2 


2 


2 


b 3 


3 


5 


0 


4 


-1 


b 4 


6 


3 


3 


3 


4 


b 5 


7 


2 


6 


-1 


3 



Table 1 1 : Comparison matrix of the INSS ( F, P ). 



Next we compute the score for each bi as shown below: 



U 


Score (Si) 


bi 


3 


b 2 


2 


b 3 


11 


b 4 


19 


b 5 


17 



Clearly, the maximum score is the score 19, shown in the table above for the blouse b 4 . 

Hence the best decision for Mrs. X is to select b 4 , followed by b 5 . 

5. Conclusions 

In this paper we study the notion of intuitionistic neutrosophic set initiated by Bhowmik and Pal. We use this concept in 
soft sets considering the fact that the parameters ( which are words or sentences ) are mostly intutionistic neutrosophic set; 
but both the concepts deal with imprecision, We have also defined some operations on INSS and prove some propositions. 
Finally, we present an application of INSS in a decision making problem. 
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Intuitionistic Neutrosphic Soft Set over Rings 



Said Broumi, Florentin Smarandache, Pabitra Kumar Maji 



Abstract . S. Broumi and F. Smarandache introduced the 
concept of intuitionistic neutrosophic soft set as an extension 
of the soft set theory. In this paper we have applied the 
concept of intuitionistic neutrosophic soft set to rings 
theory .The notion of intuitionistic neutrosophic soft set over 
ring (INSSOR for short ) is introduced and their basic 
properties have been investigated. The definitions of 
intersection, union, AND, and OR operations over ring 
(INSSOR) have also been defined. Finally, we have defined 
the product of two intuitionistic neutrosophic soft set over 
ring. 

Keywords Intuitionistic Neutrosphic Soft Set, 
Intuitionistic Neutrosphic Soft Set over Ring, Soft Set, 
Neutrosphic Soft Set 



1. Introduction 

The theory of neutrosophic set (NS), which is the 
generalization of the classical sets, conventional fuzzy set [1], 
intuitionistic fuzzy set [2] and interval valued fuzzy set 
[3], was introduced by Samarandache [4]. This concept has 
recently motivated new research in several directions such as 
databases [5,6], medical diagnosis problem [7], decision 
making problem [8], topology [9 ], control theory [10] and so 
on. We become handicapped to use fuzzy sets, intuitionistic 
fuzzy sets or interval valued fuzzy sets when the 
indeterministic part of uncertain data plays an important role 
to make a decision. In this context some works can be found 
in [11,12,13,14]. 

Another important concept that addresses uncertain 
information is the soft set theory originated by 
Molodtsov[15]. This concept is free from the 
parameterization inadequacy syndrome of fuzzy set theory, 
rough set theory, probability theory. Molodtsov has 
successfully applied the soft set theory in many different 
fields such as smoothness of functions, game theory, 
operations research, Riemann integration, Perron integration, 
and probability. 



In recent years, soft set theory has been received much 
attention since its appearance. There are many papers 
devoted to fuzzify the concept of soft set theory which leads 
to a series of mathematical models such as fuzzy soft set 
[16,17,18,19,20], generalized fuzzy soft set [21,22], 
possibility fuzzy soft set [23] and so on. Thereafter ,P.K.Maji 
and his co worker [24] introduced the notion of intuitionistic 
fuzzy soft set which is based on a combination of the 
intuitionistic fuzzy sets and soft set models and studied the 
properties of intuitionistic fuzzy soft set. Later, a lot of 
extentions of intuitionistic fuzzy soft are appeared such as 
generalized intuitionistic fuzzy soft set [25], possibility 
Intuitionistic fuzzy soft set [26] and so on. Furthermore, few 
researchers have contributed a lot towards neutrosophication 
of soft set theory. In [27] P.K.Maji, first proposed a new 
mathematical model called “neutrosophic soft set” and 
investigate some properties regarding neutrosophic soft 
union, neutrosophic soft intersection, complement of a 
neutrosophic soft set ,De Morgan’s laws. In 2013, S. Broumi 
and F. Smarandache [28]combined the intuitionistic 
neutrosophic set and soft set which lead to a new 
mathematical model called” intutionistic neutrosophic soft 
sets”. They studied the notions of intuitionistic neutrosophic 
soft set union, intuitionistic neutrosophic soft set intersection, 
complement of intuitionistic neutrosophic soft set and 
several other properties of intuitionistic neutrosophic soft set 
along with examples and proofs of certain results. S. Broumi 

[29] presented the concept of ‘generalized neutrosophic soft 
set” by combining the generalized neutrosophic sets[13]and 
soft set models, studied some properties on it, and presented 
an application of generalized neutrosophic soft Set in 
decision making problem. 

The algebraic structure of soft set theories has been 
explored in recent years. In [30], Aktas and Cagman gave a 
definition of soft groups and compared soft sets to the related 
concepts of fuzzy sets and rough sets. Sezgin and Atagiin [33] 
defined the notion of normalistic soft groups and corrected 
some of the problematic cases in paper by Aktas and Cagman 

[30] . Aygunoglu and Ay gun [31] introduced the notion of 
fuzzy soft groups based on Rosenfeld’s approach [3 2] and 
studied its properties. In 2010, Acar et al. [34] introduced the 
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basic notion of soft rings which are actually a parametrized 
family of subrings. Ghosh, Binda and Samanta [35] 
introduced the notion of fuzzy soft rings and fuzzy soft ideals 
and studied some of its algebraic properties. Inan and Ozturk 
[3 6] concurrently studied the notion of fuzzy soft rings and 
fuzzy soft ideals but they dealt with these concepts in a more 
detailed manner compared to Ghosh et al.[35]. In 2012, 
B.P.Varol et al [3 7] introduced the notion of fuzzy soft ring in 
different way and studied several of their basic properties. J. 
Zhan et al [3 8] introduced soft rings related to fuzzy set theory. 
G. Selvachandran and A. R. Salleh[3 9] introduced vague soft 
rings and vague soft ideals and studied some of their basic 
properties. Z.Zhang [40] introduced intuitionistic fuzzy soft 
rings studied the algebraic properties of intuitionistic fuzzy 
soft ring. Studies of fuzzy soft rings are carried out by several 
researchers but the notion of neutrosophic soft rings is not 
studied. So, in this work we first study with the algebraic 
properties of intuitionistic neutrosophic soft set in ring 
theory. This paper is organized as follows. In section 2 we 
gives some known and useful preliminary definitions and 
notations on soft set theory, neutrosophic set, intuitionistic 
neutrosophic set, intuitionistic neutrosophic soft set and ring 
theory. In section 3 we discuss intuitionistic neutrosophic 
soft set over ring (INSSOR). In section 4 concludes the 
paper. 

2. Preliminaries 

In this section we recapitulate some relevant definitions 
viz, soft set, neutrosophic set, intuitionistic neutrosophic set, 
intuitionistic neutrosophic soft sets, fuzzy subring for better 
understanding of this article. 

2.1. Definition [15] 

Molodtsov defined the notion of a soft set in the following 
way: Let U be an initial universe and E be a set of parameters. 
Let ^(U) denotes the power set of U and A be a non-empty 
subset of E. Then a pair (P, A) is called a soft set over U, 
where P is a mapping given by P : A -> ^(U). In other words, 
a soft set over U is a parameterized family of subsets of the 
universe U. For s E A, P (£) may be considered as the set of 
a -approximate elements of the soft set (P, A). 

2.2. Definition [4] 

Let U be an universe of discourse then the neutrosophic set 
A is an object having the form A={<x: 
T A (x) ; U( x )> Fa( x )> 9 x g U}, where the functions T, I, F : 
U— ►] “0,1 + [define respectively the degree of membership , the 
degree of indeterminacy, and the degree of non-membership 
of the element x GE X to the set A with the condition. 

0< T a (x) + I A (x)+ F a (x)<3 + . (1) 

From philosophical point of view, the neutrosophic set 
takes the value from real standard or non-standard subsets 
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of ]”0,l + [.So instead of ]”0,l + [we need to take the 
interval [0,1] for technical applications, because ]”0,l + [will be 
difficult to apply in the real applications such as in scientific 
and engineering problems. 

2.3. Definition [11] 

An element x of U is called significant with respect to 
neutrosophic set A of U if the degree of truth-membership or 
falsity-membership or indeterminancy-membership value, 
i.e., T a (x) orI A (x)or F A (x) < 0.5. Otherwise, we call it 
insignificant. Also, for neutrosophic set the 
truth-membership, indeterminacy-membership and 
falsity-membership all can not be significant. We define an 
intuitionistic neutrosophic set by 

A={<x: T a (x), I a (x) , F a (x) >,x £U}, where 

min { T a (x) F a (x) } < 0.5, 
min { T a (x), I a (x) } <0.5, 
min { F a (x) , I A (x)} < 0.5, for all xGU, 
with the condition 0 < T A (x) + I A (x)+ F A (x) < 2. (2) 

As an illustration, let us consider the following example. 

2.4. Example 

Assume that the universe of discourse U={x 1 ,x 2 ,x 3 }, 
where characterizes the capability, x 2 characterizes the 
trustworthiness and x 3 indicates the prices of the objects. 
Further, It may be assumed that the values of x 1? x 2 and x 3 are 
in[0,l]and they are obtained from some questionnaires of 
some experts. The experts may impose their opinion in three 
components viz. the degree of goodness, the degree of 
indeterminacy and that of poorness to explain the 
characteristics of the objects. Suppose A is an intuitionistic 
neutrosophic set ( INS ) of U, such that, 

A = {< x 1? 0.3, 0.5, 0.4 >,< *2,0.4, 0.2, 0.6>, < x 3 , 0.7, 
0.3, 0.5 >}, where the degree of goodness of capability is 0.3, 
degree of indeterminacy of capability is 0.5 and degree of 
falsity of capability is 0.4 etc. 

2.5. Definition [28] 

Let U be an initial universe set and A c E be a set of 
parameters. Let N(U) denotes the set of all intuitionistic 
neutrosophic sets of U. The collection (P, A) is termed to be 
the soft intuitionistic neutrosophic set over U, where P is a 
mapping given by P: A — ► N(U). 

2.6. Remark 

We will denote the intuitionistic neutrosophic soft set 
defined over a universe by INSS. 

Let us consider the following example. 

2.7. Example 



173 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



Let U be the set of blouses under consideration and E is 
the set of parameters (or qualities). Each parameter is a 
intuitionistic neutrosophic word or sentence involving 
intuitionistic neutrosophic words. Consider E = { Bright, 
Cheap, Costly, very costly, Colorful, Cotton, Polystyrene, 
long sleeve , expensive }. In this case, to define a 
intuitionistic neutrosophic soft set means to point out Bright 
blouses, Cheap blouses, Blouses in Cotton and so on. 
Suppose that, there are five blouses in the universe U given 
by, U = {bi, b 2 , b 3 , b 4 , b 5 } and the set of parameters A = {ei, 
e 2 , e 3 , e 4 }, where each e; is a specific criterion for blouses: 
ei stands for ‘Bright’, 
e 2 stands for ‘Cheap’, 
e 3 stands for ‘costly’, 
e 4 stands for ‘Colorful’, 

Suppose that, 

P(Bright)={<bi, 0.5, 0.6, 0.3>,<b 2 , 0.4, 0.7, 0.2>,<b 3 , 0.6,0. 

2.0. 3>,<b 4 ,0.7,0.3,0.2>,<b 5 ,0.8,0.2,0.3>}. 
P(Cheap)={<bi,0.6,0.3,0.5>,<b 2 ,0.7,0.4,0.3>,<b 3 ,0.8,0. 

1. 0. 2>, <b 4 , 0.7,0. 1,0. 3> ,<b 5 ,0.8,0.3,0.4}. 
P(Costly)={<bi, 0.7, 0.4, 0.3>,<b 2 , 0.6, 0.1,0.2>,<b 3 , 0.7,0. 

2.0. 5>,< b 4 , 0.5, 0.2, 0.6 > ,< b 5 , 0.7, 0.3, 0.2 >}. 
P(Colorful)={<bi,0.8,0.1,0.4>,<b 2 ,0.4,0.2,0.6>,<b 3 ,0.3, 
0.6,0.4>,<b 4 ,0.4,0.8,0.5> ,< b 5 , 0.3, 0.5, 0.7 >}. 

2.8. Definition [28] 

For two intuitionistic neutrosophic soft sets (P,A) and 
(Q,B) over the common universe U. We say that (P,A) is an 
intuitionistic neutrosophic soft subset of (Q,B) if and only if 

(i) A c B. 

(ii) P(e) is an intuitionistic neutrosophic subset of Q(e). 
Tp( e )( x ), 

Or Tp (e ) (x) < T Q(e) (x), Ip (e ) (x) > I Q( e)(x), F P(e) (x)> 

F Q(e) (x), Ve e= A,x e= U. 

We denote this relationship by (P,A) Q (Q,B). 

(P,A) is said to be intuitionistic neutrosophic soft super set 
of (Q,B) if (Q,B) is an intuitionistic neutrosophic soft subset 
of (P,A). We denote it by (P, A) =2 (Q,B). 

2.9. Definition [28] 

Two INSSs ( P, A ) and ( Q, B ) over the common universe 
U are said to be equal if (P,A) is an intuitionistic 
neutrosophic soft subset of (Q,B) and (Q,B) is an 
intuitionistic neutrosophic soft subset of (P,A) which can be 
denoted by (P,A) = (Q,B ). 

2.10. Definition [28] 

Let (P,A) and (Q,B) be two INSSs over the same 
universe U. Then the union of (P, A) and (Q, B) is denoted 
by ‘(P,A) U (Q , B)’ and is defined by (P,A) U (Q,B)=(K, 
C), where C=A U B and the truth-membership, 

indeterminacy-membership and falsity-membership of ( K, 



C) are as follows: 

r T P ( £ )(m),if s E A — B, 

T K ( £ )(m)=| T Q(£) (m),if£ e B- A 

lmax(Tp( £ )(m),TQ( f )(m)),if£ E A n B 

! Ip(X)( m )’ ife e A - B - 

Iq(c) ( m )» if £ e B- A 
min (I P(£) (m),I Q(£) (m)),if£ E A n B 

r F P(£) (m),if £ E A - B, 

FK( £ )(m) =| F Q(£) (m),if£ E B- A (3) 

(,min (F P(£) (m),F Q(£) (m)),if £ € A n B 

2.11. Definition [28] 

Let (P,A) and (Q,B) be two INSSs over the same 
universe U such that A 0 B^0. Then the intersection of (P, 
A) and ( Q, B) is denoted by ‘ (P,A) n (Q,B)’ and is defined 
by (P,A) 0 (Q,B) = (L,C), where C =A n B and the 
truth-membership, indeterminacy membership and 
falsity-membership of (L,C) are related to those of (P,A) 
and (Q,B) by: 

r T P ( £ )(m),if £ E A — B, 

T L ( f) (m) =| T Q(£) (m),if£ E B - A 

(min (T P(£) (m),T Q(£) (m)),if£ € A n B 

! I P ( £ )(m),if£ E A — B, 
lQ( £ )(m),if£ G B - A 
min (I P(£) (m), I Q(£) (m)), if £ E A n B 

r F P(£) (m),if£ E A - B, 

F L (e) ( m ) =| F q(£) (m), if £ E B - A (4) 

(max (Fp ( ' £ )(m),F Q ( £) (m)),if £ E A n B 

2.12. Definition [27] 

Let (P, A) be a soft set. The set Supp (P,A) = {x E A | P (x)=£ 
0} is called the support of the soft set (P,A). A soft set 
(P, A) is non-null if Supp (P, A) =£0. 

2.13. Definition [41] 

A fuzzy subset fi of a ring R is called a fuzzy subring of R 
(in Rosenfeld’ sense), if for all x, y E R the following 
requirements are met: 

n (x-y) > mm (/Ax), ju(y)) and 

ju (xy) > min (^(x), ^(y)) (5) 

3. Intuitionistic Neutrosophic Soft Set 
over Ring 

In this section, we introduce the notions of intuitionistic 
neutrosophic soft set over ring and intuitionistic 



174 




Florentin Smarandache 



neutrosophic soft subring in Rosenfeld’s sense and study 
some of their properties related to this notions. 

Throughout this paper. Let (R, + , .) be a ring . E be a 
parameter set and let A Q E. For the sake of simplicity , we 
will denote the ring (R, +, .) simply as R. 

From now on, R denotes a commutative ring and all 
intuitionistic neutrosophic soft sets are considered over R. 

3.1. Definition 

Let (P, A) be an intuitionistic neutrosophic soft set. The 
set Supp(P,A) = { £ E A |P(£)=£ 0} is called the support of 
the intuitionistic neutrosophic soft set (P ,A).An 
intuitionistic neutrosophic soft set (P, A) is non-null if Supp 
(P, A) *0. 

3.2. Definition 

A pair (P, A) is called an intuitionistic neutrosophic soft 
set over ring, where P is a mapping given by 

P: A ([0,1] x [0,1] x [0,1]) R , P(e) : R -> [0,1] x 

[0,1] x [0,1], 

P(e)= {(x, T p (e) (x), I p (£) (x) , Fp (E) (x)) : x e R} for all 
e e A, 

If for all x ,y E R the following condition hold: 

(1) 7> (£) (x-y) > T P(e) (x) A 7> (£) (y) , 

Fp (£) (x -y) ^ F P{e ) (*) v F P(£)(y) and 

Ip(£)(x - y) < /p( £ )W v / P(ej (y) (6) 

(2) T p (£ ) (xy) > 7> (£) (x) ATp (£) (y) , 

Fpoo(xy) ^ f P(£)(x) V Fp (£) (y) and 
Ip( £) (xy) < /p (e) (x) V /p (£) (y) (7) 

3.3. Definition 

For two intuitionistic neutrosophic soft set over ring (P,A) 
and (Q ,B), we say that (P ,A) is an intuitionistic 
neutrosophic soft subring of (Q,B) and write (P,A) — 

023) if 

(i) A c B 

(ii) for each x ER ,£ E A, Tp^(x) < Tq^(x) 9 
/p (£) (x) > /q (£) (x) ,Fp (£) (x) > Fq( £) (x) .(8) 

3.4. Definition 

Two intuitionist neutrosophic soft set over ring (P, A) and 
(Q,B) are said to be equal if (P,A) ^ (03) and (03) 
£ (^A). 

3.5. Theorem 

Let (P, A) and (03) be two intuitionistic neutrosophic 
soft over ring R. if P(£) < Q(e) for all £ E A and A c 
B, then (P ,A) is an intuitionistic neutrosophic soft 
subring of (03)- 
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Proof The proof is straightforward 

3.6. Definition 

The union of two intuitionistic neutrosophic soft set over 
ring (P, A) and (Q,B) is denoted by (P, A) U (@3) and is 
defined by a intuitionistic neutrosophic soft set over ring 

H : A U B -> ([0, 1] x [0, 1] x [0, 1])^ such that for each 
£ E A U B. 

ff(£)= 

( < x,7p( £ )W,/p (£ )W, T P(£) (x) > i/e E A-B 
< x,T<Ke)W, /$(£)(*) , P$ (e) (x) > ;/ £ e B - A 
< x,Tp ie) (x) v7q (£) (x),/p (£) (x) A/ 0(£) (x) ,Fp (£) (x) AFq (£) (x) >, 
i/ £ E A n B 

(9) 

This is denoted by (//, C)=(P,A)U (03), where C= AUB. 

3.7. Theorem 

If (P,A) and (0,B) are two intuitionistic neutrosophic 
soft set over ring R, then , so are (P,A) U (0,B) • 

Proof. For any £ E AUB and x, y E R,we consider the 
following cases. 

Case 1. Let £ E A — B .Then, 

T tf( £ )(x - y) = T P (£) (x - y) 

> 7> (£) (x) A7> (£) (y) 

= Fflf( £ )(x) ATp( £ )(y), 
r £ ( £ )(xy) = Tp (£) (xy) 

> t P ( E) (x) A rp( £ )(y) 

=r £ ( £ )(x) A Tflf( £ )(y), 

/;?( £ )0-y) = h(e)(x-y) 

< Ip(e)(x) V /p (£ )(y) 

=/ /?( £ ) W v iRU)(y), 

= h(£)(xy) 

< ip( £) {x) v /p( £ )(y) 

=h( £ )(x) v /flf (£) (y), 

F/ 7 ( £ )(x - y)=Fp (£) (x - y) 

< Fp (£ ) (x) v Fp (£ ) (y) 

=F/?( £ )(x) v F m (y), 

Fm(.xy)=F P (e)(.xy) 

< Fp (£) (x) V Fp (e) (y) 

=Ffi (£ )(x) V Ffj (£) (y), 

Case 2. Let i/ £ E B — A .Then, analogous to the proof of 
case 1 , we have 

r#( £ )(x - y) > Tr( £ ) (x) AT m (y) 
r/? (£) (xy) >T m (x) A Tfj (e) (y) 
ifuAx-y) ^ /fl( £ )W v /flf (£ )(y) 
hie)(xy) < /ff (£ )(x) v /#( £) (y) 
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FR(e)(x-y) ^ V F ff(£) (y) 

Fff( £) (xy) <F H(£) (x) V F fl(£) (y) 

Case 3. Let e E A n B . In this case the proof is 
straightforward, thus ,in any cases ,we have 

TR{e)(x-y) ^ F B{£) {x) A r fl(£) (y) 

Fff( £ )(xy) >F ff(£) (x) A%)(y) 

IfKe^X-y) < IfHe)(x) V / fl(£) (y) 

% £ )(*y) ^ infix') v ^( £ >(y) 

Fff( £ )(x-y) < F fl(£) (x) V F fl(£) (y) 

F/7 ( £ )Oy) — F/j (£ )(x) V F/j( £ ) (y) 

Therefore , (P, A)U( Q, B) is an intuitionistic neutrosophic 
soft set over ring 

3.8. Definition 

The intersection of two intuitionistic neutrosophic soft set 
over ring (P, A) and (Q,B) is denoted by (P,A) n (Q,B) 
and is defined by an intuitionistic neutrosophic soft set over 
ring. 

M : A U B -> ([0, 1] x [0, 1] x [0, 1])^ such that for each 
£ E A U B. 

M(e)= 

< X, Tp( £ ^ (x), Ip^e) (x) , Fp^ (x) > if £ E A— B 
<x,T m (x), Iq (£) (x) , F 0(£) (x) > if s E B - A 
< X, 7> (e) (x) A Tq( £ ) (x),/p( £ ) (x) A /q (£ )(x) ,Fp (e) (x) V Fq (£) (x) >, 
^ i/f E AflB 

( 10 ) 

This is denoted by ( M,C)= (P,A) n (Q,B), where C = 

AU B . 

3.9. Theorem 

If (P,A) and (Q,B) are two intuitionistic neutrosophic 
soft set over ring, then , so are (P, A) n (Q,B). 

Proof. The proof is similar to that of Theorem 3.8. 

3.10. Definition 

Let (P, A) and (Q,B) be two intuitionistic neutrosophic 
soft set over ring R. Then , “(P,A) AND (Q, B)” is denoted 
by (P ,A) A (Q ,B) and is defined by (P ,A) A ( Q ,B)= 
(N, C ) , where C= AxB and H : C -> ([0,1] 3 x [0, l] 3 )* is 
defined as 

W(a # /?) = P(a) n Q(jS) , for all (a,/?) E C. 

3.11. Theorem 

If (P,A) and (Q,B) are two intuitionistic neutrosophic 
soft set over ring R, then , so is (P, A) A (Q,B). 

Proof. For all x, y E R and (a, /?) E AxB we have 



T R(a,p)(.x - y) = (T p (a ) (x — y) A F w (x-y)) 

— (Tp( a )(. x ) A 7> (a) (y)) A (TQ(ft)(x)AT rm (yy) 

= <Tp (a) (x) A %)(*)) A (T PW (y) A % } (y)) 

= Fj\?(a, 0)0*0 A 

Tfi(a,i»(xy) =(Fp(a)(^y) A 7’^)(xy)) 

^(Fp (a )(x) A 7> (a) (y)) A (F w (x)A r W) (y)> 

= (Fp (a) WA T Qm (x)) A (F p (a) (y) A T W) (y)) 

— F#(a,0)C*O A F ) (y ) 

In a similar way ,we have 
h{a,p)(x-y) ^ ^N(«,0)W V h{a,p)(y) 

h{a,p)(xy) ^ 0v(a, 0)0*0 V /«-(«, 0)0) 

Fa?(«, 0)O -y) < F W(a , /S) (x) V F n(afi) iy) 

Fff(a,0)Oy) < F^ (a/S )(x) V F n{afi) (y) 

For all x, y E R and (a, /?) E C .It follows that 
(P, A) A (Q,B) is an intuitionistic neutrosophic soft set over 
ring R. 

3.12. Definition 

Let (P,A) and (Q,B) be two intuitionistic neutrosophic 
soft set over ring R. Then , “( P,A ) OR (Q,B)” is denoted by 
(P ,A) V (Q ,B) and is defined by (P ,A) 

V (Q ,B)= (0, C) , where C= A x B and 0 : C -> 
([0,1] 3 x [0, l] 3 is defined as 

0(cc,p) = P(a) 0 Q(jS) , for all (a,/?) E C. 

3.13. Theorem 

If ( P, A) and ( Q, B) are two intuitionist neutrosophic 
soft set over ring R, then , so are ( P, A)V( Q, B). 

Proof. The proof is straightforward. 

The following theorem is a generalization of previous 
results. 

3.14. Theorem 

Let ( P, A) be an intuitionist neutrosophic soft set over 
ring R, and let {(Pj,Aj)}j e/ be a nonempty family of 
intuitionistic neutrosophic soft set over ring, where I is an 
index set .Then , one has the following: 

(1) A ; e/ (P;,i4;) is an intuitionistic neutrosophic soft set 

over ring R. 

(2) if Aj H A ; =0,foralli,j E I , then Vj e /(Pj, A;) is 

an intuitionistic neutrosophic soft set over ring R. 

3.15. Definition 

Let (P,A) and (Q,B) be two intuitionistic neutrosophic 
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soft set over ring R. Then ,the product of (P, A) and (Q,B) 
is defined to be the intuitionistic neutrosophic soft set over 
ring (P ° Q, C) , where C= AU B and 

t (p°qxs) 00 

Tp(e)(x ) if £ £ A — B 
Tq( £ )W if £ £ B-A (11) 

V I= at{%)(a)A% £) (l))} i/e E AnB 
f /p( £ )W if £ e A- B 

V . <f)(e)O0 =] f ® £ )W if £ e B-A 

l A*=a* {%)(«) i/f e AnB 

F(P o 3)( £ ) 00 

Fp( f )(x) i/ £ E A — B 

F300OO i/ £ e B_A 

A x=a ;, {F P(£) (a) v F C(e) 00} i/e E AnB,a,beR 
For all £ E C and a , b E R .This is denoted by (P ° Q , C) 

= (P, A)o ((3,B). 

3.16. Theorem 

If (P,A) and (Q3) are two intuitionistic neutrosophic 
soft set over ring R. Then , so is (P, A) ° (Q3) • 

Proof. Let (P ,A) and (Q 3) be two intuitionistic 
neutrosophic soft set over ring R. Then ,for any £ E A U 
B ,and x ,y E R, we consider the following cases. 

Case 1. Let £ E A — B. Then, 

T (P o q)( £) (x - y) = T P{£) (x-y ) 

> Tp (£ )(x) A rp( £ )(y) 

=T (P ° 3)0) W A/p, 3)0) (y), 
T (PoQXe)(xy) = Tpo)(^y) 

>7>0)O) A7>0)O 

=F (P o 3)0) W A/p, 3)0) (y) 

/po3)o)0-y) = /po) O - y) 

< /po)W v /po)(y) 

= /p°<2)O)00 v /p<>3)( £ )(y), 

/p»3)(£)( x y) = ip[e)(xy) 

< i P{£) {x ) v /po)(y) 

= U°0O)OO v /po3)0)(y) 

F (p o 3)0) (* - y) = f p( £ ) (* - y) 

< F P(£) (x) V Fpo)(y) 

=F (p»0O)( x ) v f (T° 0 o)OO> 
F (P° 3 X»OoO = F P(e) (xy) 

^ Fpu)(x) v Fpo)(y) 

= F (P«3)(e)00 v F(P°3X»(y) 

Case 2. Let e E B — A. Then, analogous to the proof of 
case 1 ,the proof is straightforward. 

Case 3. Let £ E AnB. Then, 

T (p o Q)(e)( x ) = V x=ab(Tp(e)( a ) AT^^OO) 



^ Vxy=aby <Tp( £ )( a ) ATg( £ )(by)) 

^ Vxy=cd(Tp 0)( c ) AT30)(d)) 

= T (P o Q)( £ )(xy) 

Similarly ,we have T (P 0 3 Kf) (xy) > T { p 0 3,0) (y) , and so 

t (P o Qm(xy) ^(p.wWA r (Po 3)0)(y) 

In a similar way , we prove that 

/p° 3 x» 0 y) <i(PoQXe)(.x) v /p„ 3 )o)(y) 

and F (P „ 3)0) OoO < F (P „ 3)0) 00 V F (P 0 3)0) (y) 

Therefore (P, A)° (Q,B) is an intuitionistic neutrosophic 
soft set over ring R. 

4. Conclusion 

In this paper we have introduced the concept of 
intuitionistic neutrosophic soft set over ring (INSSOR for 
short ). We also studied and discussed some properties 
related to this concept. The definitions of intersection, union, 
AND, and OR operations over ring (INSSOR) have also 
been defined, we have defined the product of two 
intuitionistic neutrosophic soft set over ring. Finally, it is 
hoped that this concept will be useful for the researchers to 
further promote and advance the research in neutrosophic 
soft set theory. 
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More on Intuitionistic Neutrosophic Soft Sets 



Said Broumi, Florentin Smarandache 



Abstract Intuitionistic Neutrosophic soft set theory 
proposed by S. Broumi and F. Samar andache [28], has been 
regarded as an effective mathematical tool to deal with 
uncertainties. In this paper new operations on intuitionistic 
neutrosophic soft sets have been introduced . Some results 
relating to the properties of these operations have been 
established. Moreover ,we illustrate their interconnections 
between each other. 

Keywords Soft Set, Intuitionistic Fuzzy Soft , 
Intuitionistic Neutrosophic Soft Sets, Necessity and 
Possibility Operations 



1. Introduction 

The theory of neutrosophic set (NS), which is the 
generalization of the classical sets, conventional fuzzy set 
[1], intuitionistic fuzzy set [2]and interval valued fuzzy set 
[3], was introduced by Samarandache [4]. This concept has 
been applied in many fields such as Databases [5, 6], 
Medical diagnosis problem [7], Decision making problem 
[8], Topology [9], control theory [10] and so on. The concept 
of neutrosophic set handle indeterminate data whereas 
fuzzy set theory, and intuitionstic fuzzy set theory failed 
when the relation are indeterminate. 

Later on, several researchers have extended the 
neutrosophic set theory, such as Bhowmik and M.Pal in [1 1, 
12], in their paper, they defined “intuitionistic neutrosophic 
sef’.In [13], A.A.Salam, S.A.Alblowi introduced another 
concept called “Generalized neutrosophic set”. In [14], 
Wang et al. proposed another extension of neutrosophic set 
which is” single valued neutrosophic”. In 1998 a Russian 
researcher, Molodtsov proposed a new mathematical tool 
called” Soft set theory” [ 15], for dealing with uncertainty 
and how soft set theory is free from the parameterization 
inadequacy syndrome of fuzzy set theory, rough set theory, 
probability theory. 

In recent time, researchers have contributed a lot towards 
fuzzification of soft set theory which leads to a series of 
mathematical models such as Fuzzy soft set [17, 18, 19, 20], 



generalized fuzzy soft set [21, 22], possibility fuzzy soft set 
[23] and so on, therafter, P.K.Maji and his co worker [24] 
introduced the notion of intuitionistic fuzzy soft set which is 
based on a combination of the intuitionistic fuzzy setsand 
soft set models and studied the properties of intuitionistic 
fuzzy soft set. Later a lot of extentions of intuitionistic 
fuzzy soft are appeared such as generalized intuitionistic 
fuzzy soft set [25], Possibility intuitionistic fuzzy soft set 
[26]and so on. Few studies are focused on 
neutrosophication of soft set theory. In [25] P.K.Maji, first 
proposed a new mathematical model called “Neutrosophic 
Soft Set” and investigate some properties regarding 
neutrosophic soft union, neutrosophic soft 
intersection complement of a neutrosophic soft set ,De 
Morgan law etc. Furthermore , in 2013, S. Broumi and F. 
Smarandache [26] combined the intuitionistic neutrosophic 
and soft set which lead to a new mathematical model called’ 
intutionistic neutrosophic soft set”. They studied the 
notions of intuitionistic neutrosophic soft set union, 
intuitionistic neutrosophic soft set intersection, complement 
of intuitionistic neutrosophic soft set and several other 
properties of intuitionistic neutrosophic soft set along with 
examples and proofs of certain results. Also ,in [27] 
S. Broumi presentedthe concept of “Generalized 
neutrosophic soft set” by combining the generalized 
neutrosophic sets [13] and soft set models , studied some 
properties on it, and presented an application of generalized 
neutrosophic soft set in decision making problem. 

In the present work, we have extended the intuitionistic 
neutrosophic soft sets defining new operations on it. Some 
properties of these operations have also been studied. 

The rest of this paper is organized as follow: section II 
deals with some definitions related to soft set 
theory , neutrosophic set, intuitionistic neutrosophic set, 
intuitionistic neutrosophic soft set theory. Section III deals 
with the necessity operation on intuitionistic neutrosophic 
soft set. Section IV deals with the possibility operation on 
intuitionistic neutrosophic soft set. Finally , section V give 
the conclusion. 
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2. Preliminaries 

In this section we represent definitions needful for next 
section, we denote by N(u) the set of all intuitionistic 
neutrosophic set. 

2.1. Soft Sets (see [15]). 

Let U be a universe set and E be a set of parameters. Let ^ 

( U ) denotes the power set of U and AcE. 

2.1.1. Definition [15] 

A pair ( P, A ) is called a soft set over U, where F is a 
mapping given by P : A £ (U). In other words, a soft set 
over U is a parameterized family of subsets of the universe U. 
For e E A, P (e ) may be considered as the set of e- 
approximate elements of the soft set ( P, A ). 

2.2 Intuitionistic Fuzzy Soft Set 

Let U be an initial universe set and E be the set of 
parameters. Let IF U denote the collection of all 
intuitionistic fuzzy subsets of U. Let . A Q E pair (P A) 
is called an intuitionistic fuzzy soft set over U where P is a 
mapping given by P: A— ► IF U . 



falsity-membership function F A (x) for each point x in X, 
T a (x), I a (x), F a (x) E [0, 1]. 

When X is continuous, an SVNS A can be written as 



A=J, 



<t a O ), i a O ), f a (x),> 



,x € X. 



( 2 ) 



When X is discrete, an SVNS A can be written as 



A= E? 



< 7 7 j 4 (*j), I A (. x i)>F A (.Xi)>> „ r- v 

j Xj t A 



( 3 ) 



2.4.2. Definition (see [4,14]) 

A neutrosophic set or single valued neutrosophic set (SVNS ) 
A is contained in another neutrosophic set B i.e. A Q B if Vx 
E U, T a (x) < T b (x), I a (x) > I B (x), F a (x) > F B (x). 



2.4.3. Definition (see [2]) 

The complement of a neutrosophic set A is denoted by A c 
and is defined as T A C ( X ) = F A ( X ), Ia C (x) = Ia(x) and F aV)= T A ( x ) 
for every x in X. 

A complete study of the operations and application of 
neutrosophic set can be found in [4] . 



2.5. Intuitionistic Neutrosophic Set 



2.2.1. Defintion 

Let P:A— >IF U then F is a function defined as P(e)={x, 
A*pO)(X) ? V P(»(X) :x £ U ,£ E E] where fi , v denote 
the degree of membership and degree of non-membership 
respectively and n =1 - \i- v , denote the hesitancy degree. 

2.3. Neutrosophic Sets (see [4 ]). 

Let U be an universe of discourse then the neutrosophic set A 
is an object having the form 

A = {< x: T A ( X ) Ia(x) ? Fa(x) > ?x E U}, where the functions T, I, F : 
U — * ]”0, l + [ define respectively the degree of membership 
(or Truth) , the degree of indeterminacy, and the degree of 
non-membership (or Falsehood) of the element x E U to the 
set A with the condition. 

0 < T a (x) + I A (x)+ F a (x)< 3 + . (1) 

From philosophical point of view, the neutrosophic set 
takes the value from real standard or non-standard subsets 
of ]”0, l + [. So instead of ]”0, l + [ we need to take the interval 
[0, 1] for technical applications, because ]”0, l + [will be 
difficult to apply in the real applications such as in 
scientific and engineering problems. 

2.4. Single Valued Neutrosophic Set(see [ 14]). 

2.4.1. Definition (see [14] ) 

Let X be a space of points (objects) with generic elements in 
X denoted by x. An SVNS A in X is characterized by a 
truth-membership function T A (x), an 

indeterminacy-membership function Ia(x), and a 



2.5.1. Definition (see[ll]) 

An element x of U is called significant with respect to 
neutrsophic set A of U if the degree of truth-membership 
or falsity-membership or indeterminancy-membership value, 
i.e., T A (x)or F A (x)or I A (x))<0.5. Otherwise, we call it 
insignificant. Also, for neutrosophic set the 
truth-membership, indeterminacy-membership and 
falsity-membership all can not be significant. We define an 
intuitionistic neutrosophic set by A = {< x: T A (x) ? I A (x) 
F a (x) >,x ^U}, where 

min { T a (x),F a (x)} <0.5, 
min { T a (x), ,I a (x)} <0.5, 
min { F a (x), I a (x) } < 0.5, for all x EU, (4) 
with the condition 

0 < T a (x) + I A (x)+ F a (x)< 2. (5) 

As an illustration ,let us consider the following example. 

2.5.2. Example 

Assume that the universe of discourse U={x 1 ,x 2 ,x 3 }, where xi 
characterizes the capability, x 2 characterizes the 
trustworthiness and x 3 indicates the prices of the objects. It 
may be further assumed that the values of x 1; x 2 and x 3 are in 
[0,1] and they are obtained from some questionnaires of 
some experts. The experts may impose their opinion in three 
components viz. the degree of goodness, the degree of 
indeterminacy and that of poorness to explain the 
characteristics of the objects. Suppose A is an intuitionistic 
neutrosophic set ( IN S ) of U, such that, 
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A = {< x 1? 0.3,0.5,0.4 >,< x 2 „0.4,0.2,0.6 >,< x 3 , 0.7, 0.3, 0.5 >}, 

where the degree of goodness of capability is 0.3, degree of indeterminacy of capability is 0.5 and degree of falsity of 
capability is 0.4 etc. 

2.6. Intuitionistic Neutrosophic Soft Sets (see [28 ]). 

2.6.1. Definition 

Let U be an initial universe set and A c E be a set of parameters. Let N( U ) denotes the set of all intuitionistic 
neutrosophic sets of U. The collection (P,A) is termed to be the soft intuitionistic neutrosophic set over U, where F is a 
mapping given by P : A —> N(U). 

2.6.2. Example 

Let U be the set of blouses under consideration and E is the set of parameters (or qualities). Each parameter is a 
intuitionistic neutrosophic word or sentence involving intuitionistic neutrosophic words. Consider E = { Bright, Cheap, 
Costly, very costly, Colorful, Cotton, Polystyrene, long sleeve , expensive }. In this case, to define a intuitionistic 
neutrosophic soft set means to point out Bright blouses, Cheap blouses, Blouses in Cotton and so on. Suppose that, there are 
five blouses in the universe U given by, U = {b l9 b 2 , b 3 , b 4 , b 5 } and the set of parameters A = {ei,e 2 ,e 3 ,e 4 }, where each e* 
is a specific criterion for blouses: 
e 1 stands for ‘Bright’, 
e 2 stands for ‘Cheap’, 
e 3 stands for ‘Costly’, 
e 4 stands for ‘Colorful’, 

Suppose that, 

P(Bright)={< b 1 ,0.5,0.6,0.3>,<b 2 ,0.4,0.7,0.2>,<b 3 ,0.6,0.2,0.3>,<b 4 ,0.7,0.3,0.2> ,< b 5 ,0.8,0.2,0.3>}. 
P(Cheap)={< b 1? 0.6,0.3,0.5>,<b 2 ,0.7,0.4,0.3>,<b 3 ,0.8,0. 1, 0.2>,<b 4 , 0.7,0. 1,0. 3> ,< b 5 , 0.8, 0.3, 0.4}. 

P(Costly)={< b 1? 0.7,0.4,0.3>,<b 2 ,0.6,0.1,0.2>,<b 3 ,0.7,0.2,0.5>,< b 4 , 0.5, 0.2, 0.6 >,< b 5 , 0.7, 0.3, 0.2 >}. 
P(Colorful)={< b 1 ,0.8,0.1,0.4>,<b 2 ,0.4,0.2,0.6>,<b 3 ,0.3,0.6,0.4>,<b 4 ,0.4,0.8,0.5> ,< b 5 , 0.3, 0.5, 0.7 >}. 

2.6.3. Definition([28]) .Containment of two intuitionistic neutrosophic soft sets 

For two intuitionistic neutrosophic soft sets ( P, A ) and ( Q, B ) over the common universe U. We say that ( P, A ) is an 
intuitionistic neutrosophic soft subset of ( Q, B ) if and only if 

(i) AcB. 

(ii) P(e) is an intuitionistic neutrosophic subset of Q(e). 

Or T P ( e) (x) < T Q(e) (m) , I P(e) (m)> I Q(e )(m), F P(e) (m) > F Q(e) (m),Ve e A, x e U. 

We denote this relationship by ( P, A ) Q ( Q ? B ). 

( P, A ) is said to be intuitionistic neutrosophic soft super set of ( Q, B ) if ( Q, B ) is an intuitionistic neutrosophic soft subset 
of ( P, A ). We denote it by ( P, A ) ^ ( Q, B ). 

2.6.4 .Definition [28]. Equality of two intuitionistic neutrosophic soft sets 

Two INSSs ( P, A ) and ( Q, B ) over the common universe U are said to be intuitionistic neutrosophic soft equal if ( P, A ) 
is an intuitionistic neutrosophic soft subset of ( Q, B ) and (Q, B ) is an intuitionistic neutrosophic soft subset of ( P, A ) which 
can be denoted by ( P, A )= ( Q, B ). 

2.6.5. Definition [28]. Complement of an intuitionistic neutrosophic soft set 

The complement of an intuitionistic neutrosophic soft set ( P, A ) is denoted by (P,A) C and is defined by (P,A) C = (P C ,]A), 
where P c :] A — ► N(U) is a mapping given by P c (a) = intutionistic neutrosophic soft complement with T P c (x ) = F P(x ) ? I P c (x ) = I P(x) 
and F P C ( X ) = T P(X ) 

2.6.6. Definition [28] Union of two intuitionistic neutrosophic soft sets 

Let (P, A) and (Q, B) be two INSSs over the same universe U.Then the union of (P, A) and (Q, B) is denoted by ‘(P, 
A)U(Q, B)’ and is defined by (P,A)U(Q, B) =(K, C), where C=AUB and the truth-membership, 
indeterminacy-membership and falsity-membership of ( K,C) are as follows: 

( T P(e) (m) , if e E A - B 

T K(e) ( m) = j T Q(e) (m) ,if e e B - A 

[max{T P ^( m), 7Q(e)(m)},i/ eeA r\B 
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( /p( e )( m) , if e e A - B 

I Ki e)( m) = j l Q{e) ( m )> if e e B-A 

Um{/ P(e) (m),/ ?(e) (m)},i/ e£A nB 
( Fp( e )(m) , if e e A - B 
F* (e) (m) =| F ?w (m),i/eEB-A 

{min{Fp (e) (m) ,F Q(e) (m) },if e e A n B 



( 6 ) 



2.6.7. Definition. Intersection of two intuitionistic neutrosophic soft sets [28] 

Let (P,A) and (Q,B) be two INSSs over the same universe U such that A fl B^O. Then the intersection of (P,A) and ( Q, 
B) is denoted by ‘( P,A) fl (Q, B)’ and is defined by ( P, A ) fl( Q, B ) = ( K,C), where C =AflB and the truth-membership, 
indeterminacy membership and falsity-membership of ( K, C ) are related to those of (P,A) and (Q,B) by: 

r T P(e) (m) , if e e A- B 
7> (e) (m) = j T QM (m),ifeS B-A 

[min{Tp M (m)J QM (m)},if e E A n B 

f /p(e)( m) , if e E A-B 

W)( m ) = ] 7 <?0)( m),ifes B-A 

V min {/p (e) (m) ,/ Q(e )(m)}, if e E A n B 
f Fp( e ) (m) , if e E A-B 

F K(e) (m) = | F Q{e) (m),ife E B-A (7) 

[max{F P ^(m),FQ^(m)},if e € A n B 

In this paper we are concerned with intuitionistic neutrosophic sets whose T A , I A and F A values are single points in [0, 1] 
instead of subintervals/subsets in [0, 1] 



3. The Necessity Operation on Intuitionistic Neutrosophic Soft Set 

In this section, we shall introduce the necessity operation on intuitionistic neutrosophic soft set 

3.1. Remark 



S A = t a + 1 a + F a , s b =T b + Ib + F b -if s A = s B we put S = s^= s B 



3.2. Definition 

The necessity operation on an intuitionistic neutrosophic soft set ( P, A ) is denoted by ( P, A ) and is defined as 
□ (P, A) = {<m, T P(e) (m), l P ( e )(m), 5 A -T P(e) (m)> |m E U and e EA}, 

where 5 A =T+I+F. 

Here Tp (e )(m) is the neutrosophic membership degree that object m hold on parameter e , I P ( e )(m) represent the 
indeterminacy function and P is a mapping P : A — ► N(U), N(U) is the set of aintuitionistic neutrosophic sets of U. 

3.3. Example 

Let there are five objects as the universal set where U = { m 1? m 2 , m 3 , m 4 , m 5 }and the set of parameters as E = { beautiful, 
moderate, wooden, muddy, cheap, costly }and 

Let A = {beautiful, moderate, wooden}. Let the attractiveness of the objects represented by the intuitionistic neutrosophic 
soft sets (P, A) is given as 

P(beautifill)={ m 1 /(. 6v 2,.4) ? m 2/(.7, .3, .2), m 3/(.5, .4, .4 ■), A, . 3 ), m 5/(.8, .4, .1)}? 

P(moderate)={m 1/(7 . 2) , m 2/( . 8vl? . 1)? m 3 / ( . 7> . 5 , . 2) , m4 /( . 8 , . 5 , .i> m 5/(lj x 0 )} 
and P (wooden) ={ m 1/( . 8> . 5 , .i )? m 2/(A A0) , m 3/( . 6> . 5 , . 2) , m 4/( . 2 , .3, .4), m 5/( . 3j , 2 , , 5) }. 

Then the intuitionistic neutrosophic soft sets (P,A) becomes as 



182 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



P(beautiful) -{ m^.^ 2 , .6), m 2/(.7, .3, .5), m 3/(.5, .4, . 8 ), m 4/{.6, .4, .7), m 5/(.8, .4, .5)}, 

P(moderate) ={ m 1/( . 7 , , 3> . 5) , m 2 /(. 8 ,.i, . 2) , m 3 / ( . 7j .5, . 7) , m^.g, , 5> . 6) , m 5/(1> , 2> . 2 } 

And 

P(wooden) ={ mi/(. 8; 5i c,>, m 2/ ( 6; 4> 4) , m 3/ ( 5> 7 ), m 4 ( 2, .3, ,7> m 5/(.3, .2, .7)} • 

Let (P, A) and (Q, B) be two intuitionistic neutrosophic soft sets over a universe 
U and A, B be two sets of parameters. Then we have the following propositions: 

3.4. Proposition 

i. □ [( P, A ) U( Q, B ) ] =□ ( P, A ) U □ ( Q, B ). 

h. □ [( P, A ) n( Q, B ) ] = □ ( P, A ) n □ ( G, B ). 

hi. □ □ ( P, A ) = □ ( P, A ). 

iv. □ [( P, A )] n = [□ ( P, A )] n 
for any finite positive integer n. 

v. □ [( P, A ) U ( Q, B )] n = [□ ( P, A ) U □ ( Q, B )] n . 

vi. □ [( P, A ) n ( Q, B )] n = [□ ( P, A ) nH ( Q, B )]". 

Proof 

i.[(P,A) U ( Q, B ) ] 

suppose (P ,A) U (Q , B) =(H, C) , where C= Au B and for all e G C and 
■S/i = Tp(e) + Ip(e) + Fp(e) an d s B =Tq^+Iq^+Fq^ x s A — T P ^(ni) = Ip^ini) + F P ( e )(m), s B — TQ( e) (m) = \Q( ej (m) + 
F Q(e)On), 

r Tp (e )(m) ,if e E A — B 

r H(e) ( m) = ] T 5 ( 6 ) (m) ,ifee B - A 

{max{T P ( eXm) , T Q(eXm) }, if e G A n B 

f I PW (m),i/ee A-B 

/ H(e) (m) = ] I Q(e) (m),i/e G B-A 

Onin{l P(e) (m), Ig( e )(m)}, if e G A n B 
f F P(e) (m), i/e G A — B 

F H(e) (m) = j F Q (e)(rn),if e G B-A 

t 7 nin{Fp( e )(m), F Q( e )(m)}, if e G A D B 

Since [( P, A) U (Q, B)]= ( H, C ) and m G U, by definition 3.2 we Have 

f Tp (e) (m) ,if e E A — B 

= ] T Q(e )(m),ife G B-A 

(max{7’p( e) (m),7 , Q (e) (m)}, if e G A n B 
r I P(e) (m), if e G A - B 

W)(m) = ] kte) ( m )- if e e B “ A 

\rnin{l P ( e ' ) (m), l (Xe) (m)}, if e G A fi B 

f — T P ( e ) (m) , i/ e G A — B , 

F w(e) (m) = j s B - T m ( m) , if e G B-A 

(5 - max{Tp( ej (m), T Q{e )(m)},if e e A n B 

For all e G C =A U B and m G U. Assume that □ (P, A)= [<m, T P ( e) (m) J P ( e) (m) ,s A -Tp( e) (m')>,m G U} and □ 
(Q, A )={< m, T 0 ( ej (m) Jo ( e > ( m ) ,s B -T 0( ; e) (m) ,m G U} .Suppose that (P,A) U (Q,B) = (0,C), where C= A U 
B,and for all e G C and m G U. 



( 8 ) 

( 9 ) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 
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( T P(e) (m) ,if e E A- B 

7 0(e) ( m) = ] T Q(e) (m) ,if e e B-A 

\jnax{T P ( e )(m),TQ^(m)}, if e E A fi B 



( /p (e) (m) ,if e E A- B 

/ 0(e) (m) = ] 7 <?(e)( m ).i/eE B-A 

trmn{/ P(e) (m), /Q (e) (m)}, if e e A n B 

f s A -T PM (m) ,if e e A-B 

F 0(e) (m ) = 1 - r Q ( e) (m) , if e E B-A 

ymin{s A - T P(e) (m),s A - Tq^Citi)}, if e e A n B 

r — 7p (e) (m) , if e E A-B 
s B - r ? ( e )(m) ,if e e B-A 
I S — max{T P(e) (m), T Q (e)( m)}, 

\if e E A n B with S = s A = s B 

Consequently, (H,C) and (O, C) are the same intuitionistic neutrosophic soft sets. Thus , 

□ ( (P , A) U (Q,B))= □ (P,A) U □ (Q,B). 

Hence the result is proved. 

(ii ) and (iii) are proved analogously, 
iii. Let 



(P,A)={<m, T P(e) (m), I P(e )(m), F P(e) (m), >|m E U and e E A}. 



Then 



So 



□ (P, A) = {<m, T P(e) (m), I P(e )(m), s A -T P(e) (m) >|m E U and e EA}. 



□ □ (P, A)={<m, T P(e) (m), I P(e) (m), s A - 7> (e) (m) >|m E U and e EA}. 

Hence the result follows. 

iv. Let the intuitionistic neutrosophic soft set 

( P, A ) = {<m, 7> (e) (m) , I P(e) (m), F P(e) (m)>|m G U and e EA}. 

Then for any finite positive integer n 

( P, A )"= {<m, [T P(e) (m) ]», [I P(e) (m) ]», s A -[s A -F P(e) (m)]”>|m E U and e EA} 



So, 



□ ( P, A ) n ={<m, [T P(e )(m)] n , [I P(e )(m) ] n ,s A - [T P(e) (m)] n >|mEU and e EA}. 
Again, [□ (P, A)] n = {<m, [T P(e) (m)] n , [I P(e )(m)] n ,s A - [T P(e ) (m) ]”>|m E U and e E A} as 

□ (P, A) = {<m, r P(e) ( m) , Ip( e )(m), s A -T P(e) (m) >|m E U and e E A}. 

Hence the result. 

v. As ( P, A ) n U (Q,B) n = [(P,A) U (Q,B) ] n 

□ [ (P,A) U (Q,B) ] n = [□ [(P,A)U (Q, B)]] n by the proposition 3.4. iv 
= [□ ( P, A ) U □ ( Q, B ) ] n by the proposition 3.4.i 



vi. As ( P, A ) n n (Q,B) n =[(P,A) n (Q,B) ] n 

So, □[ (P,A) 0 (Q,B) ] n = [□ [(P,A) n (Q,B)]] n by the proposition3.4.iv 

= [□ (P ; A) n □ (Q,B) ] n by the proposition 3.4. ii 

The result is proved. 

The concept of necessity operation on intuitionistic neutrosophic soft set can also be applied to measure the necessity 
operation on intuitionistic fuzzy soft set (IFSS) proposed by P.K .Maji [30] , where the indeterminacy degree I P ( e )(m) 
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should be replaced by I P ( e )(m) = l-T P ( e )(m)- F P ( e )(m) in case of IFSS. In this case, we conclude that the necessity 
operation on intuitionistic neutrosophic soft set is a generalization of the necessity operation on intuitionistic fuzzy soft set 



4. The Possibility Operation on Intuitionistic Neutrosophic Soft Sets 

In this section, we shall define another operation, the possibility operation on intuitionistic neutrosophic soft sets. 
Let U be a universal set. E be a set of parameters and A be a subset of E. Let the intuitionistic neutrosophic soft set. 
(P, A) = {<m, T P(e) (m), I P ( e )(m), F P(e) (m) >| m E U and e EA}, where T P(e) (m), I P ( e )(m), F P(e) (m)be the 
membership, indeterminacyand non-membership functions respectively. 

4.1. Definition 

Let U be the universal set and E be the set of parameters. The possibility operation on the intuitionistic neutrosophic soft 
set (P, A) is denoted by 0 (P, A) and is defined as 

0 ( P, A ) = {<m, s A - F P(e) (m), I P(e )(m), F P(e) (m) >| m EU and e EA }, 

where 

Sa= T P(e) (m)+ I P ( e )(m)+ F P(e) (m) and 0 " < < 3 + 



4.2. Example 

Let there are five objects as the universal set where U = {mi, m 2 , m 3 , m 4 , m 5 }. Also let the set of parameters as E = 

{ beautiful, costly, cheap, moderate, wooden, muddy } and A = { costly, cheap, moderate}. The cost of the objects 

represented by the intuitionistic neutrosophic soft sets 
(P, A) is given as 

P(cOStly)={ mi/(. 7j .1, .2), m 2 /(. 8 , .3, 0)? m 3 /(. 8 , .2, .1)? ^ 4 /(. 9 , . 4 , 0)> m 5 /(. 6 , .2, .2)} ? 

P(cheap)={ mi/(. 5; , 3> .2),m2/(.7, .5, .i), m 3 /(. 4> .3, .2), m 4 /(. 8; .5, .1), m 5/ (. 4? A> , 2) } 

and 

P(moderate) ={ mi/(. 8; 4> . 2 ), m 2/ ( 6; . 3) , m 3 /( 5; , 5; .1), m 4 /( 9; A> 0 )? m 5/(.7, ,3,.i)}- 

Then the neutrosophic soft set 0 ( P, A ) is as 

P(C0Stly) ={ m 1 /(. 8) 2 ), .3, 0)? m 3/(l, .2, .1> 4/(0, .4, 0)? m 5/(.8, .2, .2)}? 

P(cheap) ={ m 1/ (. 8> . 3j .2),m 2 /( 1-2j . 5> .p, m 3/ ( >7> , 3j . 2 ), m 4 /(L3, .5, .i> m 5/(.8, .4, .2} 

and 

P(moderate) ={ m 1/(L2> . 4> . 2) , x . 3) , m 3/(1> .5, .1), m 4/(L35 . 4> o),m 5/(l5 , 3vl) }. 

The concept of possibilty operation on intuitionistic neutrosophic soft set can also be applied to measure the necessity 
operation on intuitionistic fuzzy soft set (IFSS) proposed by P.K .Maji [ 30 ] , where the indeterminacy degree I P ( e )(m) 

should be replaced by I P ( e )(m) = l-T P ( e )(m)- F P ( e )(m) in case of IFSS. In this case, we conclude that the possibility 
operation on intuitionistic neutrosophic soft set is a generalization of the possibility operation on intuitionistic fuzzy soft 
set. 

Let ( P, A ) and ( Q, B ) be two intuitionistic neutrosophic soft sets over the same universe U and A, B be two sets of 
parameters. Then we have the propositions 



4.3. Proposition 



1.0 [( P, A ) U( Q, B ) ] = 0 ( P, A ) U 0 ( Q, B ). 

11.0 [( P, A ) fl( Q, B ) ] = 0 ( P, A ) fl 0 ( Q, B ) 

iii. 00 ( P, A ) = 0 ( P, A ). 

iv. 0 [(P, A)] n = [0 (P, A)] n 

for any finite positive integer n. 



( 14 ) 

( 15 ) 

( 16 ) 
( 17 ) 
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v. O [( P, A ) U (Q,B) ] n = [0 ( P, A) U0 (Q,B) ] n . 

vi. O [( P, A ) n (Q,B) ] n = [0 ( P, A ) n0 (Q,B) ] n 

Proof 

i- 0 [( P, A ) U (Q, B ) ] 

suppose (P ,A) U (Q , B) =(H, C) , where C= AU B and for all e E C and 

S /1 = Tp (e ) (m)+ \ P(e) (m)+ F P(e) (m) ands B =l Q(e) {m.)+ \ Q(e) (m)+ ¥ QM (m) 
s A ~ Fpo)( m) = /p( e )(m) + T P(e) (m) , 

Sb ~ pQ{e) (m) = /p (e) (m) + T Q{e) ( m) 

( 7p (e) (m) , if e G A - B 

T H(e) (m) = | (m) , i/ e G B - A 

.r< 3 (e)(m)},i/ e G A n £? 
f /p(e)(m) , if e G A - B 

W)(m) = j 7 Q(e)(m) , if e G B - A 

[min {/p( e )(m), /Q( e )(m)}, if e G A n B 
r F P(e) ( m) , t/e G A - B 
F H(e) ( m) = ] F rXe) (m) , i/ e G B - A 

tmm{Fp (e ) (m ), FQ (e)(m )}, if e € A D B 
Since 0 [(P, A ) U (Q, B ) ] =0 (H, C ) and m E U, by definition 4. 1 we Have 

f s,, -Fp (e) ( m) , if e G A-B 



r W( »(m) = 



V e )(m) 



F«( e )(m) = 



s b — F(j(g)(m) , if e G B-A 
S ~ min{F PM (m),F Q(e ^(m)}, 

[if e G A n B, with S = s A = s B 
/p (e) (m) , if e G A-B 
%e)( m ) .if e G B-A 
min{/p( e )(m),/Q( e )(m )}, if eGA nfi 

Fp( e )(m) , if e E A — B 
F<?( e )(m) , if e G B-A 
min {Fp( e )(m),F^( e )(m)}, if e G A n B 



For all e E C =A U B and m E U. Assume that 

0(P,A)={<m, s A -F P(e) (m), /p (e) ( m) , F P(e) (m)>,m G U} 
and 

0(Q,B)={<m, s B -F Q(e) (m),/ Q(e) (m) , F Q(e) (m) > ,m G U} . 

Suppose that 

0 (P, A) U 0 (Q, B ) = (O, C) , 
where C= A U B, and for all e G C and m G U. 

! s a - Fp( e )(m), , if e G A-B 
s B -F^Cm), ,if e G B-A 
max[s A - Fp (e) (m),s B - F Q{e) (m)), if e G A n B 

Sa ~ Fp (e ) (m) , if e G A-B 
s B -F (? (g)(m),j/e G B-A 
| S - min{F Plie) (jnf F Q(e) (m)}, if e G A n B, 
with S = s A = s B 



(18) 

(19) 
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7 P ( e )(m) , if e E A — B 
I 0(e) (m) = -j J Q(e) (m) , if e e B - A 

[min {/ P(e) (m) ,/ e(e) (m)}, if e e A n B 

f F P(e) (m) , if e e A - B 
F 0(e) ( m) = ] % e) ( m) ,i/e£ B - A 

Um{F P(e) (m),F ?(e) (m)},i/ e e A n B 

Consequently, 0 (H,C) and (O, C) are the same intuitionistic neutrosophic soft sets. Thus , 

0 ( (P, A) U (Q, B))=0 (P, A) U 0 (Q, B). 

Hence the result is proved. 

(ii ) and (iii) are proved analogously. 

iii. 0( P, A ) = {<m, s A - F P ( e )(m), Ip( e )(m)], F P ( e )(m)]>|m ^Uande^A}. 
So 



00(P, A)={<m, s A -Fp ie) (rn) , I P(e )(m), F P(e) (m)]>|m <E Uande £A[. 

Hence the result. 

iv. For any positive finite integer n, 

(P,A) n ={<m, [T P(e) (m)] n , [I P(e) (m)] n , - F P(e) (m)]] n >|meU } Ve<EA, 

So, 



0(P,A) n = {<m, s. 4 - [s A -[s A - F P(e) (m)] n ], [I P ( e )0n)] n , - F P(e) (m)] n >|m £U} 

= {<m, [s A - F p(e)(jn)] n , [I P(e) (m)] n , s A -[s A - F P(e) (m)] n >|meU } V e £A. 

Again 

[0 (P, A)] n = {<m, [s A - F P(e) (m)] n , [I P(e )(m)] n , - F P(e) (m)] n >|m£U}Ve e A. 

Hence the result follows. 



v. As [( P, A ) U (Q, B) ] n = (P, A) n U (Q, B) n , 

0[(P,A) U (Q,B) ] n = = 0(P,A) n U 0 (Q, B) n . 
the result is proved 

vi. As [( P, A ) n ( Q, B ) ] n = (P,A) n H (Q, B)\ 

0[(P,A) n ( Q, B ) ] n = 0 (P, A) n H0 (Q, B) n . 

Hence the result follows. 

For any intuitionistic neutrosophic soft set ( P, A ) we have the following propositions. 



4.4. Proposition 

( 20 ) 
( 21 ) 

Proof 

i. Let ( P, A ) be a intuitionistic neutrosophic soft set over the universe U. 

Then ( P, A ) = { <m, T P ( e )(m), Ip( e )(m), Fp( e )(ra)> |m E U} where e E A. 

So, □ ( P, A ) = { <m, Tp (e) (m), I P ( e) (m), s A - T P(e) (m)> | m GU}, and 
0(P, A)={<m, s A - F P(e )(m), I P(e) (m), F P(e) (m)>| m e U}. 

So OH ( P, A ) = { <m, s A -(s A - T P(e) (m)), I P(e) (m), s A - T P(e) (m)>| m GU}. 

= {<m, T P(e) (m), I P(e) (m), s A - T P(e) (m)> | m G U}. 

= □ (P, A ) 

ii. The proof is similar to the proof of the proposition 3.4. i. 



i. 0 □ (P, A) = □ (P, A) 

ii. □ 0 (P, A) =0 (P, A) 
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Let ( P, A ) and ( Q, B ) be two intuitionistic neutrosophic soft sets over the common universe U, then we have the 
following propositions: 



4.5. Proposition 

i. □ [ ( P, A ) A( Q, B ) ] = □ ( P, A ) A □ ( Q, B ). 

ii. □ [ ( P, A ) V( Q, B ) ] = □ ( P, A ) V □ ( Q, B ). 

iii.O [ ( P, A ) A ( Q, B ) ] = 0 ( P, A ) A 0 ( Q, B ). 

iv.O [ ( P, A ) V ( Q, B ) ] = 0 ( P, A ) V 0 ( Q, B ). 

Proof 

i. Let ( H, A XB ) = ( P, A ) A ( Q, B ). 

Hence, 

( H, A x B)= {<m,T H(M) (m),I w(a , /S) (m),F w(a , /?) (m)(m)>|meU }, 

where 

T//(a,/?)( m ) = min { T P(a) (m),T ?(/;) (m)} , = max {F P(a) (m),F QW (m) } 

and 



So, 



!//(<*,/ s)(m)=max {I P(a )(m),I QW (m) }. 



□ ( H, A x B ) = { <m, T H(M) (m),I H(a ^)(m), S - T„ W) (m)>|meU},(a, /? ) GA x B 

= { < m, min (T P(a) (m), T Q(fl) (m) ),max (I P(a) (m), I g ^)(m)), S - min (T P(a) (m), T Q(fj) (m}) > |m£U } 

= {<m, min(T P(a) (m), T (?(jg) (m)),max (I P(a) (m), I (?tf) (m)),max (S - T P(a) (m), S- T^Cm) )>|m£U} 

= {<m, T P(a) (m), I P(a )(m),S- T P(a) (m)>|m£U} AND {<m, T Q(fj) (m),\ Q(fi) (m), S- TQ tf) (m)>|m£U} 

=□ ( P, A ) AH ( Q, B ). 

Hence the result is proved 

ii. Let ( L, A x B ) = ( P, A ) V ( Q, B ). 

Hence , 

(L, A x B ) = { <m, T i(aj/?) (m), I/,( a ^)(m),F i(a>jS) (m)>|mEU }, 

where 



( 22 ) 

(23) 

(24) 

(25) 



■W)(m) = max { T P(a) (m), T Q(fi) (m) } 3 L (a,fi)( m ) = min {I P(a) (m), I Q ^)(m) } 

And F ife/?) (m) =min{ F P(jff) (m), F QW (m)}. 

So, 

□ (L, A x B ) = { <m, T L ( a ^)(m),I i(a j8) (m) ,S - T i(a/?) (m)>|meu }, for (a, /? ) eA x B 

= {<m, max(T P(a) (m), T etf) (m)), min (I P(a) (m), I QW (m)), S - max (T P(a) (m), T QW (m) )>|m£U} 

= {<m, max(T P(a) (m), T etf) (m) ),min (I P(a) (m), I w (m)),min(S- T P(a) (m), S- T oW (m)) > |m<EU } 

= {<m, T P(a) (m), I P ( a )(m), S- T P(a) (m)> |m€U} OR {<m, 7 Q(fj) (m),\ Q(fj) (m), S- 7 Q(fj) (m)> |m£U} 

=□ ( P, A ) V □ ( Q, B ). 

Hence the result is proved 

iii. Let ( H, A X B ) =( P, A ) A ( Q, B ). 

Hence, 

( H, A X B ) = {<m, V a/?) (m), I H(a ^ } (m), F„ W) (m)>|meU}, 

where 



T H(a,/?)( m ) = min {Tp (a )(m), T ?w (m)},I H(a/?) (m)= max { I P («) (m) ,1^^) (m) } . 
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and 



So, 



Fff(«,/?)( m ) = max t f p(«) ( m ) ( m ) } - 



0(H, A x B)={<m, S- F w(a/S) (m),I H(M) (m),F H(M) (m)>|m 6 U }, for (a, /? ) EA x B 

= { < m, S - max ( F P(a) (m), F GW (m)), max (I P(a) (m), I QW (m)), max ( F P(a) (m), F^Cm) )>|m£U} 

= { < m, min (S- F P(a) (m), S- F oW (m)), max (I P(a) (m), max ( F P(a) (m), F W) (m)) > |m GU } 

= {<m, S- F P(a) (m),I P(a) (m), F P(a) (m)> |m£ U} AND {<m, S- F QW (m),I QW (m), F <3(/S) (m)> |m£U} 

= 0 ( P, A ) A 0 ( Q, B ). Hence the result is proved 

iv. The proof is similar to the proof of the proposition 3.5.iii. 



5. Conclusion 

In the present work ,We have continued to study the 
properties of intuitionistic neutrosophic soft set. New 
operations such as necessity and possibility on the 
intuitionistic neutrosophic soft set are introduced. Some 
properties of these operations and their interconnection 
between each other are also presented and discussed. We 
conclude that necessity and possibility operations on the 
intuitionistic neutrosophic soft set are generalization of 
necessity and possibility operations on the intuitionistic 
fuzzy soft set. The new operations can be applied also on 
neutrosophic soft set [27] and generalized neutrosophic 
soft set [29]. We hope that the findings, in this paper will 
help researcher enhance the study on the intuitionistic 
neutrosophic soft set theory. 
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Lower and Upper Soft Interval Valued Neutrosophic Rough 
Approximations of An IVNSS-Relation 



Said Broumi, Florentin Smarandache 



Abstract: In this paper, we extend the lower and upper soft interval valued intuitionstic fuzzy 
rough approximations of IVIFS -relations proposed by Anjan et al. to the case of interval 
valued neutrosophic soft set relation(IVNSS-relation for short) 

Keywords: Interval valued neutrosophic soft , Interval valued neutrosophic soft set relation 



0. Introduction 



This paper is an attempt to extend the concept of interval valued intuitionistic fuzzy soft relation 
(IVIFS S -relations) introduced by A. Mukherjee et al [45 ]to IVNSS relation . 



The organization of this paper is as follow: In section 2, we briefly present some basic 
definitions and preliminary results are given which will be used in the rest of the paper. In 
section 3, relation interval neutrosophic soft relation is presented. In section 4 various type of 
interval valued neutrosophic soft relations. In section 5, we concludes the paper 



1. Preliminaries 

Throughout this paper, let U be a universal set and E be the set of all possible parameters under 
consideration with respect to U, usually, parameters are attributes, characteristics, or properties 
of objects in U. We now recall some basic notions of neutrosophic set, interval neutrosophic 
set, soft set, neutrosophic soft set and interval neutrosophic soft set. 



Definition 2.1. 

Let U be an universe of discourse then the neutrosophic set A is an object having the form 
A= {< x: p a(x), v a(x), a) a(x) >,x G U}, where the functions p, v, a) : U— >]“0,l + [ define 
respectively the degree of membership , the degree of indeterminacy, and the degree of 
non-membership of the element x G X to the set A with the condition. 

“0 <p A(x)+ V A(x) + 0) A(x) < 3 + . 
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From philosophical point of view, the neutrosophic set takes the value from real standard or 
non-standard subsets of ]“0,l + [.so instead of ]~0,l + [ we need to take the interval [0,1] for 
technical applications, because ]“0,l + [will be difficult to apply in the real applications such as 
in scientific and engineering problems. 

Definition 2.2. A neutrosophic set A is contained in another neutrosophic set B i.e. A Q B 
if Vx G U, p a(x) < p B (x), v a(x) > v b(x), ro a (x) > co b(x). 

Definition 2.3. Let X be a space of points (objects) with generic elements in X denoted by x. 
An interval valued neutrosophic set (for short IVNS) A in X is characterized by truth- 
membership function p A (x), indeteminacy-membership function v A (x) and falsity- 
membership function <o A (x). For each point x in X, we have that p A (x), v A (x), 
to A (x) G [0 , 1 ] . 

For two IVNS , 4 IVN s =1 <* , [pj((x), p A (x)l , [v A (x),v A (x)] , [to^(x),co^(x)] > I x G X } 

And B ivns ={ <x , [Pg(x), Pg (x)] , [v B (x) , v B (x) ] , [ro^(x), ro^(x)]> I x G X } the two 
relations are defined as follows: 

(1) A wns c Bjvms if and only if p^(x) < Pg(x),p^(x) < p|j(x) ,v A (x) > vj^(x) , co^(x) > 
®b(x) , W A (x) > COg(x) , C0 A (x) > COg(x) 

(2) A w NS = 5 IVN s if and only if , p A (x) =p B (x) , v A (x) =v B (x) , ® A (x) =ro B (x) for any x G 
X 

As an illustration Jet us consider the following example. 

Example 2.4. Assume that the universe of discourse U={xi,X2,X3}, where xi characterizes the 
capability, x2 characterizes the trustworthiness and x3 indicates the prices of the objects. It 
may be further assumed that the values of xi, X2 and X3 are in [0,1] and they are obtained from 
some questionnaires of some experts. The experts may impose their opinion in three 
components viz. the degree of goodness, 

the degree of indeterminacy and that of poorness to explain the characteristics of the objects. 
Suppose A is an interval neutrosophic set (INS) of U, such that, 

A = {< xi, [0.3 0.4], [0.5 0.6], [0.4 0.5] >,< x 2 , ,[0.1 0.2], [0.3 0.4], [0.6 0.7]>,< x 3 , [0.2 
0.4], [0.4 0.5], [0.4 0.6] >], where the degree of goodness of capability is 0.3, degree of 
indeterminacy of capability is 0.5 and degree of falsity of capability is 0.4 etc. 

Definition 2.5. 

Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the power set of 
U. Consider a nonempty set A, A c E. A pair (K, A) is called a soft set over U, where K is a 
mapping given by K : A — > P(U). 

As an illustration, let us consider the following example. 

Example 2.6 . 

Suppose that U is the set of houses under consideration, say U = {hi, h2 , . . ., hs}. Let E be the 
set of some attributes of such houses, say E = [ei, e2 , . ... eg}, where ei, e2 , . . ., es stand for the 
attributes “beautiful”, “costly”, “in the green surroundings’”, “moderate”, respectively. 

In this case, to define a soft set means to point out expensive houses, beautiful houses, and so 
on. For example, the soft set (K,A) that describes the “attractiveness of the houses” in the 
opinion of a buyer, say Thomas, may be defined like this: 

A={ei,e2,e3,e4,e5}; 

K(ei) = [h 2 , h 3 , hs } , K(e 2 ) = (h 2 , h 4 }, K(e 3 ) = {hi}, K(e 4 ) = U, K(e 5 ) = {h 3 , h 5 }. 



Definition 2.7 . 

Let U be an initial universe set and A c E be a set of parameters. Let IVNS(U) denotes the 
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set of all interval neutrosophic subsets of U. The collection (K,A) is termed to be the soft 
interval neutrosophic set over U, where F is a mapping given by K : A — > IVNS(U). 

The interval neutrosophic soft set defined over an universe is denoted by INS S. 

To illustrate let us consider the following example: 

Let U be the set of houses under consideration and E is the set of parameters (or qualities). 
Each parameter is a interval neutrosophic word or sentence involving interval neutrosophic 
words. Consider E = { beautiful, costly, in the green surroundings, moderate, expensive }. In 
this case, to define a interval neutrosophic soft set means to point out beautiful houses, costly 
houses, and so on. Suppose that, there are five houses in the universe U given by, U = 
{hi,h 2 ,h 3 ,h 4 ,h 5 } and the set of parameters A = {ei,e 2 ,e 3 ,e 4 }, where each ei is a specific 
criterion for houses: 
ei stands for ‘beautiful’, 
e 2 stands for ‘costly’, 
e 3 stands for ‘in the green surroundings’, 
e 4 stands for ‘moderate’, 

Suppose that, 



K(beautiful)={< hi, [0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< h 2 ,[0.4, 0.5], [0.7 ,0.8], [0.2, 0.3] >, < 
h 3 ,[0.6, 0.7], [0.2 ,0.3], [0.3, 0.5] >,< h 4 ,[0.7 ,0.8], [0.3, 0.4], [0.2, 0.4] >,< h 5 ,[ 0.8, 0.4] ,[0.2 
,0.6], [0.3, 0.4] >}.K(costly)={< bi,[0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< h 2 ,[0.4, 0.5], [0.7 ,0.8], 
[0.2, 0.3] >, < h 3 ,[0.6, 0.7], [0.2 ,0.3], [0.3, 0.5] >,< h 4 ,[0.7 ,0.8], [0.3, 0.4], [0.2, 0.4] >,< h 5 ,[ 0.8, 
0.4] ,[0.2 ,0.6], [0.3, 0.4] >}. 

K(in the green surroundings)= {< hi, [0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< b2,[0.4, 0.5], [0.7 ,0.8], 
[0.2, 0.3] >, < h 3 ,[0.6, 0.7], [0.2 ,0.3], [0.3, 0.5] >,< h 4 ,[0.7 ,0.8], [0.3, 0.4], [0.2, 0.4] >,< h 5 ,[ 0.8, 
0.4] ,[0.2 ,0.6], [0.3, 0.4] >}.K(moderate)={< hi, [0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< h 2 ,[0.4, 0.5], 
[0.7 ,0.8], [0.2, 0.3] >, < h 3 ,[0.6, 0.7], [0.2 ,0.3], [0.3, 0.5] >,< h 4 ,[0.7 ,0.8], [0.3, 0.4], [0.2, 0.4] 
>,< h 5 ,[ 0.8, 0.4] ,[0.2 ,0.6], [0.3, 0.4] >}. 

Definition 2.8. 

Let U be an initial universe and (F,A) and (G,B) be two interval valued neutrosophic soft set . 
Then a relation between them is defined as a pair (H, AxB), where H is mapping given by H: 
AxB-»IVNS(U). This is called an interval valued neutrosophic soft sets relation ( IVNSS- 
relation for short).the collection of relations on interval valued neutrosophic soft sets on Ax 
Bover U is denoted by Oy (Ax B). 

Defintion 2.9. Let P, Q 6 cry (Ax B) and the ordre of their relational matrices are same. Then 
P Q Q if H (ej 6j) J (ejej) for (e ; - ej) 6 A x B where P=(H, AxB) and Q = (J, A x B) 
Example: 

P 



u 


0?i ,e 2 ) 


(e 1 ,e 4 ) 


( e 3 ’ e 2) 


(e 3 ,e 4 ) 


hi 


([ 0 . 2 , 0 . 3 ], [ 0 . 2 , 0 . 3 ], [ 0 . 4 , 0 . 5 ]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


h2 


([0.6, 0.8], [0.3, 0.4], [0.1, 0.7]) 


([1,1], [0, 0],[0, 0]) 


([0.1, 0.5], [0.4, 0.7], [0.5, 0.6]) 


([0.1, 0.5], [0.4, 0.7], [0.5, 0.6]) 


h 3 


([0.3, 0.6], [0.2, 0.7], [0.3, 0.4]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


([1,1], [0, 0],[0, 0]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


h 4 


([0.6, 0.7], [0.3, 0.4], [0.2, 0.4]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([1,1], [0, 0],[0, 0]) 



Q 



U 


(<?i ,e 2 ) 


(ei ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


hi 


([0.3, 0.4], [0, 0],[0, 0]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


h2 


([0.6, 0.8], [0.3, 0.4], [0.1, 0.7]) 


([1,1], [0, 0],[0, 0]) 


([0.1, 0.5], [0.4, 0.7], [0.5, 0.6]) 


([0.1, 0.5], [0.4, 0.7], [0.5, 0.6]) 
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h 3 


([0.3, 0.6], [0.2, 0.7], [0.3, 0.4]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


([1,1], [0, 0],[0, 0]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


h 4 


([0.6, 0.7], [0.3, 0.4], [0.2, 0.4]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([1,1], [0, 0],[0, 0]) 



Definition 2.10. 

Let U be an initial universe and (F, A) and (G, B) be two interval valued neutrosophic soft 
sets. Then a null relation between them is denoted 

by Ou and is defined as 0 y =(H 0 , A xB) where H 0 (e* e ; )={<h k , [0, 0],[1, 1],[1, 1]>; h k G 
U} for (ei ; e ; ) G A xB. 

Example. Consider the interval valued neutrosophic soft sets (F, A) and (G, B). Then a null 
relation between them is given by 



U 


(e± ,e 2 ) 


(e 1 ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


hi 


([0, 0] , [ 1 , 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


h 2 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


h 3 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


h 4 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 



Remark. It can be easily seen that P U 0 y =P and P n Ou =0u for any P G a v (Ax B) 

Definition 2.11. 

Let U be an initial universe and (F, A) and (G, B) be two interval valued neutrosophic soft sets. 
Then an absolute relation between them is denoted by I y and is defined as Iu =(Hj , A xB) 



where Hj (ej e ; )={<h k , [1, 1],[0, 0],[0, 0]>; h k G U} for (e f e ; ) G A xB. 



u 


(ei ,e 2 ) 


(e 1 ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


hi 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


h 2 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


h 3 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


h 4 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 



Definition.2.12 Let P G a v (Ax B), P= (H, AxB) ,Q = (J, AxB) and the order of their relational 
matrices are same.Then we define 

(i) P U Q= (H °J, AxB) where H° J :AxB ->IVNS(U) is defined as 

(H °J)( e i} ej)= H(ej e ; ) V for (e if ej) G A x B, where V denotes the interval 

valued neutrosophic union. 

(ii) P n Q= ( H iJ, AxB) where HaJ :AxB ^IYNS(U) is defined as (HaJ)( e t ej)= 
Hfe* e ; ) A Ue t ej) for (e 7 - e ; ) G A x B, where A denotes the interval valued 
neutrosophic intersection 

(iii) P c = (~H, AxB) , where ~H :AxB ^IVNS(U) is defined as 

~H( ei j ey)=[H(e ij ey)] c for (e ; e ; ) G A x B, where c denotes the interval valued 
neutrosophic complement. 



Defintion.2.13. 

Let R be an equivalence relation on the universal set U. Then the pair (U, R) is called a 
Pawlak approximation space. An equivalence class of R containing x will be denoted by [x] R . 
Now for X^U, the lower and upper approximation of X with respect to (U, R) are denoted 
by respectively R *X and R* X and are defined by 
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R*X={x6U: [x] R CX}, 

R*X={ xGU: 

Now if R *X = R* X, then X is called definable; otherwise X is called a rough set. 

3-Lower and upper soft interval valued neutrosophic rough approximations of an 
IVNSS-relation 

Defntion 3.1 .Let R G (Ax A) and R=( H, Ax A). Let 0=(f,B) be an interval valued neutrosophic 
soft set over U and S= (U, 0) be the soft interval valued neutrosophic approximation space. Then 
the lower and upper soft interval valued neutrosophic rough approximations of R with respect 
to S are denoted by Lwr s (R)and Upr s (R) respectively, which are IYNSS- relations over AxB 
in U given by: 

Lwr s (R)= ( J, A xB) and Upr s (R) =(K, A xB) 

J( ,e k ) ={<x, [Aeyea(inf g H ( e t ,e y ) ( x ) A inf Pf( e k ) 00) ,Ae y . e ^(sup P H ( et jej) ( x ) A SU P Hf( e k ) 00) 1. 

[A ey6 yi(infv H( ' e . e .) (x) V infv f(efc) (x)) ,A eye/1 (sup v„( e . >e .) (x) V supv f(efc) (x)) ], 

[A ey6 y,(inf(o H(e . e .) (x) V info> f(et) (x)) ,A eyey i(sup(o H ( e . ;e .) (x) V supo) f(efc) (x)) ] :x G U}. 

K( e t ,e k ) ={<x, [A ei e^(inf p H( - e . ej) (x) V inf p f( } (x)) ,A eySj4 (sup p H( e . e .) (x) V sup p f( gfc } (x)) 

I. 



[A ey6 yi(infv H( ' e . ie .) (x) A infv f(efc) (x)) ,A ey6 ^(sup v H(e . ej) (x) A supv f(efc) (x)) ], 
[A ey6 y,(inf(o H(e . e .) (x) A infa> f(efc) (x)) ,A ey 6,i(supa> H ( e . e .) ( x ) A SU P w f(e fc ) (x)) ] :x G U}. 

For G A , e K G B 

Theorem 3.2. Let be an interval valued neutrosophic soft over U and S = ( U,0) be the soft 
approximation space. Let R 1 , R 2 G (Ax A) and /? x =( G,Ax A) and R 2 =( H,Ax A).Then 

(i) Lwr s (O u )=O u 

(ii) Lwr s (lu)= lu 

(iii) c R 2 => Lwr s (R t ) Q Lwr s (R 2 ) 

(iv) /? x c /? 2 => Upr s (R t ) Q Upr s (R 2 

(v) Lwr s (Ri n R 2 ) c Lwr s (R t ) n Lwr s (R 2 ) 

(vi) Upr s (R 1 n R 2 ) c Upr s (R ± ) n Upr s (R 2 ) 

(vii) Lwr s (R ± ) U Lwr s (R 2 ) Q Lwr s (R ± U R 2 ) 

(viii) Upr s (f? a ) U Upr s (R 2 ) c Upr s (fij U R 2 ) 

Proof, (i) -(iv) are straight forward. 

Let Lwrs^ n R 2 ) =(S, Ax B).Then for ( e t , e E A xB , we have 

s( e t , e k ) ={<x, [A eyej4 (inf p GoH ( e . ej) (x) A inf p f( } (x)) , A eye/ i(sup p GoII ( e . ej) (x) A 
supp f(eft )(x))], 

[A ey6 >lO n f v GoH(e i ,e y ) ( x ) V * n f v f(e ft ) 09) > A ey eA( su P V G°H( e f ,e y ) ( x ) V su P v f(e fc ) 00)1 
[A eye/ i(inf a) GoH( e . e .) (x) V inf w f( } (x)) ,A eyEyl (sup a) GoH( e . ^ (x) V sup w f( gfc } (x)) ] :x G U} 
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={<X, [A e/6i i(min(inf p G( e . Bj) (x), inf g H( e . e .) (x)) A inf p f( gfc } (x)) 
,A e . 6/q ( m in(sup p G( e . (x), sup p H( e . ej) (x)) A sup p f( ek ) (x))], 

[A e . e/ i(max(infv G(e . e .)(x),infv H( - e . e .)(x)) V infv f(efc) (x)) 
,A e . eyl (max(sup v G( - e . Bj) (x), sup v H( - e . Bj) (x)) V sup v f( Bk } (x))], 

[A e . e/ i(max(inf o) G( - e . Bj) (x), inf o) H( - e . Bj) (x)) V inf o) f( Bk } (x)) 
,A e; . 6 ^(max(sup o> G( B . ej) (x), sup (o H( - e . ej) (x)) V sup o> f( gfc } (x)) ]:x£U) 



Also for Lwr s (R t ) n Lwr s (fi 2 ) =(Z,A x B) and ( e t , e K ) e A xB ,we have , 

Z ( e t , e K )= {<x, [ Min (A e . e/ i(inf p G( e . Bj) (x) A inf p f( } (x)) , A e . e/ i(inf p H( - e . Bj) (x) A 

inf Hf( e k ) 00) ) , Min(A e . eyl (sup p G( e . Bj) (x) A sup p f( Bk } (x)) , A e . eyl (sup g H( e . Bj) (x) A 
suph f( e fc )(x)) )] , 

[Max(A ey 6yi(infv G ( e . )e .)(x) V infv f(efc) (x)) , A e , 6 Ainfv H ( e . )e .) (x) V infv f(efc) (x)) ) , 
Max(A e; . 6 ^(sup v G ( e . Bj) (x) V sup v f( ek } (x)) , A e; . e ,i(sup v H( e . e .) (x) V sup v f( ek ) (x)) )] , 



[Max (A e . e/1 (inf o) G( - B . Bj) (x) V inf o) f( Bk } (x)) , 
Max(A e; . G ^(sup o ) G( e . (x) V sup o) f( gft } (x)) , 
U} 



Ae ; -6A(inf W H ( e f ,ej) ( x ) v inf 0 ) f( } (x)) ) , 

Ae ; . ey i(supa) H( - e . Bj) (x) V supo) f(eft ) (x)) )] :x 6 



Now since min(inf p G( - B . Bj) , inf p H( e . Bj) (x) ) < inf p G( e . Bj) (x) and 
min(inf p G( e . e .) , inf p H( e . Bj) (x) ) < inf g H( e . e .) (x) we have 

Ae ; .eAmin(inf g G ( B . Bj) (x), inf g H( e . e .) (x)) A inf g f( 6k } (x)) < Min (A e , e/1 (inf p G ( e . e .) (x) A 
inf H f ( e k ) (x)) , Ae ; -ed(inf g H ( ej , ej ) ( x ) A inf p f( gfc } (x)) ). 

Similarly we can get 

A e . e/ i(min(sup p G( - e . Bj) (x), sup p H( - e . Bj) (x)) A sup p f( } (x)) < Min (A e . eyl (sup g G( - e . Bj) (x) 
sup g k ) (x)) , AeyeAsnp Pjj^ Bi e .^ (x) A sup gf( Bk ) (X))). 

Again as max(infv G( B . Bj) , infv H( B . Bj) (x) ) > infv G( B . Bj) (x) ,and 
max(inf v G( e . e . } , inf v H( e . Bj) (x) ) > inf v H( B . Bj) (x) 



A 



we have 



A, 



/\ ej eA(. max(infv G ( e . e .) (x), infv H(e . Bj) (x)) V infv f(efc) (x)) > Max (A e , 6 ,q(infv G ( e . e .) (x) V 
infv f(efc )(x)), Ae^^Onfvnj'g. e .) (x) V infv f(efc) (x)) ). 

Similarly we can get 

Ae ; eyi(max(sup v G( e . e .) (x), sup v H( e . fij) (x)) V sup v f( Cfc } (x)) > Max (A ey6 ^(sup v G( e . Bj) (x) V 
sup v f( ek ) (x)) , A ey6 ^(sup v H( B . Bj) (x) V sup v f( ek ) (x)) ). 

Again as max(inf o> G( ' e . e .) , inf o> H( B . Bj) (x) ) > inf o> G( e . fij) (x) ,and 
max(inf cu G( B . Bj) , inf o) H( e . Bj) (x) ) > inf o) H( e . Bj) (x) 



we have 
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A ey6j4 (max(inf ay e . >e .) (x), inf ay 
inf (o f( ek ) (x)) , A e . e/1 (inf ay e . e .) 
Similarly we can get 



e, ,ej) 00) v inf w f( e k ) ( x )) ^ Max (A ey6/1 (inf ay e . 
(x) V inf(o f(ek) (x)) ). 



)(x) V 



A eye ^(max(sup ay e . y (x), sup ay B . y (x)) V sup o) f( Cft } (x)) > Max (A eyeyl (sup ay B . y (x) V 
sup 0 ) f( e k ) (x)) , A ey eA su P <%( e . y (x) V sup 0 ) f( e k ) (x)) ). 



Consequently, Lwr s (R t n R 2 ) £ Lwr s (R k ) n Lwr s (R 2 ) 

(vi) Proof is similar to (v) 



(vii) Let Lwr s (R k u R 2 ) =( S, A xB).Then for ( e* , e £ A xB , we have 



s( , e fc )={<x, [A ey ea(inf H g «h( e; , ey ) ( x ) A inf hf( e fc ) (x)) ,A eyeyl (sup p G bH ( B . y (x) A 
SUPhf (eft )(x))], 



[A ey ^(infv GBH(e .y (x) V infv f(eft) (x)) ,A eye/1 (infv GBH(e . y (x) V infv f(eft 

[A ey6j4 (inf( 0 GBH(e . e .) (X) V inf 0 ) f(efc) (X)) ,A ey e 4 (inf( 0 GBH ( e .y ( x ) v infw f( 

={<x, [A e y(max(inf y B . y (x), inf p H( - B . y (x)) A inf p f( Bk } (x)) 
,A ey6/1 (max(sup y e . y (x), sup p H ( e . y (x)) A sup q f( ek } (x))], 

[A eye ^(min(infv G(e . e .)(x),infv H(e . ey) (x)) V infv f(efc) (x)) 

,A eyeyl (min(sup v G( e . y (x), sup v H( B . y (x)) V sup v f( } (x))], 



) (x))L 

et) (x))]:xGU} 



[A ey6y i(min(inf ay e . y (x), inf ay e . y (x)) V inf o) f( efc } (x)) 
,A ey6 ^(min(sup ay e . y (x), sup ay e . y (x)) V sup a) f( 6fc } (x)) ]:x£U) 



Also for Lwrs (/?!) U Lwrs (R 2 ) = ( Z, AxB) and ( e t , e &) E A xB ,we have , 

z (e t , e K )= {<x, [ Max (A eyej4 (inf p G( e . y (x) A inf p f( Bk } (x)) , A eyej4 (inf p H( - B . y (x) A 
inf q f ( e k ) 00) ) , Max(A eye /i(sup p G( B . y (x) A sup p f( Bk } (x)) , A ey£/1 (sup p H( e . y (x) A 
supq f(eft )(x)) )] , 

[Min (A eye/ i(infv G yy (x) V infv f(efc) (x)) , Ae y eAinfv H ( e . y (x) V infv f(efc) (x)) ) , 
Min(A ey6 ^(sup y e . y (x) V sup v f( Cfc } (x)) , A ey e,i(sup v H( e . y (x) V sup v f( Cfc } (x)) )] , 



[Min 0V y eA(infoy e .y ( x ) v infa)f( Cfc ) ( x )) , A^.eAinfny e . y 09 v infa> f ( eft }( x ))) , 
Min(A eyeyl (sup ay B . y (x) V sup a> f( Bk } (x)) , A eyEyl (sup a) H( e . Bj) (x) V sup a) f( gfc } (x)) )] :x G 
U} 



Now since max(inf q G( B . Bj) , inf q H( B . Bj) (x) ) > inf y B . Bj) (x) and 
max(inf p G( e . Bj) , inf p H( e . Bj) (x) ) > inf p H( - e . Bj) (x) we have 

A ey eyi(inax(inf q G( e . Bj) (x), inf y e . Bj) (x)) A inf q f( Bk } (x)) > max (A ey6/1 (inf q G( e . Bj) (x) A 
inf hf( e k ) ( x )) , Ae y e^(inf h H ( e f >ey ) ( x ) A in f hf( e k ) ( x )) )• 



Similarly we can get 

A ey ea( ma x(sup p G( e . Bj) (x), sup p H( e . Bj) (x)) A sup p f( 6ft } (x)) > max(A eyeyl (sup p G( e . Bj) (x) A 
sup Bk ^ (x)) , Ag y e^(sup Pjj( Bi e .'j (x) A sup Bk ^ 00) )• 
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Again as min(infv G( B . Bj) , infy e . Bj) (x) )< infv G( - e . y (x) ,and 
min(infv G(e . Bj) , infv H(e . Bj) (x) ) < infv H(e . e .) (x) 

we have 

A e . e/1 (min(infv G( - e . e .) (x),infv H(e . Bj) (x)) V infv f(efc) (x)) <Min (A e; . e ^(infv G(e . Bj) (x) V 
infv f(eft) (x)), A e . eyl (infv H ( e . e .)(x) V infv f(eft) (x)) ). 

Similarly we can get 

Ae ; .eAmin(sup v G( e . y (x), sup v H( e . y (x)) V sup v f( Cfc } (x)) < Min (A e; .£yi(sup v G( e . Bj) (x) V 
sup Vf( e k ) (x)) , A e . eyl (sup V H( - e . £j) (x) V sup V f( ) (x)) ). 



Again as min(inf o> G( ' e . ej) , inf ay e . fij) (x) ) < inf a) G( e . 6j) (x) ,and 
min(inf a) G( e . >e .) , inf o> H( e . ej) (x) )< inf ay e . >e .) (x) 

we have 

Ae ; £yi(min(inf oig,- e . ej) (x), inf ay e . ej) (x)) V inf a) f( efc } (x)) < Min (A e; .£yi(inf ay e . Bj) (x) V 
inf a>f( Bk ) (x)) , A e7 . 6/q (infa> H(e . e . ) (x)V infa> f(ek) (x)) ). 

Similarly we can get 

A e; .£yi(min(sup o> G( e . Bj) (x), sup ay e . Bj) (x)) V sup (o f( Bk } (x)) < Min (A ey6 ^(sup a) G( B . ej) (x) V 
sup a> f( Bk ) (x)) , A ey £yi(sup oin,- e . (x) V sup 0) f( Bk ) (x)) ). 

Consequently Lwr s ( R ± ) u Lwr s ( R 2 ) q Lwrs (R t n R 2 ) 

(vii) Proof is similar to (vii). 



Conclusion 

In the present paper we extend the concept of Lower and upper soft interval valued intuitionstic 
fuzzy rough approximations of an IVIFSS -relation to the case IVNSS and investigated some of 
their properties. 
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Neutrosophic Crisp Open Set and Neutrosophic Crisp Continuity via 

Neutrosophic Crisp Ideals 



A. A. Salama, Said Broumi and Florentin Smarandache 



Abstract — The focus of this paper is to propose a new notion of neutrosophic crisp sets via neutrosophic crisp 
ideals and to study some basic operations and results in neutrosophic crisp topological spaces. Also, 
neutrosophic crisp L-openness and neutrosophic crisp L- continuity are considered as a generalizations for a 
crisp and fuzzy concepts. Relationships between the above new neutrosophic crisp notions and the other 
relevant classes are investigated. Finally, we define and study two different types of neutrosophic crisp 
functions. 

Index Terms — Neutrosophic Crisp Set; Neutrosophic Crisp Ideals; Neutrosophic Crisp L-open Sets; 

Neutrosophic Crisp L- Continuity; Neutrosophic Sets. 



I. Introduction 

The fuzzy set was introduced by Zadeh [20] in 1965, 
where each element had a degree of membership. In 
1983 the intuitionstic fuzzy set was introduced by K. 
Atanassov [1, 2, 3] as a generalization of fuzzy set, 
where besides the degree of membership and the degree 
of non- membership of each element. Salama et al [11] 
defined intuitionistic fuzzy ideal and neutrosophic ideal 
for a set and generalized the concept of fuzzy ideal 
concepts, first initiated by Sarker [19]. Smarandache [16, 
17, 18] defined the notion of neutrosophic sets, which is 
a generalization of Zadeh' s fuzzy set and Atanassov's 
intuitionistic fuzzy set. Neutrosophic sets have been 
investigated by Salama et al. [4, 5, 6, 7, 8, 9, 10, 11, 12, 
13, 14, 15]. In this paper is to introduce and study some 
new neutrosophic crisp notions via neutrosophic crisp 
ideals. Also, neutrosophic crisp L-openness and 
neutrosophic crisp L- continuity are considered. 
Relationships between the above new neutrosophic crisp 
notions and the other relevant classes are investigated. 
Recently, we define and study two different types of 
neutrosophic crisp functions. 

The paper unfolds as follows. The next section briefly 
introduces some definitions related to neutrosophic set 
theory and some terminologies of neutrosophic crisp set 
and neutrosophic crisp ideal. Section 3 presents 
neutrosophic crisp L- open and neutrosophic crisp L- 
closed sets. Section 4 presents neutrosophic crisp L- 
continuous functions. Conclusions appear in the last 
section. 



II. Preliminaries 

We recollect some relevant basic preliminaries, and in 
particular, the work of Smarandache in [16, 17, 18], and 
Salama et al. [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. 

2.1 Definitions [9]. 

1) Let X be a non-empty fixed set. A neutrosophic 
crisp set (NCS for short) A is an object having the form 
A = (A 1 ,A 2 ,A 3 ) where A 1? A 2 and A 3 are subsets of X 

satisfying A, n A 2 = ^ , A x n A 3 = (j) and A 2 nA 3 =f 

2) Let a = ^A , A , A y be a neutrosophic crisp set on a 

set X, then p = {{ Pl l{p 2 },{p 3 }), Pi* P 2 * As is 
called a neutrosophic crisp point. A neutrosophic crisp 
point (NCP for short) p = }, ( p 2 }, ( p 3 }^, is said to 

be belong to a neutrosophic crisp set ^ = ^4 , A , A ^ > of X, 
denoted by p e A , if may be defined by two types 

i) Type 1: {p i } c A x ,{p 2 } c A 2 and {p 3 }cA 3 , 

ii) Type 2: {p 1 } c A 3 ,{p 2 } 3 A 2 and{/? 3 } c A 3 . 

3) Let X be non-empty set, and L a non-empty 
family of NCSs. We call L a neutrosophic crisp ideal 
(NCL for short) on X if 

i. A g L and B c= A B e L [heredity], 

ii. AeL and 5 eL^>Av5eL [Finite additivity] . 

A neutrosophic crisp ideal L is called a d - 
neutrosophic crisp ideal if {a^ } cL , implies 

^ (countable additivity). 

j^J j 

The smallest and largest neutrosophic crisp ideals on a 
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non-empty set X are } and the NSs on X. Also, 
NCL f , NCL c are denoting the neutrosophic crisp 

ideals (NCL for short) of neutrosophic crisp subsets 
having finite and countable support of X respectively. 
Moreover, if A is a nonempty NS in X, then 
{B e NCS : B cz A} is an NCL on X. This is called the 
principal NCL of all NCSs, denoted by NCL^a) • 



neutrosophic crisp sets in X. Then 

a) A<^B iff for each p we have 
p e A <^> p e B and for each p we have 

p e A => p e B • 

b) A = B iff for each p we have p G a ^ p eB 
and for each p we have p eAop eB- 



2.1 Proposition [9] 

Let | Lj : j e / } be any non - empty family of 
neutrosophic crisp ideals on a set X. Then p p and 

jeJ J 

U I are neutrosophic crisp ideals on X, where 

jeJ 1 






j^J 



j^J 



rA 


A ■ 


, n 


A - , 


, O 


A- ) 


or 




ji 




/ 2 


J^J 


73 / 




rA 


A ■ 


, o 


A • 


, o 


A - ) 


and 




ji 




/2 




73 / 




O 


A . 




A • 




A- \ 


or 


J^ J 


ji 


j^J 


J2 


j^ J 


73 / 





u L - = u A- n A - n A - . 

jgJ J \jeJ jeJ J 2 jeJ J 3 



2.2 Proposition [9] 

A neutrosophic crisp set a = (^A 1 ,A 2 ,A 3 ) i n the 

neutrosophic crisp ideal L on X is a base of L iff every 
member of L is contained in A. 



2.1 Theorem [9] 

Let A = (A l ,A 2 ,A 3 ), and B = {B l ,B 2 ,B 3 ), be 
neutrosophic crisp subsets of X. Then A cz B iff p e A 
implies p g B for any neutrosophic crisp point p in X. 



2.2 Theorem [9] 

Let A = ^ A { , A 2 , A 3 y he a neutrosophic crisp subset of 
X. Then A = o{p : p e A). 

2.3 Proposition [ 9] 

Let j Aj : j e / } is a family of NCSs in X. Then 
(fo ) P = {{p\ }. \Pi I \1h }) g n Aj iff P e A ■ for 

ye/ 

each /' g J . 

(a 2 ) P e u A - iff 3 ;e 7 such that p eA,. 



2.4 Proposition [9] 

Let A = (A V A 2 ,A^ and b = (b v B 2 ,B 2 ) be two 



2.5 Proposition[9] 

Let A = (^ A A A ^ be a neutrosophic crisp set in X. 
Then A = u<{ Pl : p 1 eA l },{p 2 :p 2 eA 2 },{p 3 : p 3 e A 3 }. 

2.2 Definition [9] 

Let f : X — » Y be a function and p be a neutrosophic 
crisp point in X. Then the image of p under / , 
denoted by f(p), is defined by f( p ) = (fo }, {<? 2 }, fe }) » 

where q { = f( Pl ),q 2 = f(p 2 ) and q 3 =f(p 3 ) . 

It is easy to see that f(p ) is indeed a NCP in Y, 
namely f(p) = q , where q = f(p) , and it is exactly the 
same meaning of the image of a NCP under the 
function / . 

2.3 Definition [9] 

Let p be a neutrosophic crisp point of a neutrosophic 
crisp topological space (X,NCt\ A neutrosophic crisp 
neighbourhood ( NCNBD for short) of a neutrosophic 
crisp point p if there is a neutrosophic crisp open 
set( NCOS for short) B in X such that p e B cz A. 

2.3 Theorem [9] 

Let (X,NCt) be a neutrosophic crisp topological 
space (NCTS for short) of X. Then the neutrosophic 
crisp set A of X is NCOS iff A is a NCNBD of p for 
every neutrosophic crisp set peA. 

2.4 Definition [9] 

Let (X, r)be a neutrosophic crisp topological spaces 
(NCTS for short) and L be neutrosophic crisp ideal 
(NCL, for short) on X. Let A be any NCS of X. Then the 
neutrosophic crisp local function NCA*(l,t) of A is the 
union of all neutrosophic crisp point NCTS( NCP, for 
short) P = ({ Pl \{p 2 \{p 3 }), such that if u e N((p)) and 

NA* (L, t) = u{p e X : A a U £ L for every U nbd of N(P)} 
NCA* (L, r) is called a neutrosophic crisp local 
function of A with respect to r andL which it will be 
denoted by XCA*(L,r), or simply NCA*(l) . The 
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neutrosophic crisp topology generated by /VC4 *(l) in [9] 
we will be denoted by NC*. 

2.5 Theorem [9] 

Let {X,t) be a NCTS and L l9 L 2 be two 
neutrosophic crisp ideals on X. Then for any 
neutrosophic crisp sets A, B of X. then the following 
statements are verified 

i} NCA* (L, r) c NCB * (L, r), 

ii) L x cL 2 =^> NCA* (L 2 , r) c= NCA* (L x , r ) , 
hi) NCA * = NCcl(A *) c NCcl(A ) , 
iv) NCA** c= NCA * , 

V) NC{A u fi)* = iVCA* u NCB* , 

vi) NC(A n B)*(L) c NCA* (L) n NCfi* (L) 

vii) £eL^NC(Au£)* = NCA* 

viii) NCA* (L, r) be a neutrosophic crisp closed set. 

2.6 Theorem [9] 

Let A^Cr t , ACr 2 be two neutrosophic crisp topologies 
on X. Then for any neutrosophic crisp ideal L on X, 
NC t x c 7VC r 2 implies ACA* (L, ACr 2 ) c ACA* (ACL, AC^ ) , 
for every AeL then NCt* x <^NCt* 2 • A basis 

NCJ3(l,t ) for NCt* (L) can be described as 
follows: 

NCj3(l,t)= {A-B:Ag NCt, B g NCL\ ■ Then we have 
the following theorem. 

2.7 Theorem [9] 

NCJB(L, t)= {A - B : A g t, B g L} forms a basis 
for the generated NCTS of the NCT (X,r) with 
neutrosophic crisp ideal L on X. 

2.8 Theorem [9] 

Let NCt 19 NCt 2 be two neutrosophic crisp 
topologies on X. Then for any topological neutrosophic 
crisp ideal L on X, NCr x cz NCt 2 implies 

NCt\ cz NCt* 2 • 

2.9 Theorem [9] 

Let (X,r) be a NCTS and LpZ^ be two neutrosophic 
crisp ideals on X. Then for any neutrosophic crisp set A 
in X, we have 



i) NCA* (L[ u 1^ , t) = NCA * (i, , NCt * (L, ) )n AO* , NCt* (ij )) 

ii) NCt*(L[ uL2> = (aO* (L j ))" (L 2 ) n (nCt*(L 2 )) {L x ) 

2.1 Corollary [9] 

Let (X, t) be a NCTS with topological neutrosophic 
crisp ideal L on X. Then 

i) NCA * (L, t) = NCA and NCr*(L) = NC(NCt\L))*(L) , 

ii) NCr : * (L, u L 2 ) = (nCt * (L t )) u (iVCr ' * (L 2 )) . 

III. Neutrosophic crisp l- open and neutrosophic 

CRISP L- CLOSED SETS 

Definition 3.1 

Given (X,x) be a NCTS with neutrosophic crisp ideal 
L on X, and A is called a neutrosophic crisp L-open set 
iff there exists £ e x such that A cz £ cz NCA*. 

We will denote the family of all neutrosophic crisp 
L-open sets by NCLO(X). 

Theorem 3.1 

Let (X, x) be a NCTS with neutrosophic crisp ideal L, 
then A e NCLO(X) iff Ac NCint(NCA*). 

Proof 

Assume that Ae NCLO(X) then by Definition 
3.1there exists £ e x such that Ac £ c= NCA*. But 
NCint(NCA*) c NCA*, put £ = NCint (NCA*). 
Hence A c: NCint(NCA * ). Conversely A (z NCint 
(NCA*) c NCA* Then there exists £ = NCint (NCA*) e 
t. Hence A e NCLO(X). 

Remark 3.1 

For a NCTS (X,x) with neutrosophic crisp ideal L and 
A be a neutrosophic crisp set on X, the following holds: 

If A E NCLO (X) then NCint (A) c NCA*. 

Theorem 3.2 

Given (X,x) be a NCTS with neutrosophic crisp ideal 
L on X and A, B are neutrosophic crisp sets such that 
Ae NCLO(X), Bet then A n B e NCLO(X) 

Proof 

From the assumption AnBc NCint (NCA*) n B = 
NCint (NCA*n B), we have A n B c: 
NCintNC(A n B)* and this complete the proof. 
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Corollary 3.1 

If {Aj} j e j is a neutrosophic crisp L-open set in 
NCTS (X,x) with neutrosophic crisp ideal L. Then 
u {Aj} j G j is neutrosophic crisp L-open sets. 

Corollary 3.2 

For a NCTS (X,x) with neutrosophic crisp ideal L, and 
neutrosophic crisp set A on X and A E NCLO(X), then 

NCA* = NC(NCintNC(NCA * )) * and 

NCcl*(A)) = NCint (NCA*). 

Proof: It’s clear. 

Definition 3.2 

Given a NCTS (X,t) with neutrosophic crisp ideal L 
on X and neutrosophic crisp set A. Then A is said to be: 

(i) Neutrosophic crisp x* - closed (or NC*- 
closed) if NCA* < A 

(ii) Neutrosophic crisp L-dense - in - itself (or 
NC*- dense - in - itself) if A c= NCA*. 

(iii) Neutrosophic crisp * - perfect if A is NC* - 
closed and NC* - dense - in - itself. 

Theorem 3.3 

Given a NCTS (X,t) with neutrosophic crisp ideal L 
and A is a neutrosophic crisp set on X, then 

(i) NC* - closed iff NCcl*(A) = A . 

(ii) NC* - dense - in - itself iff NCcl*(A) 
=NCA* . 

(iii) NC* - perfect iff NCcl*(A) = NCA* = A . 

Proof: Follows directly from the neutrosophic crisp 
closure operator NCcl* for a neutrosophic crisp topology 
t*(L) (NCt* for short). 

Remark 3.2 

One can deduce that 

(i) Every NC*-dense - in - itself is neutrosophic 
crisp dense set. 

(ii) Every neutrosophic crisp closed (resp. 
neutrosophic crisp open) set is N*-closed 
(resp. NCx*-open). 

(iii) Every neutrosophic crisp L-open set is NC* - 
dense - in - itself. 

Corollary 3.3 

Given a NCTS (X,x) with neutrosophic crisp ideal L 
on X and A E x then we have: 



(i) If A is NC* -closed then A* c NCint(A) 
c NC Cl (A). 

(ii) If A is NC* -dense - in - itself then Nint(A) 
c NCA*. 

(iii) If A is NC* -perfect then 

NCint(A) = NCcl(A) = NCA*. 

Proof: Obvious. 

we give the relationship between neutrosophic crisp 
L-open set and some known neutrosophic crisp 

openness. 

Theorem 3.4 

Given a NCTS (X,x) with neutrosophic crisp ideal L 
and neutrosophic crisp set A on X then the following 
holds: 

(i) If A is both neutrosophic crisp L - open and 
NC* - erfect then A is neutrosophic crisp 
open. 

(ii) If A is both neutrosophic crisp open and 
NC*- dense-in - itself then A is neutrosophic 
crisp L-open. 

Proof. Follows from the definitions. 

Corollary 3.4 

For a neutrosophic crisp subset A of a NCTS (X,x) 
with neutrosophic crisp ideal L on X, we have: 

(i) If A is NC*-closed and NL-open then NCint 
(A) = NCint(NCA*). 

(ii) If A is NC*-perfect and NL-open then 
A=NC int (NCA*). 

Remark 3.3 

One can deduce that the intersection of two 
neutrosophic crisp L-open sets is neutrosophic crisp 
L-open. 

Corollary 3.5 

Given (X,x) be a NCTS with neutrosophic crisp ideal 
L and neutrosophic crisp set A on X. The following hold: 
If L= {N x }, then NCA*(L) = <p N and hence A is 

neutrosophic crisp L-open iff A = 0 N . 

Proof: It’s clear. 

Definition 3.5 

Given a NCTS (X,x) with neutrosophic crisp ideal L 
and neutrosophic crisp set A then neutrosophic crisp 
ideal interior of A is defined as largest neutrosophic 
crisp L-open set contained in A , we denoted by 
NCL-NCint(A). 
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Theorem 3.5 

If (X,t) is a NCTS with neutrosophic crisp ideal L and 
neutrosophic crisp set A then 

(i) AANint (NCA*) is neutrosophic crisp 
L-open set. 

(ii) NL-Nint (A) =0 N iff Nint (NCA*) = 0 N . 

Proof 

(i) Since NCint NCA* =NCA* n NCint (NCA*), 
then NCint NCA* =NCA* n NCint 
(NCA*)c NC(An NCA*)*. Thus A n NC 
A* c: (An (A n NCint NC(NCA*))* c 
NCintNC( An NCint NC(NCA*)*. Hence 
A n NCint NCA*eNCLO(X). 

(ii) Let NCL-NCint(A) = </> N , then A n A* = 

</> N , implies NCcl (A n NCint(NCA* ) = 0 N 
and so A nNint A* = . Conversely 

assume that NCint NCA*= </) N , then A n NC 
int(NC A*)= </> N . Hence NCL-NCint (A) = 
0N • 

Theorem 3.6 

If (X,t) be a NCTS with neutrosophic crisp ideal L 
and A is aneutrosophic crisp set on X, then 
NCL-NCint(A) = A n NCint(NCA*). 

Proof. The first implication follows from Theorem 3.4, 
that is AnNCA* c NCL-NCint(A) (1) 

For the reverse inclusion, if £ e NCLO(X) and £ ci 
A then NC£* c NCA* and hence NC int(NCC)^ 
NCint(NCA * ). This implies £ = £ n NCint(NCC) c 
A n NCA* . 

Thus NCL-NCint(A) c A n NCint(NCA* ) (2) 

From (1) and (2) we have the result. 

Corollary 3.6 

For a NCTS (X,x) with neutrosophic crisp ideal L and 
neutrosophic crisp set A on X then the following holds: 

(i) If A is NC* - closed then NL-Nint (A) c= A. 

(n) If A is NC* - dense - in- itself then NL 
- Nint (A) c A*. 

(iii) If A is NC* - perfect set then NCL - NCint 
(A) c: NCA*. 

Definition 3.6 

Given (X,x) be a NCTS with neutrosophic crisp ideal 
L and £ be a neutrosophic crisp set on X, £ is called 
neutrosophic crisp L-closed set if its complement is 
neutrosophic crisp L-open set . We will denote the 
family of neutrosophic crisp L-closed sets by NLCC(X). 



Theorem 3.7 

Given (X,x) be a NCTS with neutrosophic crisp ideal 
L and £ be a neutrosophic crisp set on X. £ is 
neutrosophic crisp L closed, then NC(NCint^ )* < £ . 

Proof: It’s clear. 

Theorem 3.8 

Let (X,x) be a NCTS with neutrosophic crisp ideal L 
on X and C, be a neutrosophic crisp set on X such that 

NC( NCint 0* c = NCint C* then £ E NLC(X) iff 
NC( NCint C )* c C- 

Proof 

(Necessity) Follows immedially from the above 
theorem (Sufficiency). Let NC(NCint^ ) * c: £ then 
C c NC(NCint ^ )* c = NCint (NCQ C *. from the 
hypothesis. Hence C^NCLO(X), Thus ^gNLCC(X). 

Corollary 3.7 

For a NCTS (X,x) with neutrosophic crisp ideal L on 
X the following holds: 

(i) The union of neutrosophic crisp L - closed set 
and neutrosophic crisp closed set is 
neutrosophic crisp L-closed set. 

(ii) The union of neutrosophic crisp L - closed and 
neutrosophic crisp L-closed is neutrosophic 
crisp perfect. 

IV. Neutrosophic crisp l-continuous functions 

By utilizing the notion of NL - open sets, we establish 
in this article a class of neutrosophic crisp L- continuous 
function. Many characterizations and properties of this 
concept are investigated. 

Definition 4.1 

A function f : (X,x) — > (Y,a) with neutrosophic crisp 
ideal L on X is said to be neutrosophic crisp 
L-continuous if for every ^Eo, / _1 (Q E NCLO(X). 

Theorem 4.1 

For a function / : (X,x) — » (Y,a) with neutrosophic 
crisp ideal L on X the following are equivalent: 

(i.) /is neutrosophic crisp L-continuous. For a 

neutrosophic crisp point p in X and each 
£ e a containing / (p), there exists 

A g NCLO(X) containing p such that 
/( A)ca. 



203 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



(ii.) For each neutrosophic crisp point p in X and 
(Jeo containing / (p), ( f _1 (Q)* is 

neutrosophic crisp nbd of p. 

(iii.) The inverse image of each neutrosophic crisp 
closed set in Y is neutrosophic crisp L-closed. 

Proof 

(i) — > (ii). Since (Jeo containing / (p), then by (i), 

/ -\Q e NCLO(X), by putting A = / '(Q 

which containing p, we have / (A) c= a 

(ii) —> (iii). Let (Jea containing / (p). Then by (ii) 

there exists A e NCLO(X) containing p such 
that / (A) < a , so p e Ac NCint(NCA*)< 

NCint ( / _1 (Q)* c ( / _1 (Q)* • Hence 
( / _1 (Q)* is neutrosophic crisp nbd of p. 

(iii) — > (i) Let ^ea, since ( / _1 (Q) is neutrosophic 

crisp nbd of any point f ~ 1 (Q, every point x g e 
( / _1 (Q)* is a neutrosophic crisp interior point 
of / _1 (Q*. Then / 4 (Q c NCint NC 
( / _1 (Q)* and hence / is neutrosophic crisp 
L-continuous 

(i)— > (iv) Let y be a neutrosophic crisp closed 
set. Then is neutrosophic crisp open set, by 
/ A {%) =( / 'W e NCLO(X) . Thus / 
is neutrosophic crisp L-closed set. 

The following theorem establish the relationship 
between neutrosophic crisp L-continuous and 
neutrosophic crisp continuous by using the previous 
neutrosophic crisp notions. 

Theorem 4.2 

Given / : (X,x) —> (Y,g) is a function with a 
neutrosophic crisp ideal L on X then we have. If f is 

neutrosophic crisp L- continuous of each neutrosophic 
crisp*- perfect set in X, then f is neutrosophic crisp 

continuous. 

Proof: Obvious. 

Corollary 4.1 

Given a function / : (X,t) —> (Y,g) and each member 

of X is neutrosophic crisp NC*-dense - in - itself. Then 
we have every neutrosophic crisp continuous function is 
neutrosophic crisp NCL-continuous. 

Proof: It’s clear. 

We define and study two different types of 



neutrosophic crisp functions. 

Definition 4.2 

A function f : (X,r)— »(y,cr) with neutrosophic crisp 
ideal L on Y is called neutrosophic crisp L-open (resp. 
neutrosophic crisp NCL- closed), if for each Aer (resp. 
A is neutrosophic crisp closed in X), 
f(A) e NCLO(Y ) (resp. f(A) is NCL-closed). 

Theorem 4.3 

Let a function f :(x,r)— >(7,0") with neutrosophic 
crisp ideal L on Y. Then the following are equivalent: 

(i.) / is neutrosophic crisp L-open. 

(ii.) For each p in X and each neutrosophic crisp 
ncnbd A of p, there exists a neutrosophic crisp L- 

open set BgI Y containing f[p ) such that 

Bc/(4 

Proof: Obvious. 

Theorem 4.4 

A neutrosophic crisp function f 

with neutrosophic crisp ideal L on Y be a neutrosophic 
crisp L-open (resp. neutrosophic crisp L-closed), if A in 
Y and B in X is a neutrosophic crisp closed (resp. 
neutrosophic crisp open ) set C in Y containing A such 
that f‘(c)cB. 

Proof 

Assume that A = l y -(/(l x -B )), since f~ l (c)<B 
and A < C then C is neutrosophic crisp L-closed and 

r 1 (c)=l x -f~ l {f(\ x -A))<B. 

Theorem 4.5 

If a function f :(x with neutrosophic 
crisp ideal L on Y is a neutrosophic crisp L-open, then 

f~ l NC{NC int(A))* < Ac(/ _1 (a))* such that f~ 1 (a) is 
neutrosophic crisp *-dense-in-itself and A in Y. 

Proof 

Since A in Y, Ac(/ -1 (a))* is neutrosophic crisp 

closed in X containing f -1 (A), / is neutrosophic 
crisp L-open then by using Theorem 4.4 there is a 
neutrosophic crisp L-closed set A<^B suchthat, 

(/-‘(a))T 2 /-*(*) > r'NC(m(B jf 2 f~ l NC(NC int(//))* . 
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Corollary 4.2 

For any bijective function f : (X , r) —> (F, cr) with 
neutrosophic crisp ideal L on Y , the following are 
equivalent: 

(i.) r 1 :(y,o-)->(X,r) is neutrosophic crisp L- 
continuous. 

(ii.) / is neutrosophic crisp L-open. 

(iii.) / is neutrosophic crisp L-closed. 

Proof: Follows directly from Definitions. 



V. Conclusion 

In our work, we have put forward some new 
concepts of neutrosophic crisp open set and 
neutrosophic crisp continuity via neutrosophic crisp 
ideals. Some related properties have been established 
with example. It 6 s hoped that our work will enhance 
this study in neutrosophic set theory. 
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Neutrosophic Crisp Sets & Neutrosophic Crisp Topological Spaces 

A. A. Salama, Florentin Smarandache and Valeri Kroumov 



Abstract. In this paper, we generalize the crisp topological space to the notion of neutrosophic 
crisp topological space, and we construct the basic concepts of the neutrosophic crisp topology. In 
addition to these, we introduce the definitions of neutrosophic crisp continuous function and neutrosophic 
crisp compact spaces. Finally, some characterizations concerning neutrosophic crisp compact spaces are 
presented and one obtains several properties. Possible application to GIS topology rules are touched 
upon. 



Keywords: Neutrosophic Crisp Set; Neutrosophic Topology; Neutrosophic Crisp Topology. 



1 Introduction 

Neutrosophy has laid the foundation for a whole fami-ly of new mathematical theories generalizing both 
their crisp and fuzzy counterparts, such as a neutrosophic set theory in [1, 2, 3 ]. After the introduction of 
the neutrosoph-ic set concepts in [ 4 , 5 , 6, 7 , 8, 9 , 10 , 11 , 12 ] and fter have given the fundamental definitions 
of neutrosophic set operations we generalize the crisp topological space to the notion of neutrosophic crisp 
set. Finally, we introduce the definitions of neutrosophic crisp continuous function and neutrosophic crisp 
compact space, and we obtain several properties and some characterizations concerning the neutrosophic 
crisp compact space. 



2 Terminologies 

We recollect some relevant basic preliminaries, and in particular, the work of Smarandache in [1, 2, 3 , 11 ], 
and Salama et al. [ 4 , 5 , 6, 7 , 8, 11 ]. Smarandache introduced the neutrosophic components T, I, F which 
represent the membership, indeterminacy, and non-membership values respectively, where ] _ 0, l + [ is a 
non-standard unit interval. 

Hanafy and Salama et al. [10, 11] considered some possible definitions for basic concepts of the neu- 
trosophic crisp set and its operations. We now improve some results by the following. 



3 Neutrosophic Crisp Sets 

Definition 3.1 Let X be a non-empty fixed set. A neutrosophic crisp set (NCS) A is an object having 
the form A = (Ai, A2, A3), where A\, A2, and A3 are subsets of X satisfying A\ D A2 = <f, A\ D A3 = <f, 
and A2 fl A3 = <fi. 

Remark 3.1 A neutrosophic crisp set A = (Ai, A2, A3) can be identified as an ordered triple (Ai, A2, A3) , 
where A\, A2 , and A3 are subsets on X , and one can define several relations and operations between NCSs. 

Since our purpose is to construct the tools for developing neutrosophic crisp sets, we must introduce the 
types of NCSs fijsi and Xjy in X as follows: 
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1) (j)N may be defined in many ways as an NCS, as follows 

i) (j) N = (o. o. A'}, or 

ii) 4> n = (4>,X,X), or 

iii) <t>N = (^,X,(j)), or 

iv) <f> N = 

2) Xn may also be defined in many ways as an NCS: 

i) x N = (x,<t>,<t>), 

ii) x n = (x,x,4>), 

iii) x N = (X,X,X). 

Every crisp set A formed by three disjoint subsets of a non-empty set X is obviously an NCS having the 
form A = {. 1 1 . . 1 2 - .'1 3 ). 

Definition 3.2 Let A = (A\, A 2 , A%) an NCS on X, then the complement A c of the set A may be defined 
in three different ways: 

(Cl) A c = {A\,A c 2 ,Al), 

( C 2 ) A c = (A 3 , A 2 , Ai), 

(C s ) A c = (As,A\, As). 

One can define several relations and operations between NCSs as follows: 

Definition 3.3 Let X be a non-empty set , and NCSs A and B in the form A = (Ai, A 2 , As), B = 
(Bi, B 2 , Bs), then we may consider two possible definitions for subsets (A C B): 

1 ) A C B^ A 1 C B x ,A 2 C B 2 and As ^ B 3 , 
or 

2) iC B & A x C B u A 2 ^ B 2 and A s 2 B 3 . 

Proposition 3.1 For any neutrosophic crisp set A the following are hold: 

i) f>N 2 A,(j) N C cj ) N ; 

ii) AC. X]\[,X]\[ C Xjsf. 

Definition 3.4 Let X is a non-empty set, and the NCSs A and B in the form A = (Ai, A 2 , As) , 
B = (B\, B 2 , Bs ) . Then: 

1) AD B may be defined in two ways: 

i) An B = (Ai fi B\,A 2 n B 2 , As U Bs) or 

ii) AnB = (A 1 nB 1 ,A 2 UB 2 ,AsUB 3 ). 

2) An B may also be defined in two ways: 

i) A U B = (A x U B \ , A 2 n B 2 , As n B 3 ) or 

ii) AnB = (A 1 nB u A 2 nB 2 ,A 3 nBs). 

3) []A=(A u A 2 ,At). 

4) <> A = (A 3 ,A 2 ,A 3 ). 

Proposition 3.2 For any two neutrosophic crisp sets A and B on X, the followings are true: 

1) (AnB) c = A c nB c . 

2) (AnB) c = A c nB c . 
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We can easily generalize the operations of intersection and union in Definition 3.2 to arbitrary family of 
neutrosophic crisp subsets as follows: 

Proposition 3.3 Let {Aj : j G J} be arbitrary family of neutrosophic crisp subsets in X. Then 

1 ) n Aj may be defined as the following types: 

i) n Aj = (nAj U nAj 2: UAj 3 ), or 

a) nA, = (nA JU uAj 2y uAj 3 ). 

2) U Aj may be defined as the following types: 

i) U Aj = (\jAj 1 ,nA J2 ,nA j3 ), or 

ii) U Aj = (uAj 1 ,UA J2 ,nA j3 ). 

Definition 3.5 The product of two neutrosophic crisp sets A and B is a neutrosophic crisp set given by 

A x B = (A\ x B\, A 2 x B 2 , A 3 x B 3 ) 



4 Neutrosophic crisp Topological Spaces 

Here we extend the concepts of topological space and intuitionistic topological space to the case of 
neutrosophic crisp sets. 

Definition 4.1 A neutrosophic crisp topology (NCT) on a non-empty set X is a family T of neutrosophic 
crisp subsets in X satisfying the following axioms 

i) f>N,X N G r. 

ii) Ai n A 2 G T for any Ai and A 2 G V. 

Hi) UAj G r V {Aj : j G J} C T. 

In this case the pair ( X , T) is called a neutrosophic crisp topological space (NCTS) in X. The elements 
in T are called neutrosophic crisp open sets (NCOSs) in Y. A neutrosophic crisp set F is closed if and 
only if its complement F c is an open neutrosophic crisp set. 

Remark 4.1 Neutrosophic crisp topological spaces are very natural generalizations of topological spaces 
and intuitionistic topological spaces, and they allow more general functions to be members of topology: 

TS ITS -G NCTS 

Example 4.1 Let X = {a,b,c,d}, 0tv, Xn be any types of the universal and empty subsets, and A, B 
two neutrosophic crisp subsets on X defined by A = ({a}, {b, d},c), B = ({a}, { b }, {c}) ; then the family 
T = AW, A, B} is a neutrosophic crisp topology on X. 

Example 4.2 Let (X, To) be a topological space such that To is not indiscrete. Suppose {Gi : i G J} be a 
family and To = { X , 0} U {Gi : i G J}. Then we can construct the following topologies: 

i) Two intuitionistic topologies 

a) r% = {07, X/} U {( Gi,(f)),i G J}. 

b) T 2 = {07,X 7 }U{(0,G?),iG J}. 

ii) Four neutrosophic crisp topologies 

a) Ti = {0iv, Xn} U {(0, 0, G^), i G J}. 

b) T 2 = {07V, A at} U {(Gi,0, 0),i G J}. 

c) r 3 = {07V, X N } U {<Gi,0,G?),i G J}. 

d) r 4 = {07V , Xjy } U {(G£,0, 0),i G J}. 
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Definition 4.2 Let (X, Ti), (X, r 2 ) be two neutrosophic crisp topological spaces on X. Then is said 
be contained inV 2 (in symbols CT 2 j i/G G T 2 for each G G Tp In this case, we also say that is 
coarser than V 2 . 

Proposition 4.1 Let {P, : j £ J} be a family of NCTSs on X . Then nTj is a neutrosophic crisp 
topology on X . Furthermore, HP/ is the coarsest NCT on X containing all topologies. 

Proof. Obvious 



Now, we define the neutrosophic crisp closure and neutrosophic crisp interior operations in neutro- 
sophic crisp topological spaces: 

Definition 4.3 Let (X, T) be NCTS and A = {A\.A 2 , Af) be a NCS in X. Then the neutrosophic crisp 
closure of A (NCCl(A) for short) and neutrosophic crisp interior (NCInt(A) for short) of A are defined 
by 

NCCl(A) = n{K : is an NCS in X and AC K} 

NCInt(A) = U {G :G is an NCOS in Xand G C A}, 

where NCS is a neutrosophic crisp set, and NCOS is a neutrosophic crisp open set. 

It can be also shown that NCCl(A) is NCOS (neutrosophic crisp closed set) and NCInt(A) is a 
CNOS in X. 



a) A is in X if and only if NCCl(A) C A. 

b) A is an NCOS in X if and only if NCInt(A) = A. 

Proposition 4.2 For any neutrosophic crisp set A in (X, T) we have 

(a) NCCl(A c ) = (. NCInt{A)) c . 

(b) NCInt{A c ) = ( NCCl{A)) c . 



Proof. Let A = (Ai, A 2 ,Af) and suppose that the family of neutrosophic crisp subsets contained in A are 
indexed by the family if NCSs contained in A are indexed by the family A = { < Aj\, Aj 2 ,Ajs >: i £ J}. 

a) Then we see that we have two types of 



NCInt(A) 
NCInt(A) 
(. NCInt(A)) c 
(. NCInt(A)) c 



{< \jAji,UAj2,nAjs >} or 
{< UAj 1 ,nAj 2 ,nAj 3 >} hence 
{< nAji,nAj2,UAj3 >} or 
{< C\Aji, UAj 2 , UAjs >} . 



b) Hence NCCl(A c ) = ( NCInt(A)) c follows immediately, which is analogous to (a). 



Proposition 4.3 Let (X, T) be a NCTS and A, B be two neutrosophic crisp sets in X. Then the following 
properties hold: 

(a) NCInt(A) C A, 

(b) ACNCCl{A), 

(c) A C B => NCInt(A) C NCInt(B), 

(d) A C B => NCCl(A) C NCCl(B), 

(e) NCInt{A n B) = NCInt(A) n NCInt(B), 

(f) NCCl(A U B) = NCCl(A) U NCCl(B), 

(g) NCInt(X N ) = X N , 

(h) NCCl(<j) N ) = (f N . 

Proof, (a), (b) and (e) are obvious; (c) follows from (a) and definitions. 
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5 Neutrosophic Crisp Continuity 

Here come the basic definitions first: 

Definition 5.1 (a) If B = (B\, B 2 , Bf) is a NCS in Y, then the preimage of B under f denoted by 

f~\B) is a NCS in X defined by f~\B) = r l (B 2 ), f-\B 3 )). 

(b) If A = (A\, A 2 , Af) is a NCS in X , then the image of A under f denoted by f(A) is the NCS in Y 
defined by f(A) = (f(A 1 ),f(A 2 ),f{A 3 ) c ). 

Here we introduce the properties of images and preimages some of which we shall frequently use in the 
following sections. 

Corollary 5.1 Let A, {Ai : i G J} be NCSs in X, and B, {Bj : j G K} NCS in Y, and f : X Y a 
function. Then 

(a) A 1 C H 2 o f(A 1 ) C f{A 2 ), 

B 1 CB 2 ^f- 1 (B 1 )Cf-\B 2 ), 

(b) AC. f~ 1 (f(A)) and if f is injective, then A = f~ 1 (f(A)). 

(c) f~ 1 (f(B)) C B and if f is surjective, then f~ 1 (f(B)) = B. 

(d) f-^UBi) = u/- 1 ^),/- 1 ^) = nf~*(Bi), 

(e) f(UAi) = U f(Ai)- f(nAi) C nf(Ai); and if f is injective, then f(nAi) = nf(Ai); 

(f) f-\Y N )=X N , f-\ct )N ) = cj N . 

(9) fiM = (f>N, f(X N ) = Yn, if f is subjective. 

Proof. Obvius. 



Definition 5.2 Let ( X , lb) and (Y, T 2 ) be two NCTSs, and let f : X Y be a function. Then f is 

said to be continuous iff the preimage of each NCS inV 2 is an NCS in lb . 

Definition 5.3 Let ( X , lb) and (Y, T 2 ) be two NCTSs and let f : X Y be a function. Then f is 

said to be open iff the image of each NCS inT\ is an NCS inV 2 . 

Example 5.1 Let ( X , r 0 ) and (Y, be two NCTSs. 

(a) If f : X Y is continuous in the usual sense, then in this case, f is continuous in the sense 
of Definition 5.1 too. Here we consider the NCTs on X and Y, respectively, as follows: Id = 
{(G, (f>, G c ) : G G r 0 } and V 2 = {(H,(f>,H c ) : H G In this case we have, for each ( H,(f,H c ) G 

r 2 , H e ¥ 0 , <f>, h c ) = </-! (J?) , /- 1 (0) , /- 1 (JET C )> = er„ 

(b) If f : X —>Y is open in the usual sense, then in this case, f is open in the sense of Definition 3.2. 
Now we obtain some characterizations of continuity: 

Proposition 5.1 Let f : (X, Ti) — )> (Y, T 2 ). / is continuous iff the preimage of each CNCS (crisp 
neutrosophic closed set) inV 2 is a CNCS inV 2 . 

Proposition 5.2 The following are equivalent to each other: 

(a) f : (X, Ti) -A (Y, T 2 ) is continuous. 

(b) f~\CNInt(B) C CNInt(f-\B)) for each CNS B in Y. 

(c) CNCl{f-\B)) C f-\CNCl(B)) for each CNC B in Y. 

Example 5.2 Let (Y, T 2 ) be an NCTS and f : X Y be a function. In this case Ti = {/ _1 (i^) : 
H G r 2 } is a NCT on X . Indeed, it is the coarsest NCT on X which makes the function f : X — ^ Y 
continuous. One may call the initial neutrosophic crisp topology with respect to f . 
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6 Neutrosophic Crisp Compact Space (NCCS) 

First we present the basic concepts: 

Definition 6.1 Let (X, T) be a NCTS. 

(a) If a family {(G^, G^ 2 , Gif) : i G J} of NCOSs in X satisfies the condition U {(G^, Gi 2 , G* 3 ) : i G 
J} = Xjsr then it is called an neutrosophic open cover of X . 

(b) A finite subfamily of an open cover {(Gi 1 , G^ 2 , Gif : i G J} on X , which is also a neutrosophic 
open cover of X, is called a neutrosophic finite subcover {(G^G^, Gif) : i G J}. 

(c) A family {(X^, Ki 2 , Kif : i G J} of NCCSs in X satisfies the finite intersection property (FIP for 
short) iff every finite subfamily {(Ki 1 , Ki 2 , Kif : i m 1 , 2 , . . . , n} of the family satisfies the condition 
nUKi^Ki^Kis) :i G J} ± <f> N . 

Definition 6.2 A NCTS (X, T) is called neutrosophic crisp compact iff each crisp neutrosophic open 
cover of X has a finite subcover. 

Example 6.1 (a) Let X = N and consider the NCSs given below: 

A, = ({ 2 , 3, 4,... 

A 2 = ({3,4,5, 

As = ({4, 5, 6 , . . , 0, {1, 2 }), 

A n = ({n + 1 , n + 2 , n + 3, . . .} , 0 , { 1 , 2 , 3, . . . , n — 1 }). 

TTzen T = U {A n = 3,4,5,...} zs an NCT on X and (X, T) zs a neutrosophic crisp 

compact. 

(b) Let X = (0, 1) and let’s make the NCSs 

A n = (^X, (4, ~~f > (o, ^ , n = 3,4,5,... mX 

In this case V = {f>N,X n } U {A n = 3,4, 5, . . .} is a NCT on X, which is not a neutrosophic crisp 
compact. 

Corollary 6.1 A NCTS (X, T) is neutrosophic crisp compact iff every family {(X, G^, Gj 2 , G; 3 ) : z G J} 
of NCCSs in X having the FIP has nonempty intersection. 

Corollary 6.2 Let (X, Ti), (Y, T 2 ) be NCTSs and f : X -A Y be a continuous surjection. //(X, T i) is 
a neutrosophic crisp compact, then so is (Y, r 2 ). 

Definition 6.3 (a) If a family {(X, G^ , Gj 2 , Gif) : i G J}o/XCCSs m X satisfies the condition A C 

U {(G^, Gj 2 , G^) : z G J}, z£ zs ca//ed a neutrosophic crisp open cover of A. 

(b) Let’s consider a finite subfamily of a neutrosophic crisp open subcover o/{(X, G^, G J2 , Gif) : i G J}. 
neutrosophic crisp set A = (Ai, A 2 , A 3 ) m a NCTS (X, T) zs called neutrosophic crisp compact 
iff every neutrosophic crisp open cover of A has a finite neutrosophic crisp open subcover. 

Corollary 6.3 Let (X, Ti), (Y, T 2 ) be NCTSs and f : X -A Y zs a continuous surjection. If A is a 
neutrosophic crisp compact in (X, Ti), then so is f(A) in (Y, r 2 ). 

7 Conclusion 

In this paper we introduced the neutrosophic crisp topology and the neutrosophic crisp compact space. 
Then we presented several properties for each of them. 
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Neutrosophic Ideal Theory 

Neutrosophic Local Function and Generated Neutrosophic Topology 

A. A. Salama &Florentin Smarandache 



ABSTRACT 

Abstract In this paper we introduce the notion of ideals on neutrosophic set which is considered as a 
generalization of fuzzy and fuzzy intuitionistic ideals studies in [9,11] , the important neutrosophic 
ideals has been given in [4]. The concept of neutrosophic local function is also introduced for a 
neutrosophic topological space. These concepts are discussed with a view to find new nutrosophic 
topology from the original one in [8]. The basic structure, especially a basis for such generated 
neutrosophic topologies and several relations between different neutrosophic ideals and neutrosophic 
topologies are also studied here. Possible application to GIS topology rules are touched upon. 



KEYWORDS: Neutrosophic Set, Intuitionistic Fuzzy Ideal, Fuzzy Ideal, Neutrosophic Ideal, Neutrosophic Topology. 



1- INTRODUCTION 

The neutrosophic set concept was introduced by Smarandache [12, 13]. In 2012 neutrosophic sets have been 
investigated by Hanafy and Salama at el [4, 5, 6, 7, 8, 9, 10]. The fuzzy set was introduced by Zadeh [14] in 1965, where 
each element had a degree of membership. In 1983 the intuitionstic fuzzy set was introduced by K. Atanassov [1, 2, 3] as a 
generalization of fuzzy set, where besides the degree of membership and the degree of non- membership of each element. 
Salama at el [9] defined intuitionistic fuzzy ideal for a set and generalized the concept of fuzzy ideal concepts, first 
initiated by Sarker [10]. Neutrosophy has laid the foundation for a whole family of new mathematical theories generalizing 
both their classical and fuzzy counterparts. In this paper we will introduce the definitions of normal neutrosophic set, 
convex set, the concept of a-cut and neutrosophic ideals, which can be discussed as generalization of fuzzy and fuzzy 
intuitionistic studies. 

2- TERMINOLOGIES 

We recollect some relevant basic preliminaries, and in particular, the work of Smarandache in [12, 13], and 
Salama at el. [4, 5, 6, 7, 8, 9, 10]. 

3- NEUTROSOPHIC IDEALS [4]. 

Definition.3.1 

Let X is non-empty set and L a non-empty family of NSs. We will call L is a neutrosophic ideal (NL for short) on X if 
• A e L and B ^ A => B e L [heredity], 
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• A e L and 5 gL=>Av5gL [Finite additivity] . 



A neutrosophic ideal L is called a a -neutrosophic ideal if A - 



<L , implies v T A j eL (countable 
jeN /e/ 



additivity). 

The smallest and largest neutrosophic ideals on a non-empty set X are and NSs on X. Also, N. L f , N.L C 
are denoting the neutrosophic ideals (NL for short) of neutrosophic subsets having finite and countable support of X 
respectively. Moreover, if A is a nonempty NS in X, then B e NS : B c; A is an NL on X. This is called the principal NL 

of all NSs of denoted by NL (A) . 

Remark 3.1 

• If l N <£ L , then L is called neutrosophic proper ideal. 

• lfl N eL, then L is called neutrosophic improper ideal. 

• O n e L • 

Examp le.3.1 

Any Initiutionistic fuzzy ideal £ on X in the sense of Salama is obviously and NL in the form 
L = A: A = (x,ju a ,ct a ,v a } . 

Example.3.2 

Let X = a,b,c A = (v, 0.2, 0.5, 0.6) , B = (v, 0.5, 0.7, 0.8) , and D = (v, 0.5, 0.6, 0.8) , then the family 

L= C) N A, B, I) of NSs is an NL on X. 

Example.3.3 

Let X = ct,b,c,d,e and A = ( x, Ma^aAa) given by: 



X 






v A 


a 


0.6 


0.4 


0.3 


b 


0.5 


0.3 


0.3 


c 


0.4 


0.6 


0.4 


d 


0.3 


0.8 


0.5 


e 


0.3 


0.7 


0.6 



Then the family L = O n , A is an NL on X. 

Definition.3.3 



Let hi and L 2 be two NL on X. Then L 2 is said to be finer than h x or h x is coarser than L 2 if Li ^ L 2 . If also hi ^ 
L 2 . Then L 2 is said to be strictly finer than Li or hi is strictly coarser than L 2 . 

Two NL said to be comparable, if one is finer than the other. The set of all NL on X is ordered by the relation h x 
is coarser than L 2 this relation is induced the inclusion in NSs. 
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The next Proposition is considered as one of the useful result in this sequel, whose proof is clear. 

Proposition.3.1 

Let Lj :j'g/ be any non - empty family of neutrosophic ideals on a set X. Then f| Lj and [j Lj are 

jeJ jeJ 

neutrosophic ideal on X, 

In fact L is the smallest upper bound of the set of the Lj in the ordered set of all neutrosophic ideals on X. 

Remark.3.2 

The neutrosophic ideal by the single neutrosophic set o N is the smallest element of the ordered set of all 
neutrosophic ideals on X. 

Proposition.3.3 

A neutrosophic set A in neutrosophic ideal L on X is a base of L iff every member of L contained in A. 

Proof 

(Necessity) Suppose A is a base of L. Then clearly every member of L contained in A. 

(Sufficiency) Suppose the necessary condition holds. Then the set of neutrosophic subset in X contained in A 
coincides with L by the Definition 4.3. 

Proposition.3.4 

For a neutrosophic ideal Li with base A, is finer than a fuzzy ideal L 2 with base B iff every member of B 
contained in A. 

Proof 

Immediate consequence of Definitions 

Corollary. 3.1 

Two neutrosophic ideals bases A, B, on X are equivalent iff every member of A, contained in B and via versa. 

Theorem.3.1 

Let rj- ^ jUj , a j j^J be a non empty collection of neutrosophic subsets of X. Then there exists a 

neutrosophic ideal L (T|) = { A E NSs: AC V A,) onXfor some finite collection { Ap j = 1,2, , n Cl T| }. 

Proof 

Clear. 

Remark.3.3 

ii) The neutrosophic ideal L (T|) defined above is said to be generated by T| and T| is called sub base of L(T|). 
Corollary.3.2 

Let Li be an neutrosophic ideal on X and A E NSs, then there is a neutrosophic ideal L 2 which is finer than Li 
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and such that A E L 2 iff 

A V B E L 2 for each B E Lj. 

Corollary .3.3 

Let A = (x,ju A ,cr A , v A ^ e L x and B = (x,ju B ,cr B ,v B } e Z^ , where Lj and Z^ are neutrosophic ideals on the set X. 
then the neutrosophic set A*B = ^p MB 4 , 0 A * B (x),v a* b * J e Z* vZ^ 011 X where ,cr A * B (x) 

maybe=v cr A (x) /\cj b (x) or a ct a (x)\/ cj b (x) and v'a *5 *it a,/ a . 

4. Neutrosophic local Functions 

Definition.4.1. Let (X,T) be a neutrosophic topological spaces (NTS for short ) and L be neutrsophic ideal (NL, for 
short) on X. Let A be any NS of X. Then the neutrosophic local function NA* C, r of A is the union of all neutrosophic 
points( NP, for short) C tfr, / 3 , y such that if jj eN € ^nd 

AA* (L, r) = v C(a, P,y) e X : A aU &L for every U nbd of C(a, p, y) NA* ( L , r) is called a neutrosophic local function of A 

with respect to T and L which it will be denoted by AA* (L, t) , or simply NA * l . 

Example .4.1. One may easily verify that. 

If L= (0^ } , then N A* (L, r) = Ac/ (A) , for any neutrosophic set A E NSs on X. 

If L= all NSs on X then NA* (L, r) = 0^ , for any A e ASs on X . 

Theorem.4.1. Let , r be a NTS and Z^ , L 2 be two neutrosophic ideals on X. Then for any neutrosophic sets A, B 
of X. then the following statements are verified 
A^B^> AA* (L, t) ci NB* (L, r), 

ii) Z^ cz L 2 => AA* (L 2 , r) c= AA* (Z^ , r) . 

iii) AA* = Ac/ (A* ) c Ac/ (A) . 

iv) AA** c AA* . 

V) N B* = NA* v NB* 

vi) N (A a B)* (L) < NA* (L) a NB* (L) . 

vii) £ g L=> N A vA = NA*. 

viii) AA* (L, r) is neutrosophic closed set . 

Proof. 

i) Since A (Z B , let p = C ft, /?, y JE A4 ^then AaC 7 g L for every C7 E A f? By hypothesis we get 
B aU £ L , then p = C & , /?, / __E AZ? 

ii) Clearly. Z^ CI L 2 implies NA* (L 2 ,t) ci AA*(L 1 ,r) as there may be other IFSs which belong to so that for 
GIFP p = C &,f3,y jE: NA* but C tfr, /?, ^ may not be contained in AA* C 2 ^ 

iii) Since CI L for any NL on X, therefore by (ii) and Example 3.1, NA* 4 _ci NA* *O n = Ac/ (A) for 
any NS A on X. Suppose p x — C x §C,(3,y jE Ncl(NA* _) • So for every U E A AA* aU ^ O n , there exists 
p 2 =C 2 j3 _G A* C, a C 7) such that for every V tz/?<Z of p 2 E A f? 2 X A aU £ L. Since t/ A V E A f? 2 then 
A A 1/ fA V L which leads to AaU &lL, for every C7 cACfe,/! ^therefore = C dr, /? __e (A* 4 ) 
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and so Ncl 4 JA* < NA* While, the other inclusion follows directly. Hence NA* = Ncl(NA*) .But the 
inequality NA* < Ncl (NA* ) . 

iv) The inclusion NA* v NB * < N follows directly by (i). To show the other implication, let 

p = C &, P,y 3 N then for every JJ 6 N(p), tlv B j\U&L 9 i.e 9 AaU y B A U jt L. then, we have 

two cases A aU £ L and B A U E L or the converse, this means that exist £/, , U 2 E ZV C((X , /?, y such that 
A A U\<£L, B A Ui£L, AaU 2 £L and B A U 2 £ L. Then A A U l A U 2 y L and B A U l A U 2 __G L this 
gives *1 v B _a U 1 a U 2 L, U x /\ U 2 e N /?, y which contradicts the hypothesis. Hence the equality holds in 

various cases. 

vi) By (iii), we have NA* = Ncl(NA*)* < Ncl (NA* ) = NA * 

Let , T be a GIFTS and L be GIFL on X . Let us define the neutrosophic closure operator cl* (A) = A^j A* for 
any GIFS A of X. Clearly, let Ncl * (A) is a neutrosophic operator. Let Nt* (L) be NT generated by Ncl * 

.i.e Nt* ly A: Ncl*(A c ) — A c . Now L= 0 N => Ncl* Akj NA* = A^J Ncl AJoreveiy 

neutrosophic set A. So, Nr*( O n ) = r • Again l= cdl NSsonX ~=> Ncl* 4ft ^ A, because NA —O n , 
for every neutrosophic set A so Nt* £ is the neutrosophic discrete topology on X. So we can conclude by Theorem 
4.1.(ii). Nt*( O n ) = Nt * £_i.e. Nt cz Nt* , for any neutrosophic ideal on X. In particular, we have for two 
neutrosophic ideals , and L 2 onX, Nt* ^ j= ZVr* C 2 ^ 

Theorem.4.2. Let T i , 7"2 be two neutrosophic topologies on X. Then for any neutrosophic ideal L on X, t x < r 2 
implies NA* (L, r 2 )cM" (L, ^ ) , for every A e L then Nt* x c Nt* 2 
Proof. Clear. 

A basis Nj3 r for Nt* (IS) can be described as follows: 

N(3 B,t = A — B\Agt,BgL Then we have the following theorem 

Theorem 4.3. Nj3 B,T = A— B : E L Forms a basis for the generated NT of the NT fC ,T _ with 

neutrosophic ideal L on X. 

Proof. Straight forward. 

* 

The relationship between T and jq T (L) established throughout the following result which have an immediately proof 
Theorem 4.4. Let T \ , be two neutrosophic topologies on X. Then for any neutrosophic ideal L on X, 

T\ Q ^implies Nt* x ^ Nt* 2 • 

Theorem 4.5 : Let 4N, T be a NTS and L 1 , L 2 be two neutrosophic ideals on X . Then for any neutrosophic set A in 
X, we have _ _ 

i) NA* NA* 4^,Nt* (A) aM* 4 2 ,Nt* (1^) ^ 

Nt* (L, v L 2 ) = (L, ) \l 2 )aN 4* {L 2 ) 

Proof Let p — C(a,fi) £ this means that there exists U p <zN B such that AaU p e vZ^ i.e. There 

exists and 2 E Z 2 such that A a t / p e ^ | v/ 2 . because of the heredity of L j , and assuming 

.Thus we have ft A {/ p = f 2 and A a U p -t 2 -i x therefore V p -t t a A = 1 2 e 
and tl p -i 2 a A = £ 1 &L l . Hence p = C(a, /3, y) g NA* 1 2 , Nt* C, 2 or p = C(a, /?, y) g 2VA* ij , 2Vr* C 2 2 because 
P must belong to either t x or £ 2 but not to both. This gives NA* C, vL 2 ,t J: NA* i,, Nt* (L,) aNA* 4 2 ,Nt*(L 2 ) ^ 
.To show the second inclusion, let us assume p = C{a,/3,y) <£. NA* 4 ^,Nt* t 2 . ■ This implies that there exist u e N f 
and i 2 e Lj such that g/ p _ /' 2 a A e L, • By the heredity of L 2 , if we assume that Z 2 — A and define 
<i=V,Aa A . Then we have A A v L 2 • Thus, 
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NA* i^vL 2 ,T^ NA* a NA* i 2 , Nr* (L 2 ) ,_and similarly, we can get A* i,vi 2 ,r_<A* ^ This 

gives the other inclusion, which complete the proof. 

Corollary 4.1. Let be a NTS with neutrosophic ideal L on X. Then 

i) NA* (L, r) = NA* (L, r* ) and Nr* (L) = N(Nt * ( L ))* (L) . 

ii) Nt*(L 1 vL 2 )= ^r*(L,)_v ilT*{L 2 )_ 

Proof. Follows by applying the previous statement. 
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Neutrosophic Principle of Inter convertibility Matter-Energy- 

Information (NPIMEI) 



Florentin Smarandache Stefan Vladutescu 



Abstract 

The research aims to reveal and prove the thesis of the neutral and convertibility relationship between constituent constructive 
elements of the universe: matter, energy and information. The approach perspective is a computationally-communicative- 
neutrosophic one. We configure a coherent and cohesive ideation line. Matter, energy and information are fundamental elements of 
the world. Among them, there is an inextricable multiple, elastic and evolutionary connection. The elements are defined by the 
connections between them. Our hypothesis is that the relationship between matter, energy and information is a neutral one. This 
relationship is not required by the evidence. At this level, it does not give up in front of the evidence intelligibility. Neutral 
relationship is revealed as a law connection. First, the premise that matter, energy and information never come into contradiction is 
taken as strong evidence. Their law-like-reciprocal obligations are non contradictory. Being beyond the contrary, matter, energy 
and information maintain a neutral relationship. Therefore, on the basis of the establishment and functioning of the universe or 
multi-verse, there is neutrality. Matter, energy and information are primary-founder neutralities. Matter, energy and information are 
neutral because they are related to inexorable legitimate. They are neutral because they are perfectly bound to one another. 
Regularity is the primary form of neutrality. The study further radiographies the relational connections, and it highlights and renders 
visible the attributes and characteristics of the elements (attributes are essential features of elements and characteristics are their 
specific features). It explains the bilateral relationships matter-energy, information-matter and energy-information. It finally results 
that reality is an ongoing and complex process of bilateral and multi-lateral convertibility. Thus, it is formulated the neutrosophic 
principle of Interconvertibility Matter-Energy-Information (NPI_MEI). 

Keywords 

matter, energy, information, Neutrosophy Smarandache , Neutrosophic Principle of Interconvertibility Matter-Energy-Information 
(NPI_MEI) 



I. Introduction: properties, constituents, elements or ontological principles 

In the last half of past century, there has been issued and acknowledged the idea that the world would be made 
of matter, energy and information. The axiom of foundation of the world issued by Norbert Wiener has already become 
canonical. Wiener’s axiom states that "Information is information, not matter or energy" [1]. Everything in the 
universe/multiverse is based on matter, energy and information. 

The material of "construction" of the universe is matter and energy. In Big Bang, the amorphous matter, the 
vortex, unstructured and volatile was brought to a form by the energy. In other words, since the birth of the universe/ 
multi verse, there have existed matter, energy, and "construction", the "form" - information. The energy put the matter 
into the form "in formae" (in Latin), i.e. energy generated "informatio" (in Latin) - information. The movement of the 
matter to form is performed by energy. The initial impulse of the universe/multiverse is given by power. (D. Deutsch 
shows that “the physical world is a multiverse” [2]; D. Wallace states that is an “emergent multiverse” [3]). 
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Therefore, the CERN attempt to simulate the initial phenomenon of the creation of the universe started with a huge 
amount of energy. 

Tom Stonier’s point of view expressed in "Towards a new theory of information" (1991) is that "information is 
a basic property of the universe. That is, like matter and energy, information has physical reality. Any system that 
exhibits organization contains information. Changes in entropy represent changes in the organizational states of systems 
and, as such, quantify changes in the information content of such systems. Information, like energy, exists in many 
forms. These are interconvertible. Likewise, energy and information are readily interconverted” [4] [5]. In his turn, 
Anthony Reading noticed the information as "fundamental property of organized matter" [6]. 

In the article "Information in the Structure of the World" (2011), Mark Burgin deals with the place of 
information in the world; he believes that there are four "basic constituents of the World" (...) "matter, energy, mentality 
and knowledge”. He points out that some researchers "relate information only to society", others "include the level of 
individual human beings", "many presume that information is everywhere in nature". His opinion is that the information 
is "in the structure of the world" and that the "structure of information processes, as well as relations between 
information and basic constituents of the world, such as matter, energy, mentality and knowledge" [7] should be taken 
into account [8]. Mark Burgin and Gordana Dodig-Crnkovic believe that "Information is a basic essence of the world" 
[9]. On the other hand, they postulate the universality of information: "Information is related to everything and 
everything is related to information" [10] [11]. David Bawden and Lyn Robinson emphasize that information is now 
becoming accepted as a fundamental constituent of the physical universe” [12]. 

In our opinion, the world is composed of three fundamental elements: element 1 -matter, element 2 - energy and 
element 3 - information. Ontologically, matter and energy are primary natural elements, and information is a secondary 
element. The Matter and energy are constituent elements. In epistemological order, information is superior, being a 
constructive element. Information is the computational element of the world. Hans Christian von Baeyer believes that 
this three are elements [13]. The internal computational principle of information is linked to Wheeler’s principle [14]: 
"It from bit", as the Cover-Thomas axiom states: "computation is communication limited, and communication is 
computation limited" [15]. Information is the computational principle of the world. Information is the first element and 
then the onto -computational principle. 

Rafael Capurro appreciates that that there are not elements, there are not properties, but ontological principles 
aside others; he lists as ontological principles "energy, matter, spirit, subjectivity, substance, or information" [16]. 
Without the existence of a direct connection between these principled categories, R. Capurro reveals exponential 
capacity of information to represent the world: "We would then say: whatever exists can be digitalized. Being is 
computation" [17] [18] [19] [20]. As ontological principle, information is computational. S. Lloyd emphasizes that 
“universe is computational” [21]. 

2. Convertive relationship between matter-energy 

The first two elements of the triad are those of the Einstein physical formula of mass-energy equivalence. We 
are interested, first, in the matter connection (mass)-energy. In principle, this relationship was clarified by Albert 
Einstein. 

On the depth axis of Einsteinian thought, the determination of mass -energy relationship is a synthesis of the 
major ideas launched in the four articles published in 1905. 1905 is known as the miraculous year "Wunderjahr" 
(German) or "Miracle Year". In Latin it was called "Annus Mirabilis" and the articles published in Annalen der Physik 
were called "Annus Mirabilis Papers" [22] [23] [24]. They are considered to have significantly contributed to the 
foundation of modern physics. We could say more: 1905 is the most important year in the history of physics hitherto. 

The first article published on the June 9 th 1905 introduced the concept of "energy quanta": „Energy, during the 
propagation of a ray of light, is not continuously distributed over steadily increasing spaces, but it consists of a finite 
number of energy quanta localized at points in space, moving without diving and capable of being absorbed or 
generated only as entities”. Albert Einstein notes that "energy quanta" is converted "at least partially into kinetic energy 
of the electrons". Thus he reveals "photoelectric effect", discovery for which he would win, in 1921, the Nobel Prize for 
physics. Note that from here, the concern for energy is evident. 

The second article, published on July (1905), is a specification of Brownian motion: In this paper, shows A. 
Einstein, according to the molecular Kinetic theory of heat, "bodies of a microscopically visible size suspended in 
liquids must, as a result of thermal molecular motion, perform motions of such magnitudes that they can be easily 
observed with a microscope". The article reveals a high consciousness of scientific honesty: "It is possible that the 
motions to be discussed here are identical with the so-called Brownian molecular motion; however, the information 
available to me on regarding the latter is so lacking in precision that I form no judgment in the matter". We notice that in 
this article the orientation is on matter: liquid, molecules [25]. 

On September 1905, there is published a study that will be the core of what would later be called the "Special 
Theory of Relativity" [26]. However, a strong emphasis is placed on the speed of light. Entitled "On the 
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electrodynamics of Moving Bodies", the study analyzes, in context of electricity and magnetism, the major changes that 
occur in "mechanics", when the speeds are close to the speed of light. A. Einstein shows that the "speed of light" is 
constant in "all inertial frames of references". Then, he "also introduces another postulate (...) that light is always 
propagated in empty space with a defined velocity c which is independent of the state of motion of the emitting body" . 
We are interested in the fact that this study is concerned about the speed of light as a constant and that this would be the 
maximum speed in the universe. In this context it is shown that, as Professor Leonardo F. D. da Motta argues "in 1972, 
Smarandache proposed there is not a limit speed on the nature" [27]. Initiated in 1972, "Smarandache Hypothesis" was 
completed by Professor Florentin Smarandache in 1998. Smarandache shows: "We promote the hypothesis that: there is 
no speed barrier in the universe and one can construct any speed even infinite (instantaneous transmission)" [28]. As Ion 
Patra§cu outlined in October 2011, Smarandache’ s hypothesis "has been partially confirmed by the recent CERN results 
of OPERA team led by Antonio Ereditato that experimentally found that neutrino particles travel faster than light" [29] . 

The fourth article of "Wundejahr" - 1905 emerges as convergence of the others. Energy, light and matter are 
brought within a formula. The article is called „Ist die Traghit eines Korpers von seinem Energienhalt abhanging?” 
"Does the inertia of a body depend upon its energy-content?" It was sent on September 27 th 1905 and published on 
November 21 st 1905 [30]. Because in this article we find the phrase "the principle of energy", we consider that the most 
famous formula in physics and, perhaps, of human knowledge (E = me 2 ) formulation may be called "the principle of 
energy". In the article, for energy there are used three symbolic notations, L, H and E, according to the system and 
measurement. Strictly, the formula itself, in mathematical language (E = me 2 ) does not appear, it is presented 
linguistically: „If a body gives off the energy in the form of radiation, its mass diminishes by L/c 2 . The fact that the 
energy withdraws from the body and becomes energy of radiation evidently makes no difference, so that we are led to 
the more general conclusion that the mass of a body is a measure of its energy-content; if the energy changes by L, the 
mass changes in the same sense by L/9xl0 20 , the energy being measured in ergs, and the mass in grams”. 

It should result, we show, m = L/c 2 <-> L = me 2 . 

Even if the formula was not canonically marked from the beginning, Albert Einstein underlines the energy 
equation. Contributions to finalize the formula are also brought, through symbolic using, by Max Planck, Johannes Stark 
and Louis de Broglie. 

In 1946, Albert Einstein published the article "E = me 2 : the most urgent problem of our time", accrediting the 
formula for history. The internal subject of the formula is the relationship between "mass" and "its energy-content". The 
mass of a body and the energy contained by it are defined mutually and are mutual dependent. The formula E = me 2 is 
neither mass, nor energy. The formula E = me 2 is information. More precisely, it constitutes scientific information: law- 
like information, grounded, indisputable in terms of a strengthened conceptual reference system. 

Mass and energy are inseparable and mutually convertible. There is no mass without energy and no energy 
without any mass. All energy has a mass. Energy can be kinetic, chemical, thermal energy given by the position in a 
field of forces, and so on. When there is added energy to an object, this leads to a gain of mass. While it may seem 
strange in comparison with common sense, scientifically, the body temperature increase causes the increase of its mass. 
The mass increases insignificantly, but it increases, because any energy has a mass. The body is a complex mass plus 
energy. 

Einstein’s formula is available for any type of mass and energy. 

Albert Einstein also proved that motion is crucial in the destiny of the world. As far as matter and bodies are 
concerned, to speak about the “rest mass” and relative mass (motion mass), E = me 2 shows, subsequently, two specific 
variables. 

If we deal with a body at rest E = me 2 becomes E = moC 2 (m 0 = rest mass). For the rest, the speed is zero. A 
body has energy also when it is stationary. A solid body, has obviously, at least, one thermal energy. 

When the body is in motion, with speed v, E = me 2 becomes E = m re i c 2 (where m re i is relative mass, 

m 0 




Another case is the variation of matter and energy: AE = Am 0 c 2 . The formula is valid not only in terms of any 
type of energy and matter, it is valid in any system. When it is a closed system, there appears a feature: closed systems 
do not lose mass. On the other hand, in closed systems, the energies are additive, they are cumulative. That means that 
in closed systems, energy and mass are controlled by each other. Progressively, mass becomes energy and energy 
becomes mass. 

Matter, as it is well known, is defined as something that has mass and volume. Taking into consideration that 
the mass has as reference system the Earth, and on the planet Earth, the objects are considered in rest, the mass is 
regularly identified by the rest mass or invariant mass. The volume is measured as the three-dimensional amplitude of 
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the occupied space. Sometimes, the concept of substance is used for the “matter”. Mark Burgin observes that ’’the matter 
is the name of all substances" [31]. 

In relationship with the substance, matter is taken as the substance of which the observed physical objects are 
constituted. The idea of matter as observed matter is important, because it cannot talk about substance in the case of 
detected matter only as presence in the fields of forces. In some force fields, besides effects of some visible material 
elements, there are observed effects of forces due to some objects -matter yet directly unnoticed, even still unknown. 
Martin H. Krieger states that "matter is matter that is observed" [32]. Scientific discoveries have shown that objects are 
composed of molecules, atoms, subatomic particles (protons, neutrons, electrons, etc.). At rest, the relationship of matter 
with energy is measurable, as Martin H. Krieger has demonstrated; at rest, the "matter is energetically stable" [33]. 

Taking into consideration that in the Universe there are two primary natural elements, element 1 (matter) and 
element 2 (energy), as we call them, they can be defined, also by one another. Such an understanding of the matter is 
shown by S. M. Carroll when he asserts that “matter” ’’contributes to energy” [34]. We observe that the corollary is also 
true, because energy also "contributes to matter". S. M. Carroll admits that "energy sources are a combination of matter 
and radiation" [31]. It is generally considered that the radiation is a form of energy. Gary T. Horowitz expresses a 
similar point of view, contending that "the black hole radiates energy" [36]. Matter and energy are "purely natural 
elements" fundamental to the universe. They are created and are controlled by each other. It is interesting that E = me 2 
has generated along the time no discussion concerning demonstrability, but it has generated debate concerning the 
positioning. Luce Irigaray shows that E = me 2 , as it would favour "the speed of light over the other speeds that is vitally 
necessary to us", constitutes a "sexed equation" [37]. 

3. The convert relationship information-energy 

Rolf Landauer observed a conversion information-energy: Landauer’s Principle shows that erasure of one bit of 
information augments physical entropy, and generates heat [38]. As regards the relations between the elements of the 
fundamental triad, Mark Burgin and Gordana Dodig-Crnkovic believe that "the most intimate relations exist between 
information and energy. (...) Energy is a kind of information in the broad sense" [39]. 

The formulation of the “second law of thermodynamics” by Ludwig Boltzmann was one of the great 
intellectual challenges of the nineteenth century; the law says that entropy in an isolated system should not decrease 
[40]. James Clerk Maxwell, Scottish physicist and mathematician, tested foundations of the law, including the 
foundations of statistical mechanics and thermodynamics. He thought of an event of physical nature that would 
contradict the content of the law. He imagined a box with two compartments communicating between them through a 
hatch. In the box there is a gas at a particular temperature. In relation to the average temperature some molecules are 
cooler and some molecules are hotter. The hotter molecules are moving faster, and the cooler molecules are moving 
slower. The hatch is activated by a being who decides when the molecules move from a side to other side. After a 
certain interval and a number of openings of the hatch, the hot molecules will gather in a compartment, cold molecules, 
in the other. By opening the hatch the being separated the cold molecules from the warm molecules and modified the 
thermodynamic entropy. That is, initially the gas was a mixture of hot and cold molecules; it was in a state of disorder, it 
had a higher entropy. Once the molecules were separated and thus a state of order was introduced, it generated a lower 
entropy. In other words, the entropy of an isolated system was modified. It was proved that, against the law provisions, 
entropy in an isolated system should decrease. Furthermore, this being was called demon, Maxwell's demon. What we 
observe today is that the demon decreased the entropy, i.e. it produced information. Apparently the demon contradicts 
the law, because the functioning of the law compulsorily implies that there is not and there cannot be built a perfect heat 
engine which can extract energy from an isolated system and use it almost entirely; such a heat engine is not possible 
because the container itself containing the gas consumes heat to heat as container. The demon has knowledge of the idea 
of temperature and, without introducing energy into the box, it separates the molecules. The temperature was used as a 
separator engine, as the perfect heat engine. That is the demon that "seems" to turn information into energy, violating 
the rules induced by law. 

In 1929, in the study "On the reduction of entropy in a thermodynamic system by the intervention of intelligent 
beings", Leo Szilard proves that the law is not violated. He describes the demon as "intelligent being". He laid aside the 
qualitative contribution of the demon and put in quantitative terms its activity (intervention of intelligent being). He 
pointed out that the demon (being) turns the knowledge in thermodynamic energy [41]. Our remark is that Szilard 
makes from even the intelligence of the demon a consumer of energy: to determine which of molecules are hot and 
which molecules are cold, the demon exerts some energy. He showed that the law would not be violated if the entropy S 
of a system increased by an amount AS = k In 2; k is Boltzmann's constant = 1,38 x 10‘ 23 joules per degree Kelvin. On 
the other hand, it is known that the information is the inverse of the entropy. This implies that AI = AS = - k In 2 [42]. 
By the description that is made of a dynamic system, a certain observer intervenes in the evolution of the system. The 
intervention consists in the description of the induced instantaneous dynamics and irreversible discontinuity; 
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intervention generates a change. In fact, by its description, the observer selects a certain state of the system. The number 
of unknown states of the system is reduced by choice and the stream of possibilities of the system decreases. So a 
reduction of entropy takes place. Leo Szilard notes in the observer action “how entropy in a thermodynamic system can 
be reduced by the intervention of intelligent beings” [43]. With a point of view related to the content of Szilard’s article, 
L. Brown, B. Pippard and A. Pais assert that “the decrease of entropy caused through the observation of a 
thermodynamic system (by an intelligent being) must be compensated by an increase of entropy imposed on the 
observed system through the procedure of measurement” [44]. Through this demonstration, Leo Szilard formulated a 
law of relation energy-information, called Szilard’s engine or “information heat engine” [45]. 

Today, we say that the law is not violated, since intelligence constitutes energy consumption. Our thesis is that 
intelligence always converts information into energy and energy into information. 

In "A Mathematical Theory of Communication” (published study in numbers 3 and 4, 1948, of the Bell System 
Technical Journal), Claude E. Shannon defines information based on entropy. The second of the 23 theorems formulated 
contains one of the most important and most cited formulas in the history of science. It is comparable to Einsteinian E = 
me 2 or formula of entropy given by L. Boltzmann (and the latter has engraved it on his grave from Vienna). In its 
development, Shannon starts from the question: „Can we find a measure of how much ’choice’ is involved in the 
selection of the event or of how uncertain we are of the outcome?” [46]. From here, he formulates „theorem 2”: (...) H = 
- KEpi log pi [47]; H is entropy. Shannon explains: „Quantities of the form H = - KEpi log pi (the constant K merely 
amounts to a choice of a unit of measure) play a central role in information theory as measures of information, choice 
and uncertainty. The form of H will be recognized as that of entropy, as defined in certain formulations of statistical 
mechanics where pi is the probability of a system being in cell of its phase space. H is then, for example, the H of 
Boltzmann's famous theorem. We shall call H = - KEpi log pi the entropy of the set of possibilities p b ...., p n ” [48]. 

Generally, entropy represents the disorder of a system. As we observe H (entropy) is the minus of the 
information measure - that is information is the reverse of entropy, minus entropy, as such, as we’ll later see with Louis 
Brillouin. ’’Entropy" goes in the same direction with "uncertainty": „this quantity measures how uncertain we are” (...) 
„entropy (or uncertainty)” [49]. In relation to channel time (continuous, discrete, mixed), "continuous and discrete 
entropies" are registered: “In the discrete case, the entropy measures in an absolute way the randomness of the chance 
variable. In the continuous case, the measurement is relative to the coordinate of system” [50]. 

Later, in 1962, Leon Brillouin (1962) notes that information is "minus entropy", that information is negative 
entropy, and information means "entropy", i.e. "negentropy" [51]. He formulated the Negentropy Principle of 
Information, designating the idea that aggregation of information associated to states of a system is directly proportional 
to the decrease of entropy. Also, he stated that in this situation there is no violation of the second law of 
thermodynamics; that there is a reduction of the thermodynamic entropy in an area of a system and an increase of 
entropy in another area of it that do not constitute a violation of the second law of thermodynamics. 

On the line of L. Brillouin, S. P. Mahulikar and H. Herwig (2009) consolidated Negentropy Principle of 
Information. They observed that the reduction of entropy may be understood as a deficiency of entropy; thereby 
reduction of entropy of a sub-system is a deficiency of entropy in relation to surrounding sub-systems [52]. 

Further researches cleared the doubts demon entered. Even more, it was demonstrated the possibility of 
converting information into energy [53] [54] [55] [56]. Starting from Szilard-type information-to-energy conversion and 
the Jarzynski equality, S. Toyabe, M. Sagawa, E. Ueda, E. and M. Sano Muneyuki sketched “a new fundamental 
principle of an ‘information-to-heat engine’ that converts information into energy by feedback control” [57]. 

Mihaela Colhon and N. Tandareanu speak about "sentential form", referring to those forms which include 
propositional information formulated in a natural language [58]. Thought has several forms: language thought, 
geometric thought, thought, digital thought, pictorial thought, musical thought etc. Each type of thought has one type of 
efficiency called intelligence. Efficiency is effectiveness in unit or time interval. Howard Gardner asserts that there are 9 
types of intelligence: naturalist intelligence (nature smart), musical intelligence (musical smart), logical-mathematical 
intelligence (number/reasoning smart), existential intelligence, interpersonal intelligence (people smart), bodily- 
kinesthetic intelligence (body smart), linguistic intelligence (word smart), intra-personal intelligence (self smart), spatial 
intelligence (picture smart) [59]. 

On conditions in which the informational process consists mainly of computation, there is easy to deduce that 
man is a "computer" that converts energy into information. It is the most efficient converter of the blue planet: "Man is 
the most complex information-processing system existing on the earth. By some estimates, the total number of bits 
processed in the human body every second is 3.4 x 10 19 , but it uses only 20 watts power" [60]. 

Information means computation [61] [62] [63] [64] [65] [66]. Intelligence is a computational quality of 
information converting into energy. Information-energy converters can operate on the principles of computational 
intelligence. 
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4. The relationship matter-information 

Forms, patterns of the information core are the materials, are material nature. That is in the information core 
lies matter. Immanent relationship between matter and information is represented by the forms, by patterns. Matter has 
form, it has information. Rolf Landauer shows that information is physical” [67]; on the same idea, V. Vedral argues 
that material, physical „universe” is „quantum information” [68]. 

Formula E = me 2 is twice impregnated informationally. The first impregnation consists of the fact that the 
formula which contains the principle is an equation information. Any equation is a piece of information. A second 
informational impregnation of the formula consists of that c 2 is information. The relationship between energy and matter 
is informationally mediated. 

Information has a quantitative dimension and a qualitative dimension. On the quantitative dimension, 
information is a function of probability [69] [70]. On the qualitative dimension, information is a function of meaning. 

We associate to our opinion about internal form, the position expressed by Anthony Reading related to 
"intrinsic information". This shows that he caught up Norbert Wiener’s concept and "intrinsic information" is "the way 
the various particles, atoms, molecules, and objects in the universe are organized and arranged" [71] [72] [73] [74]. 

The cognitive organization of the matter, energy and information itself takes place through information. The 
modelling core of information is represented by the form. The forms are concepts that bring in convergence the 
observing of the informational object and its structural thought. They are places of objective finding meeting with 
subjective internal computation. The forms are active patterns. The computation takes place by the designing of forms 
on informational objectives apparently amorphous and through their structural magnetization. Through information, the 
mental forms find their modelling resonance in the informational medium [75] [76] [77] [78]. 

"Intrinsic information" is the finding of a way of organization for the matter, energy and information itself. 
Like world itself, the informational medium has an intrinsic structure, irrespective of the relation to the informational 
subject. This objective configuration creates the internal form of the informational object [79] [80] [81]. 

On the other hand, in its projective approach, the radiant, radiographic, resonator and infusive, informational 
subject designs on medium of interest the external forms. The external conceptual forms can resonate with the internal 
forms of informational object or they may not resonate. When the informational medium is structured, the forms 
resonate and the subject objectifies them. When the informational medium is not structured, the external forms do not 
find resonance in the amorphous medium. Then the external forms magnetize the amorphous medium and structure it 
informationally. The subjective is charging the objective. The informational subject infuses itself with forms, the subject 
"pattern-izes". In the first case, the extrinsic information is brought within range of the intrinsic information. In the 
second case, the extrinsic information is required as modeller and intrinsic information. 

If in the intrinsic information core stands the objective organization discovery of the informational medium, in 
the centre of extrinsic information there is meaningful structure induced from exterior, an external form. Intrinsic 
information means discovery of meanings. Extrinsic information is assigning of meanings. 

As critical informational tools, forms are active nuclear structure, radiant. Forms are previous informational 
constructions with which the informational medium is exploring and exploiting. As attested models, the forms are 
themselves seeking the informational space. 

In fact, the forms are forms because they form (form-s). They are inserted in "amorphous and disorganized 
pyrite" and formally structure it. Like language, information is the discourser of computational process of 
commensuration with conceptual forms. Information is a putting in discourse on putting in order. 

In the intrinsic information, putting in order is noticeable, because organization belongs to inventory domains. 
In the extrinsic information, putting in order is infused-modelling, because the organization belongs to the 
implementation order, it is induced by the informational subject. The extrinsic information is of the impression type. 
The impression-able form is found as impression. In these cases, the forms bring and radiate meanings. Intrinsic 
information deals with a recognition of meanings-forms. The difference between intrinsic information and extrinsic 
information comes from central computational operation: recognition, through forms, of meanings organization vs. 
assigning, through forms, of meanings [82]. The extrinsic information is more visible and meaningfully marked. 
Therefore, it is reasonably thought that they could also be called "meaningful information". Anthony Reading shows 
that besides intrinsic information there is also meaningful information. He states: "Meaningful information is defined as 
a detectable pattern of matter or energy that generates a response in a recipient" [83]. 

The detectable pattern is a "form". 

5. Conclusion 

Relationally, the neutral relationship between matter, energy and information is not primary, but secondary. 
The fact that the three elements of the Universe/Multi- verse do not contradict results in a liminal manner from 
interconvertibility. The primary relationship, principled, law-like, liminal, fundamental to the world is the 
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Interconvertibility of Matter-Energy-Information (I_MEI). The Matter-Energy-Information interconvertibilility renders 
the world permanent and dense, more and more dense inter-elements emerging in the conversion process. The 
unavoidable law that controls any process that takes place in the world is the law of the permanent conversion Matter - 
Energy-Information. Each process has an index of interconvertibility and a formula of existence, of reality. 

The reality is the reality of interconvertibility. Man is the main instrument of conversion and computability. We 
got to illuminate some of the bilateral and non-contextual (in the absence of the third element) conversions. Reality is 
the place of the permanent interconversion, simultaneous and multiphase of M-E-I. What happens today contains all the 
history of interconversion at the beginning of the world. There remains to be investigated how to convert M into I in 
presence of I (in the context of I), a M in I in the presence of E (in the context of E) and an E in I in the presence of M 
(in the context of M). Furthermore, there is yet to be clarified how to convert M to E in the presence of I, a M "in the 
presence of E (in the context of E) and an E in I in the presence of M (in the context of M)" and so on. However, any 
presence and any context light and shadow the neutral war of the convertibilities. 
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Neutrosophic Refined Relations and Their Properties 

Said Broumi, Irfan Deli, Florentin Smarandache 



Abstract 

In this paper, the neutrosophic refined relation (NRR) defined on the 
neutrosophic refined sets( multisets) [13] is introduced. Various properties 
like reflexivity, symmetry and transitivity are studied. 

Keyword 0.1 Neutrosophic sets, neutrosophic refined sets, neutrosophic 
refined relations, reflexivity, symmetry, transitivity. 



1 Introduction 

Recently, several theories have been proposed to deal with uncertainty, impre- 
cision and vagueness. Theory of probability, fuzzy set theory [18], intuitionistic 
fuzzy sets [17], rough set theory [49] etc. are consistently being utilized as efficient 
tools for dealing with diverse types of uncertainties and imprecision embedded 
in a system. But, all these above theories failed to deal with indeterminate 
and inconsistent information which exist in beliefs system. In 1995, inspired 
from the sport games (wining/tie/defeating), from votes (yes/ NA/ no), from 
decision making (making a decision/ hesitating/not making) etc. and guided by 

the fact that the law of excluded middle did not work any longer in the mod- 
ern logics, F. Smarandache [10] developed a new concept called neutrosophic 
set (NS) which generalizes fuzzy sets and intuitionistic fuzzy sets. NS can be 
described by membership degree, indeterminate degree and non-membership 
degree. This theory and their hybrid structures have proven useful in many 
different fields such as control theory [32], databases[20, 21], medical diagnosis 
problem[l], decision making problem [24, 2], physics[8], topology [9], etc. The 
works on neutrosophic set, in theories and applications, have been progressing 
rapidly (e.g. [3, 6, 35, 41, 48, 19]). 
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Combining neutrosophic set models with other mathematical models has at- 
tracted the attention of many researchers. Maji et al. [22] presented the concept 
of neutrosophic soft sets which is based on a combination of the neutrosophic set 
and soft set models. Broumi and Smarandache [33, 36] introduced the concept 
of the intuitionistic neutrosophic soft set by combining the intuitionistic neutro- 
sophic sets and soft sets. Broumi et al. presented the concept of rough neutro- 
sophic set [39] which is based on a combination of neutrosophic sets and rough set 
models. The works on neutrosophic sets combining with soft sets, in theories and 
applications, have been progressing rapidly (e.g. [34, 37, 38, 14, 15, 40, 16, 42]). 

The notion of multisets was formulated first in [31] by Yager as generaliza- 
tion of the concept of set theory and then the multiset was developed in [7] by 
Calude et al. Several authors from time to time made a number of generaliza- 
tions of the multiset theory. For example, Sebastian and Ramakrishnan[46, 45] 
introduced a new notion called multi fuzzy sets, which is a generalization of the 
multiset. Since then, Several researchers [30, 44, 4, 5] discussed more properties 
on multi fuzzy set. And they [47, 23] made an extension of the concept of Fuzzy 
multisets to an intuitionstic fuzzy set, which was called intuitionstic fuzzy mul- 
tisets (IFMS). Since then in the study on IFMS , a lot of excellent results have 
been achieved by researchers [43, 25, 26, 27, 28, 29]. An element of a multi fuzzy 
set can occur more than once with possibly the same or different membership 
values, whereas an element of intuitionistic fuzzy multiset allows the repeated 
occurrences of membership and non-membership values. The concepts of FMS 
and IFMS fail to deal with indeterminacy. In 2013 Smarandache [11] extended 
the classical neutrosophic logic to n-valued refined neutrosophic logic, by refin- 
ing each neutrosophic component T, I, F into respectively Ti, T 2 , ..., T m , and 
Ii, I 2 , I p , and Fi, F 2 , ..., F r . Recently, Deli et al. [13] used the concept of 

neutrosophic refined sets and studied some of their basic properties. The con- 
cept of neutrosophic refined set (NRS) is a generalization of fuzzy multisets and 
intuitionistic fuzzy multisets. 

The neutrosophic refined relations are the neutrosophic refined subsets in 
a cartesian product of the universe. The purpose of this paper is an attempt 
to extend the neutrosophic relations to neutrosophic refined relations (NRR). 
This paper is arranged in the following manner. In section 2, we present some 
definitions of neutrosophic set and neutrosophic refined set theory which help us 
in the later section. In section 3, we study the concept of neutrosophic refined 
relations and their operations. Finally, we conclude the paper. 
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2 Preliminary 

In this section, we mainly recall some notions related to neutrosophic set [10], single 
valued neutrosophic set (SVNS)[12] and neutrosophic refined set relevant to the 
present work. See especially[20, 21, 1, 3, 6, 35, 24, 2, 9, 8, 12] for further details 
and background. 

Smarandache [11] refine T , I, F to Ti, X 2 ,..., T m and / 1 , I p and F\, 

F 2 ,..., F r where all T m , I p and F r can be subset of [0,1]. In the following 
sections ,we considered only the case when T ,1 and F are split into the same 
number of subcomponents l,2,...p, and T\ I J A ,F° A are single valued neutrosophic 
number. 

Definition 2.1 [10] Let U be a space of points (objects), with a generic element 
in U denoted by u. A neutrosophic set (N-set) A in U is characterized by a 
truth- membership function Ta, a indeterminacy -membership function I a and a 
falsity -membership function Fa- Ta(x); Ia{x) and Fa(x) are real standard or 
nonstandard subsets of]~ 0, l + [. It can be written as 



A = {<u, (T A (x),I A (x),F A (x)) >:x £ E, T a {x), I a (x), F a (x) g] 0, l + [}. 

There is no restriction on the sum of Ta(x); Ia(x) and Fa(x), so ~ 0 < 
supTa(x ) + sup I a (x) + supFa(x) < 3 + . 

For application in real scientific and engineering areas, Wang et al. [12] proposed 
the concept of an SVNS, which is an instance of neutrosophic set. In the fol- 
lowing, we introduce the definition of SVNS. 

Definition 2.2 [12] Let U be a space of points (objects), with a generic element 
in U denoted by u. An SVNS A inX is characterized by a truth- membership func- 
tion Ta(x), a indeterminacy -member ship function I a{x) and a falsity-membership 
function Fa(x), where Ta(x), Ia(x), and Fa(x) belongs to [0,1] for each point 
u in U. Then, an SVNS A can be expressed as 



A = {<u, ( T a (x ), I A 0), F a (x)) >: x e E, T a (x), I a (x),F a (x) e [0, 1]}. 

There is no restriction on the sum of Ta(x); Ia(x) and Fa{x), so 0 < 

supTa{x ) + supIa(x) + supFa{x ) < 3. 

Definition 2.3 [13] Let E be a universe. A neutrosophic refined set (NRS) A 
on E can be defined as follows: 

A = {< (T\(x), T\(x), ...,T%(x)), (A(x), Il(x ), /£(*)), 

(F\(x),F 2 a (x),...,F%(x))>: x£E) 

where, 

t a(x),T a (x),...,T A {x) :E^ [0,1], 
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I\{x)J 2 a {x),...J?{x):E^[ 0,1], 

and 

such that 

0 < supT\{x ) + supP A (x ) + supF A (x ) < 3 
(i = 1, 2, P) and 



T\{x) < T\{x) < ... < T%(x) 

for any x G E. 

(T\(x),T 2 a (x),...,T%(x)), {I\(x),P a (x),...,I%{x)) and{F\(x),FZ(x),...,F%(x)) 
is the truth-membership sequence , indeterminacy-membership sequence and falsity- 
membership sequence of the element x, respectively. Also , P is called the di- 
mension (cardinality) of NRS A. We arrange the truth-membership sequence in 
decreasing order but the corresponding indeterminacy -membership and falsity- 
membership sequence may not be in decreasing or increasing order. 

The set of all Neutrosophic refined sets on E is denoted by NRS(E). 

Definition 2.4 [13] Let A, B E NRS(E). Then 

1. A is said to be NR subset of B is denoted by ACB if T\{x) < T l B (x), 
I\(x) > P B (x) ,Fa(x ) > Fpx), \/x e E. 

2. A is said to be neutrosophic equal of B is denoted by A = B if T\(x) = 
t b(x), P a (x) = P B {x) ,Fa( x ) = f b( x )> Va: e E ■ 

3. the complement of A denoted by A c and is defined by 

A z = {< (F}(x), F A (x), ..., F%(x)), [l\{x), P A (x ), ..., /£(*)), 

(T\(x),T\(x),...,TP(x))>: xeE} 

4- IfT\[x ) = 0 and I A (x) = F\{x) = 1 for all x G E and i = 1, 2, ..., P then 
A is called null ns -set and denoted by 4>. 

5. If T a (x) = 1 and I A (x) = F A (x) = 0 for all x G E and i = 1,2, 
then A is called universal ns -set and denoted by E. 

Definition 2.5 [13] Let A, B E NRS(E). Then 

1. the union of A and B is denoted by AUB = C\ and is defined by 

C = {< x, (Tq(x),Tq(x), ..., T]j (x)), (Iq(x), Ic( x ), • 1% ( x ))> 

(F£(x),FS( x ),.., f £(x))>: x e Ej 

where T c = T\(x) V J%(x), P c = P A (x) A P B (x) ,F l c = F X( x ) A F%{x), 

\/x G E and i = 1,2, ..., P. 
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2. the intersection of A and B is denoted by A(~]B = D and is defined by 

(Fb(x),Fl(x),...,F£(x))>: x E E} 

where Tfi = T A (x ) A T B (x), P D = P A (x) V P B {x) ,F l D = F A {x) V F B {x), 
\/x G E and i = 1,2, ..., P. 

3. the addition of A and B is denoted by A+B = E\ and is defined by 

Ei = {< x, (T Bi (x),T Bi (x), T Bi (x)), (I Bi (x),I Bi (x), ..., I Bi (x)), 

(Fi i (r C ),Fl i (r C ),...,F| i (^))>: x E E} 

where T| i = T\(x) + - TX(x).T%(x), P El = P A (x).P B (x) ,F% t = 
F A (x).F B (x), \/x G E and i = 1,2, P. 

4- the multiplication of A and B is denoted by Ax B = E 2 and is defined by 

E 2 = {< x, (T E 2 (x),T E 2 (x), ...,T E 2 (x)), (I E 2 (x),I E 2 (x), ...,I E 2 (x)), 

(F^(x),F 2 e 2 (x),...,F^))>-- x&E) 

where = T\(x).T^x), P E2 = P A (x) + P B (x) - P A (x).P B (x) ,F 1 e 2 = 
F\(x ) + E b (x) — F A {x).F B {x), \/x G E and i = 1,2, ..., P. 

Here V, A, +, — denotes maximum , minimum , addition , multiplication , 

subtraction of real numbers respectively. 

3 Relations on Neutrosophic Refined Sets 

In this section, after given the Cartesian product of two neutrosophic refined sets 
(NRS), we define a relations on neutrosophic refined sets and study their desired 
properties. The relation extend the concept of intuitionistic multirelation [27] to 
single valued neutrosophic refined relation. Some of it is quoted from [13, 27, 10]. 

Definition 3.1 Let 0 7 ^ A, B £ NRS(E) and j £ { 1 , 2 , ...,n}. Then , cartesian 
product of A and B is a neutrosophic refined set in E x E, denoted by Ax B, 
defined as 

Ax B = {< (. x,y),T 3 AxB (x,y)),P AxB (x,y),F 3 AxB (x,y ) >: (x ,y) E E x Ej 
where 

T AxB( x ^y)a AxB ( x ^y)X AxB ( x ^y ) ; E [M] 



T Ax B ( x ,y ) = min { T\ (x), T 3 B (re) } , 
^AxB&y) = ma x{P A (x),P B (x)j 
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and 

F Axb( X ’V) = max | F°a ( x ) > F b( X )'\ 

for all x,y G E. 

Remark 3.2 A Cartesian product on A is a neutrosophic refined set in E x E, 
denoted by Ax A, defined as 

A x A = {< (x,y),T J AxA (x,y)),I 3 AxA (x,y),F 3 A><A (x,y) >: (x,y) G E x E) 

where j = 1,2 and T J AxA ,I J AxA ,F J AxA : E x E [0, 1] . 

Example 3.3 Let E = {xi,x 2 } be a universal set and A and B he two Nm-sets 
over E as; 

A = {< x u {0.3, 0.5, 0.6), {0.2, 0.3, 0.4), {0.4, 0.5, 0.9} >, 

< x 2 , {0.4, 0.5, 0.7}, {0.4, 0.5, 0.1}, {0.6, 0.2, 0.7} >} 

and 

B = {< xi, {0.4, 0.5, 0.6}, {0.2, 0.4, 0.4}, {0.3, 0.8, 0.4} >, 

< x 2 , {0.6, 0.7, 0.8}, {0.3, 0.5, 0.7}, {0.1, 0.7, 0.6} >} 

Then, the cartesian product of A and B is obtained as follows 



Ax B= {< ( Xl , xi), {0.3, 0.5, 0.6}, {0.2, 0.4, 0.4}, {0.3, 0.8, 0.9} >, 

< (xi,x 2 ), {0.3, 0.7, 0.8}, {0.2, 0.5, 0.7}, {0.1, 0.7, 0.9} >, 

< (x 2 ,xi), {0.4, 0.5, 0.6}, {0.2, 0.5, 0.4}, {0.3, 0.8, 0.7} >, 

< (x 2 ,x 2 ), {0.4, 0.7, 0.8}, {0.3, 0.5, 0.7}, {0.1, 0.7, 0.7} >} 

Definition 3.4 Let 0 ^ A,B G NRS(E) and j G {1,2, ...,n}. Then, a neutro- 
sophic refined relation from A to B is a neutrosophic refined subset of A x B . 
In other words, a neutrosophic refined relation from A to B is of the form 
(. R,C ), (C C E x E) where R(x,y ) C Ax B V(x,y) G C. 

Example 3.5 Let us consider the Example 3.3. Then, we define a neutrosophic 
refined relation R and S, from A to B, as follows 

R= {< (xi,xa), {0.2, 0.6, 0.9}, {0.2, 0.4, 0.5}, {0.3, 0.8, 0.9} >, 

< (xi, x 2 ), {0.3, 0.9, 0.8}, {0.2, 0.8, 0.7}, {0.1, 0.8, 0.9} >, 

< (x 2 ,xi), {0.1, 0.9, 0.6}, {0.2, 0.5, 0.4}, {0.2, 0.8, 0.7} >} 

and 



S = {< (xi,x!), {0.1, 0.7, 0.9}, {0.2, 0.5, 0.7}, {0.1, 0.9, 0.9} >, 

< (xi,x 2 ), {0.3, 0.9, 0.8}, {0.2, 0.8, 0.8}, {0.1, 0.8, 0.9} >, 

< (x 2 ,xi), {0.1, 0.9, 0.7}, {0.2, 0.9, 0.4}, {0.2, 0.8, 0.9} >} 
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Definition 3.6 Let A, B £ NRS(E) and , R and S be two neutrosophic refined 
relation from A to B. Then , the operations ROS , RP\S , R+S and RxS are 
defined as follows ; 

1. 

BXJS = {< (x, y), (T^~ s (x, y), T^~ s (x, y ), T™~ s (x, y)), 

^rxjs^ x - yP yP •••’ Irus^ x ' y)P 

y P F rus^ x ’ y P F rus^ x ’ ^)) x ' > y ^ F } 

where 

T' ROs (x,y) = T R (x)VT' s (y), 

p Rus( x ^y) = p r( x ) AI s(y)> 
r RCjS (x,y) = F' r (x) AF%(y) 

Vx, y G E and i = 1,2, n. 

2. 

Rf\S ={< (x,y),(T^~ (x,y),T^~ (x,y),...,T™~ (x,y)), 
y)i P Rr\s^ x ’ yP ^'rcis^’ y)) y ^ -®1 

where 



r ms (x, y ) = r R (x)^r s (y), 

P R?Ss (x,y) = P R (x)VP s (y), 
F i ms {x,y)=F i R {x)VF i s {y) 

Vx, y G E and i = 1,2, n. 

3. 

R+S= {< (^,2/),(^ s (x, 2/ ),r2- 5 (x,y),...,T^ s ( a: ,y)) > 

0 R j^ R y) ; ^ Yi-ys ( Xj y) ’ * ** ’ i ry-s ( X ’ y PP 

( F R+s( X ' y P F R+s( X ' y ^---’ F brs( X -’ y P >: ^ e£ ’l 

where 



TP+s (*> y) = TO + TO - TO-TO, 
TO-TO, 
TO-TO 

Vx, y £ E and i = 1,2, ..., n. 
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4 - 

RxS = {< (x,y),(T^ s (x,y),T^ s (x,y),...,T£ ks (x,y)), 

( i Rxs^’ y ) * i Rx s^ x ’ 2 /)? '*** 2 /))> 

( F Rxs( x ’y}’ F Rxs( x ’y^---’ F Rxs( x ’y^ >: x > y e -^1 

where 

T^ s (x,y) = T i R {x).T i s {y), 

IrxS&v) = 4W + 4(2/) - 4(A4(2/), 

F Rxs( x ' y ) = *£(*) + ^ 4 ) - Fh(x)-Pk(v) 

\/x, y £ E and i = 1,2, n. 

7/ere V, A, +, — denotes maximum, minimum, addition, multiplication, 

subtraction of real numbers respectively. 

Example 3.7 Let us consider the two neutrosophic refined relation R and S, 
from A to B, as follows 

R= {< {x 1 ,xi), {0.2, 0.3, 0.4}, {0.4, 0.5, 0.6}, {0.3, 0.8, 0.9} >, 

< (x 1 ,x 2 ), {0.3, 0.4, 0.6}, {0.2, 0.3, 0.4}, {0.5, 0.6, 0.7} >, 

< (x 2 ,xi), {0.1, 0.6, 0.3}, {0.2, 0.5, 0.6}, {0.2, 0.3, 0.4} >} 

and 



S = {< (x\,xi), {0.1, 0.4, 0.5}, {0.3, 0.5, 0.7}, {0.2, 0.7, 0.1} >, 

< (x 1 ,x 2 ), {0.2, 0.3, 0.4}, {0.5, 0.6, 0.7}, {0.2, 0.3, 0.6} >, 

< (x 2 , xi), {0.4, 0.5, 0.6}, {0.2, 0.3, 0.4}, {0.1, 0.2, 0.3} >} 



{< (xi,xi), {0.2, 0.3, 0.4}, {0.4, 0.5, 0.6}, {0.3, 0.7, 0.1} >, 

< (xi,x 2 ), {0.3, 0.3, 0.4}, {0.5, 0.3, 0.4}, {0.5, 0.3, 0.6} >, 

< (x 2 , x-i), {0.4, 0.5, 0.3}, {0.2, 0.3, 0.4}, {0.2, 0.2, 0.3} >} 



{< (x!,xi), {0.1, 0.4, 0.5}, {0.3, 0.5, 0.7}, {0.2, 0.8, 0.9} >, 

< (*i, x 2 ), {0.2, 0.4, 0.6}, {0.2, 0.6, 0.7}, {0.2, 0.6, 0.6} >, 

< (x 2 , Xl ), {0.1, 0.6, 0.6}, {0.2, 0.5, 0.6}, {0.1, 0.3, 0.4} >} 

Assume that 0 7 ^ A, B,C £ NRS(E). Two neutrosophic refined relations 
under a suitable composition, could too yield a new neutrosophic refined relation 
with a useful significance. Composition of relations is important for applications, 
because of the reason that if a relation on A and B is known and if a relation on 
B and C is known then the relation on A and C could be computed and defined 
as follows; 



R US = 

and 

RnS = 
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Definition 3.8 Let R(A -A B) and S (B—> C) be two neutrosophic refined re- 
lations. The composition S oR is a neutrosophic refined relation from A to C, 
defined by 

SoR= {< (or, z), (Tg oR (x, z), Tj oJ t (x, z), ..., Tg oR (x, z)), 

0sor( x i z )Wsor( x i z )i ■■■ ■ Isor( x i z ))i 
( f Lr( x ’ z )WLr( x ’ z )’---’ F sor( x ’ z )) >■ x,z e E} 

where 

t s<,r( x ’ z ) = v { T R( x ,y) AT s(y, z )} 

i 3 Sor ( x ’ z ) = ^ { lJ R (x,y) V I 3 s(y,z ) } 

and 

f Lr( x ’ z ) = §{ F h( x ,y)v F s(y> z ) } 

for every (x, z) E x E, for every y G E and j = 1, 2, n. 

Definition 3.9 A neutrosophic refined relation R on A is said to be; 

1. reflexive ifT J R (x,x) = 1, I R (x,x) = 0 and F R {x,x) = 0 for all x G E 

2. symmetric if T 3 R (x,y) = T 3 R (y,x), I R (x,y) = I R {y,x) and F 3 R (x,y) = 
f r{v, x ) for all x,y e E 

3. transitive if R o R C R. 

4- neutrosophic refined equivalence relation if the relation R satisfies reflex- 
ive, symmetric and transitive. 

Definition 3.10 The transitive closure of a neutrosophic refined relation R on 
E x E is R = R0R 2 0R 3 0... 

Definition 3.11 If R is a neutrosophic refined relation from A to B then R~ x 
is the inverse neutrosophic refined relation R from B to A, defined as follows: 

R l = {fi y ' x ^ T L^ x ^y))V 3 R -i{ x ,y)W 3 R -i{ x ,y)) ■■ (x,y) € e x e| 
where 

T r -i ( x ,y) = T J R (y,x), P R _ 1 (x,y) = I R (y,x), F^.^x^y) = F 3 R (y,x) and 
j = 1,2 

Proposition 3.12 If R and S are two neutrosophic refined relation from A to 
B and B to C, respectively. Then, 

1. ( R - 1 )- 1 =R 
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2. ( SoR J- 1 = R-'oS- 1 

Proof 

1. Since R ~ 1 is a neutrosophic refined relation from B to A, we have 
Tr- 1 (x, y ) = T£(y, x), I J R _ 1 (x, y) = 4(y, x) and F 3 r _ 1 (x, y) = F 3 R (y, x) 
Then, 

T(R-i)-i( x ,y) = T r _ 1 (y, x) = T 3 R (x,y), 

/^_ 1) _ 1 (x,y) = I J R -i(y,x) = I 3 R (x,y ) 

and 

F ln-i)-i(x,y) = F r _ 1 (y, x) = F R (x, y) 
therefore (i? -1 ) -1 = i?. 

2. If the composition 5 o i? is a neutrosophic refined relation from A to C, 
then the composition R~ x o S' -1 is a neutrosophic refined relation from C 
to A. Then, 



TisoiQ-iM 



~ T(SoR)( X > Z ) 

= V |r^(x, y) A Tg(y, z) j 

= y (y> x) A Tg_! (z, y ) } , 

= V {r|_ 1 (^y)AT^_ 1 (y,x)} 



and 



p 

1 (SoR ) 



i(2,x) 



— I(SoR)( X ’ Z ) 

= A |/^(x,y) V 4(y,z)} 

= A {/^_i (y, x) V (z, y) | 

= A {4-1(2:, y) v 4_i(y,x)| 
= Ir- 1 oS~ 1 ( Z ’ X ') 



= §{ F h( x >y) v F s(V’ z )} 

= a {F^_i(y,4 v -4_i 4, y)} 

= A {i^-i^y) V F R _ 1 (y, x)| 
= Fr-IqS - 1 a ') 



Finally; proof is valid. 



237 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



Proposition 3.13 If R is symmetric ,then R 1 is also symmetric. 
Proof: Assume that R is Symmetric then we have 

t r(x,v) =T J R (y,x), 
lJ R (x,y) = I R (y,x) 

and 

F 3 R (x,y) = f r(Vi x ) 

Also if R -1 is an inverse relation, then we have 

T R -i{x,y) = T } R (y,x), 
lJ R -i (x,y) = I J R (y,x) 

and 

F r -i (^5 y) = F R (y,x) 

for all x,y G E 

To prove R -1 is symmetric, it is enough to prove 

T^^x^y) = T R _ t (y, x), 

Ir-i(x,v) = F r _ X {y,x) 

and 

F J R -i(x,y) = F r _ 1 (y, x) 

for all x,y G E 
Therefore; 

T R ^{x,y) = T R (y, x) = T 3 R (x,y ) = T 3 R _ 1 (y,x); 
F R -i{x,y) = I R (y,x) = I J R (x,y) = P R ^(y,x) 

and 

F R -i(x,y) = F R (y, x) = F 3 R (x,y ) = F^.^y^x) 
Finally; proof is valid. 

Proposition 3.14 If R is symmetric ,if and only if R = R~ l . 
Proof: Let R be symmetric , then 

F r ( x , y) = T J R (y,x) | 

F R {x,y) = P R (y,x) 

and 

f r (x, y) = F R (y, x) 
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and 

R -1 is an inverse relation, then 

T R-i(x,y) = T 3 R (y,x)\ 

Ir-i (x,y) = P R {y,x ) 

and 

F J R -i(x,y) = F 3 R (y,x) 

for all x,y G E 

Therefore; T 3 R _ x (x,y) = T 3 R (y,x) = T 3 R (x,y). 

Similarly 

!r-i (x,y) = P R (y,x) = P R (x,y) 

and 

Fr-i (x, y) = F R (y, x) = F 3 R (x,y ) 

for all x,y G E. 

Hence R = R~ x 

Conversely, assume that R = R~ x then, we have 

Tr( x , y) = T 3 R _ x {x,y) = T 3 R (y,x). 

Similarly 

F R (x,y) = P R _ x (x,y) = P R (y,x) 

and 

F r (x, y) = F 3 R _ x (x,y) = F 3 R (y,x). 

Hence R is symmetric. 

Proposition 3.15 If R and S are symmetric neutrosophic refined relations , 
then 

1. RQS, 

2. Rf)S, 

3. R+S 

4. RxS 

are also symmetric. 

Proof: R is symmetric, then we have; 

T k(x,y ) = T 3 R (y,x), 

P R (x,y ) = P R (y,x) 

and 

f r (x, y) = F 3 R (y,x) 
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similarly S is symmetric, then we have 

T s( x ,y) = T s(y, x ), 

i J s(x,y) = is(y, x ) 

and 

F s( x ,y) = F s(y^ x ) 

Therefore, 

1. 

Trusov) = max j T R.(x,y),T£(x,y)\ 

= ma x{T 3 R (y,x),T£(y,x)j > 

= T r us^ 

l3 ROs( x ’ y ) = min,{ F R (x,y), F s (x,y)j 
= mm{l : > R (y,x),I :> s (y,x)j 
= X }’ 

and 

F ruS^’ =min| F J R (x,y), F J s (x,y)\ 

= minj F J R (y,x), F £(y,x)j 
= F r :0s M 

therefore, RUS is symmetric. 



T j ~ 

R ns 


■(x,y) 


= min <j 


T R(x,y),Ts(x,y)\ 






= min \ 


T R(y^),T 3 s (y,x)j 






= T j ~ 
Rns 


(y,x), 


I j ~ 

Rns 


{x,y) 


= max • 


{ F R( x ,y), F s( x ,y)} 






= max j 








= I j ~ 1 


[y,x), 


F j ~ 

Rns 


(x,y) 


= max <j 


\ F R(x,y), F s(x,y)} 






= max <j 


^ F R(y,x)> F s(y> x )] 






= F j ~ 
Rns 


(y,x) 



therefore; RnS is symmetric. 
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3. 



and 



t r+ s ( x ’ y) = t -r( x ’ y ) + v ) - t r( x ^ y) T s ( x > y) 

= t r(vi x ) + x ) - T k(y, x ) T s(y , x ) 

— t r+ s ^ x ) 

i3 r + s ( x i y ) = j/PsOo ?/) 

— i R+s^y ,x ^ 

F 3 R + S (x,y) = F 3 R (x,y)F 3 s (x,y) 

= F 3 n {y,x)F 3 s {y,x) 

— F R+s(y > ■ r ) 



therefore, R+R is also symmetric 



4. 



t rx S ( x ’ 22 ) = t -r( x ’ 2 /)?s 0 o y) 

= t r (y,x)T 3 s (y,x) 

r 3 - ( 

RxtS' 



= T 3 - f Jy,x) 



Axs^’ 22) = kOo 2/) + 4(rr, 2 /) - y)I 3 s (x, y) 

= i%(y, x ) + 1 ?( 2 /, - Ir(v, x )is(y > x ) 

= / ks(2/’ x ) 

F rxs( x ’ 22) = F h( x >y ) + Fg(x, y) - F 3 R (x,y)F 3 s (x,y) 

= Fr(v, X ) + F|( 2 /, re) - F£(y, x)F 3 s (y, x) 

= F ks( 22^) 

hence, RxR is also symmetric. 



Remark 3.16 RoR m general is not symmetric , as 



II 

dR 

Co 

0 

T? 


T 3 s (x,y) AT 3 R (y,z)} 


= v j 
2/ 1 


Ts(y, x) A T r (z, 2 /) 1 


7^ TIroS)( Z ' X ) 


II 

Co 

0 


[t?0o22) V /^(2/,^)} 


= Aj 

V 


[ 7 s(y,ar) V/^(2,2/)} 


^ I{roS)( Z ' X ) 
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F(RoS) Z ) 



but RoS is symmetric , if RoS 



= A | F J s (x,y) V F 3 R (y,z)} 

= A | F 3 s (y,x) V F 3 R (z,y)} 

^ F(RoS)( Z t X ) 

= SoR, for R and S are symmetric relations. 



T (RoS )( x ’ z ) = v{l^(®,y) AT 3 R (y,z)} 

= V fr 3 s (y,x) AT 3 R (z,y)} 

= V {T 3 R (y,x) AT 3 R (z,y)} 

T(RoS)( Z i X ) 

lJ (RoS )( x ’ z ) = A{/^(a:,j/) V/^(j/,2)| 

= A{ I} s (y>x)v i } R (z,y)} 

= r\{ l3 R (y,x)\/ P R { z ,y)} 

I(RoS)( Z i X ) 

and 

F (RoS)( X ’ Z ) = ^{ F s( X ’y)V F r(V,z)} 

= §{ F s(y> x ) v f r( z ’V)} 

= §{fr(v, x )v F R( z >y)} 

F(RoS) ( Z ’ X ) 

for every (x,z) £ E x E and for y £ E. 

Proposition 3.17 If R is transitive relation, then R~ x is also transitive. 

Proof : R is transitive relation, if R o R C R, hence if R~ x o R~ x C R _1 , 
then R _1 is transitive. 

Consider; 



Tr- 1 fa, y) = ^(y, x) > T J RoR (y, X ) 

= V {^(j/,z)A^,a:)| 

= v (x, 0) a (z, 2/) | 
= ^R-ioi?- 1 fa- v) 



r R -i fa, 2 /) 



— 1 niv > • c ) — IroR^Vi x ) 

P a{/^( 2 /,z) V/^( 2;,x)} 

= A {//. ; fa, *) V (2, y) | 

= r R ^, oR - 1 (x, y) 
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and 

F R- dx,y) = F 3 R (y,x ) < F 3 RoR (y,x) 

= A {Fr(v,z) V F 3 R {z,x)} 

= A {Tr- 1 ( x > *0 v F r - i (z, y)| 

= Fr—i or—i ( x - y ) 

hence, proof is valid. 

Proposition 3.18 If R is transitive relation, then R D S is also transitive 

Proof: As R and S are transitive relations, R o R C R and S o S C S. 

also 

— ^{RnS)o(Rns)^ x ^^ 

— ^(Rr\S)o(RnS)^ x ^^ 

^Rns^ x ^^ — ^(RnS)o(Rns)^ x ^^ 

implies RnS) o (RnS) C R D S, hence R D S is transitive. 

Proposition 3.19 If R and S are transitive relations, then 

1. RUS, 

2. R+S 

3. RxS 

are not transitive. 

Proof: 

1. As 

T RZ, s ( x ,y) = max (t r (x, y), T R (x, j/)} 

^ 0iS (a;,2/) = min {l 3 R (x,y),I 3 s (x,y)} 

F J ROs ( x ,y) = min {F 3 R (x,y),F 3 s (x,y)} 

and 

T(Rus)o(Rus)( x, y^ — ^Rus^ x, y^ 

^i?us)o(flus)( a: ’ y) — i Rus( x, y ) 

F(R\jS)o(RUS)( X, y^ — Frus( X - y) 

2. As 

t r+ s ( x ’ y) = t r ( x > y) + y) - t r( x > y) T s( x > y) 

^+ s (*.y) = F R {x,y)I 3 s {x,y ) 

F R + S ( X , V ) = F 3 r (x, y)F 3 s (x, y) 

and 
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T(R+S)o(R+S)( X,y ^ — F R+S^ X ' 
i(R+s)o(R+s)( x,y ^ — ^R+s^y) 

F(R+S)o(R+S)( X, y^ — F fl+s( X ’y) 

3. As 

T Rxs( x 'y) = T R( x ’y) T s( x iv) 

F Rx S ( X ’ y ) = 2/) + lJ s( x ’ y ) “ 2 /VsO, y) 

F R ks ( x ,y) = f r( x ,v) + F s( x ,y) - f r( x i y) F s( x i v) 

and 

T/„ ~ / D ~ C x (x, y) > ~ dr, y) 

(RxS)o(RxS) k ’ — RxS K ’ 

I (RxS)o(RxS)( X, y') — l 3 RxS^ X, y^ 

F (Rxs)o(Rxs)^ x,y ^ - F Ls^y) 

Hence RGS, R+S and RxS are not transitive. 

Proposition 3.20 If R is transitive relation , then R 2 is also transitive. 

Proof: R is transitive relation, if R o R C R, therefore if R 2 o R~ 2 C R 2 , 
then R 2 is transitive. 

T J R 0 R(lh x ) = Y AT^^x) j — Y A T° RoR (z, x)| = T J R2oR2 (y,x), 

^Ror(v^ x ) = A V Fr(z, ^)| < A V I J RoR (z , a?) j = I R 2 oR 2 {n x) 

and 

f Ror(V’ x ) = A V i^foa:)} < A {/|j 0jR ( 2 /,z) V i^ ofl (*,x)} = F J R2oR2 (y,x ) 

Finally, the proof is valid. 
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5 Conclusion 

In this paper, we have firstly defined the neutrosophic refined relations(NRR). 

The NRR are the extension of neutrosophic relation (NR) and intuitionistic 
multirelation [27]. The notions of inverse, symmetry, reflexivity and transitivity 
on neutrosophic refined relations are studied. The future work will cover the 
application of the NRR in decision making, pattern recognition and in medical 
diagnosis. 
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New Distance and Similarity Measures of Interval Neutrosophic Sets 

Said Broumi Florentin Smarandache 



Abstract: In this paper we proposed a new distance and several 
similarity measures between interval neutrosophic sets. 

Keywords: Neutrosophic set, Interval neutrosohic set, Similarity 
measure. 



I. INTRODUCTION 

The neutrsophic set, founded by F. Smarandache [1], has 
capability to deal with uncertainty, imprecise, incomplete and 
inconsistent information which exist in the real world. 
Neutrosophic set theory is a powerful tool in the formal 
framework, which generalizes the concepts of the classic set, 
fuzzy set [2], interval-valued fuzzy set [3], intuitionistic fuzzy 
set [4], interval-valued intuitionistic fuzzy set [5], and so on. 

After the pioneering work of Smarandache, in 2005 Wang 
[6] introduced the notion of interval neutrosophic set (INS for 
short) which is a particular case of the neutrosophic set. INS 
can be described by a membership interval, a non-membership 
interval, and the indeterminate interval. Thus the interval value 
neutrosophic set has the virtue of being more flexible and 
practical than single value neutrosophic set. And the Interval 
Neutrosophic Set provides a more reasonable mathematical 
framework to deal with indeterminate and inconsistent 
information. 

Many papers about neutrosophic set theory have been done 
by various researchers [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 

18, 19, 20]. 

A similarity measure for neutrosophic set (NS) is used for 
estimating the degree of similarity between two neutrosophic 
sets. Several researchers proposed some similarity measures 
between NSs, such as S. Broumi and F. Smarandache [26], Jun 
Ye [11, 12], P. Majumdar and S.K.Smanta [23]. 

In the literature, there are few researchers who studied the 
distance and similarity measure of IVNS. 

In 2013, Jun Ye [12] proposed similarity measures between 
interval neutrosophic set based on the Hamming and Euclidean 
distance, and developed a multicriteria decision-making 
method based on the similarity degree. S. Broumi and F. 



Smarandache [10] proposed a new similarity measure, called 
“cosine similarity measure of interval valued neutrosophic 
sets”. On the basis of numerical computations, S. Broumi and 
F. Smarandache found out that their similarity measures are 
stronger and more robust than Ye’s measures. 

We all know that there are various distance measures in 
mathematics. So, in this paper, we will extend the generalized 
distance of single valued neutrosophic set proposed by Ye [12] 
to the case of interval neutrosophic set and we’ll study some 
new similarity measures. 

This paper is organized as follows. In section 2, we review 
some notions of neutrosophic set andinterval valued 
neutrosophic set. In section 3, some new similarity measures of 
interval valued neutrosophic sets and their proofs are 
introduced. Finally, the conclusions are stated in section 4. 

II. Prelimiairies 

This section gives a brief overview of the concepts of 
neutrosophic set, and interval valued neutrosophic set. 

A. Neutrosophic Sets 
1 ) Definition [1] 

Let X be a universe of discourse, with a generic element in 
X denoted by x, then a neutrosophic set A is an object having 
the form: 

A = {< x: T A (x), I a (x), F a (x)>, x E X}, where the 
functions T, I, F : X— ► ]“0, l + [ define respectively the degree 
of membership (or Truth), the degree of indeterminacy, and the 
degree of non-membership (or Falsehood) of the element x E X 
to the set A with the condition: 

~0<T a (x)+I a (x)+F a (x)<3 + . (1) 

From philosophical point of view, the neutrosophic set 
takes the value from real standard or non-standard subsets of 
]“0, l + [. Therefore, instead of ]“0, l + [ we need to take the 
interval [0, 1] for technical applications, because ]“0, l + [ will 



249 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



be difficult to apply in the real applications such as in scientific 
and engineering problems. 

For two NSs, A NS = {<x, T A (x), I A (x), F A (x)>lx E X} (2) 

and B ns ={ <x, T B (x), I B (x), F B (x)> I x E X } the two 
relations are defined as follows: 

OM/vs E B ns if and only if T A (x) <T b (x),I a (x) > 
Ib(x),F a (x) > F b (x). 

(2)A ns = B ns if and only if, T A (x)=T B (x), l A (x) 
=I B (x),F A (x) =F b (x). 

B. Interval Valued Neutrosophic Sets 

In actual applications, sometimes, it is not easy to express the 
truth-membership, indeterminacy-membership and falsity- 
membership by crisp value, and they may be easier to be 
expressed by interval numbers. Wang et al. [6] further defined 
interval neutrosophic sets (INS) shows as follows: 

1) Definition [6] 

Let X be a universe of discourse, with generic element in X 
denoted by x. An interval valued neutrosophic set (for short 
IVNS) A in X is characterized by truth-membership 
functionT A (x), indeteminacy-membership function I A (x), and 
falsity-membership function F A (x). For each point x in X, we 
have that T A (x), I A (x), F A (x) E [0,1]. 

For two IVNS, A ivns ={<x,[T a l (x),T a u (x)], [l]((x), I«(x)], 
[Fa( x )> F a (x)]> I x E X } (3) 



and B ivns = {<x, [T b (x),T^(x)], 

[I B (x), I B (x)], [F b (x), F b (x)] > I x E X } the two relations are 
defined as follows: 



(1) Ajvns — B ivns if and only if T A (x) < T B (x),T A (x) < 
T b (x),I a (x) > I B (x), I A (x) > I B (x), F a (x) > F B (x), F a (x) 
> F b (x). 

(2) A IV ns = B IV ns if and only if T A (Xj) = T B (Xj), T^X;) = 
TB( x i)>lA( x i) = ( x i) ( x i) = Ib( x iX F^(Xj) = F^Xj) 
and F a (xj) = F B (x ; ) for any x E X. 

C. Defintion 

Let A and B be two interval valued neutrosophic sets, then 

i. 0 < S(A, B ) < 1. 

ii. S(A,B)=S(B,A). 

iii. S(A,B ) =1 if A= B, i.e 

T A L (xd = Ttixd, T A u ( Xi ) = T < J ( Xi ) , /j-(Xi) = 

I B ( x i), Ia ( x i) = l B ( x i) and 

Fk(xi) = Fife), F^( Xi ) = Fb ( Xi ), for i= 1, 2,...., n. 
iv . AcBcC=> S(A,B) < min (S(A,B), S(B,C). 

III. New Distance Measure of Interval Valued 
Neutrosophic Sets 

Let A and B be two single neutrosophic sets, then J. Ye 
[11] proposed a generalized single valued neutrosophic 
weighted distance measure between A and B as follows: 

d x (A,B) = Wj[|r A (Xi) - T B ( Xi )\ A + | I A ( Xi ) - 

1 

I B (xd\ A + \F A ( Xi ) - F B ( Xi )\ A ]f ( 4 ) 

where 

A > 0 and T A ( Xi ), I A (x *), F A ( Xi ), T B ( Xi ), / B (X(), F B ( Xi ) E [ 

0 , 1 ]. 

Based on the geometrical distance model and using the 
interval neutrosophic sets, we extended the distance (4) as 
follows: 



d x (A ,B) = £l? =1 w t [|ri(* t ) - Tt( Xi )\ X + I Tjpxd - T B u ( Xl )\ x + |/i(* t ) - It(xd\ x + - #(*t) l A + Itf (*t) - 

1 

F L B ( Xi )\ X + \F A ( x i) ~ F B u ( Xi )\ X ]f- (5) 

The normalized generalized interval neutrosophic distance is 

d x (A,B) = lWl [\TKxt) ~ Tkixd | A + \T a (Xj) - T B u ( Xl )\ x + \l L A ( Xi ) - l L B ( x i)\ X + \l U A ( x d ~ liU x i)\ X + \F L A (xd ~ 



F^xO\ X + \F^( Xi ) - F t 
1 






( 6 ) 



If w= the distance (6) is reduced to the following distances: 

d x (A,B) = g2? =1 [| Tjt(xd ~ Tk( Xi )\ X + I Tjpxj - T B u ( Xl )\ x + \l L A ( Xi ) - l L B ( x i)\ X + \l u A ( x d ~ l u B ( x d\ X + I #(*,) - 

1 

r s L 0;)l A + I FjtOd) - F"( Xl )\ x ]f. (7) 



d x (A,B) = \d-Y,U[\n(xd ~ F B ( x i)\ x + \T a (Xj) - T b u (x,)I a + UKxO ~ U x i)\ X + ItfOt) - /£(*,) | A + |F^(x,) - 

1 

Fkixd | A + \F A ( x i) - F"( Xl )\ x ]} J . (8) 



Particular case. 
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(i) If A = 1 then the distances (7) and (8) are reduced to the following Hamming distance and respectively normalized Hamming 
distance defined by Ye Jun [11]: 

d„(A,B) = gz? =1 [|ri(* t ) - Tk(x[)\ + \T A u ( Xi ) - TgixJ | + |/i(* t ) - Ik(x0 1 + | iJKxt) - l u B (xd\ + |Fi(x t ) - F$(* t ) | + 
|F^(^) - F^(x £ )|]}. (9) 

d NH {A,B ) = (* t ) - ri(* t )| + |rT(* t ) - Tg(xi)\ + l/lfe) - /£(*t)l + + 1 - f|(*,)| + 

iF/j 7 0*)) — Fg (Xj)|]|. (10) 



(ii) If A = 2 then the distances (7) and (8) are reduced to the following Euclidean distance and respectively normalized Euclidean 
distance defined by Ye Jun [12]: 



d E {A,B) = gir =1 [|ri(* t ) - Tk(xd\ z + \Tjf(Xi) - Tgixd | 2 + |/i(* t ) - / b l (x ( )| 2 + - tf(* t )| 2 + |Fi(* t ) - 



Fb(X ;)| 2 + iFj'C*,) - Ffi (Xj)| 2 ]f , ( 11 ) 

d WE (A ,F) = - r B (x,)| 2 + \T A u (Xi) - n J ( Xi )\ 2 + |/l(Xi) - ZiCxOI 2 + - /£(%;) 1 2 + \Fk{xd - 

1 

F£(x t )\ 2 + I F A u ( Xi ) - F^ Xi )\ 2 ]f . ( 12 ) 



IV. New Similarity Measures of Interval Valued Neutrosophic Set 

A. Similarity measure based on the geometric distance model 

Based on distance (4), we define the similarity measure between the interval valued neutrosophic sets A and B as follows: 

Sdm(A,B) = 1- {^XF =1 [|Tjt(Xi) - Tg (Xi)| X + Ixftx,) - T B u ( Xi )| X + |l^(x t ) - I^(Xi)| X + ^(xi) - Ib (X i)| A + |F^(Xi) - 

Fb( x i)| A + | p A( x i) - Fb ( x i)| A ]}L 

where A > 0 and S DM (A , B) is the degree of similarity of A and B . 

If we take the weight of each element x t E X into account, then 

Sg' M (A,B)=l- {^ESUwi [|Ta (xj) — Tg(Xi)| X + |T^(Xi) -T^(Xi)| X + |l^(x t ) - Ib(xi)| X + |Ia( x i) “ IbCxOI* + | F Kxi) 
Fb( x i)| A + | Fa ( x i) - Fg(Xi)| ; A ]f . . 



( 13 ) 



( 14 ) 



If each elements has the same importance, i.e. w = ^ en similarity (14) reduces to (13). 

By (definition C) it can easily be known that S DM (A , B) satisfies all the properties of the definition.. 
Similarly, we define another similarity measure of A and B, as: 

_ i Sr=i(|Tk(xi)-T^(x i )| X +|T^(x i )-Tg(x i )|L|l^(x i )-I^(x i )| X +|l^(x i )-lg(x i )|L|FVxi)-F^(x i )| X +|FX(x i )-Fy(x i )| y 
Sf =1 (|T^(x i )+T^(x i )|^+|TX(x i )+Tg(x i )|^+|l^(x i ) + I^(x i )|^+|lX(x i )+lg(x i )|^+|F^(x i )+F^(x i )|^+|FX(x i ) + Fg(x i )| A ') 
If we take the weight of each element x t E X into account, then 



All 



S( A, B) = 1 - 



Si l =l w i(l T A(xi)-Tk(xi)| X +|TX(xi)-TH(x i )| X +|lk(x i )-lk(xi)| X +|lX(xi)-lH(Xi)| X +|Fk(xi)-F^(x i )| X +|FX(x i )-FH(x i )| X ) 



2 ? = iW,(|T^(x i )+T^(x 1 )| X +|T“(x i )+TU(x i )| X +|lL(x i )+lL(x i )| X + |lU( Xi ) + I U( Xi )| X + |FL( Xi ) + FL ( x.)| X + |FU(xi )+ FU( x .)| X 



( 15 ) 



( 16 ) 



It also has been proved that all conditions of the definition are 
satisfied. If each elements has the same importance, and then 
the similarity (16) reduces to (15). 



B. Similarity measure based on the interval valued 
neutrosophic theoretic approach: 

In this section, following the similarity measure between 
two neutrosophic sets defined by P. Majumdar in [24], we 
extend Majumdar’ s definition to interval valued neutrosophic 
sets. 



251 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



Let A and B be two interval valued neutrosophic sets, then we define a similarity measure between A and B as follows: 

5 (A B)~ ^f=ll min ( T A( x i)- T B( x i)} +min { T A( x i)^ T B( x i)}+ min { I A( x i)dB( x i)} +min { I A( x i)^ I B( x i)}+ min { F A( x i)^ F B( x i)} +min { F A( x i)^ F B( x i)} Qyx 

TA ’ lf =1 {max{T^(x i ),T^(x i )}+max{TX(x i ),Tg(x i )}+max{l^(x i ),I^(x i )}+max{lX(x i ),I^(x i )}+max{F^(x i ),F^(x i )}+max{FX(x i ),Fg(x i )} * ’ 

1 ) Proposition 

Let A and B be two interval valued neutrosophic sets, then 

iv. 0 < S ta (A, B) < 1. 

v. S TA (A, B) = 

S ta ( A,B ). 

vi. S(A,B) =1 ifA = Bi.e. 

A(x,) = Tt (x t ), T A u (x i ) = T B u (x i ), ijKxO = fe) and 

rj-(Xj) = Ffi(Xi), F% (Xj) = F b (Xj) for i = 1, 2, n. 

iv. Ac BcC=> S TA (A, B ) < min (S™(A, £), C)). 

Proof. Properties (i) and (ii) follow from the definition. 

(iii) It is clearly that if A = B => S ta (A, B) = 1 

=> 2"=i{min{T^(x i ),T^(x i )} + min{Tl'(x i ),T^(x i )}+min{lKxi),lB(Xi)} + min{l^(Xj), Ib ( xi)} + min{F^(Xj), F^X;)} + 
min{F^ (x ; ), F B (x ; )} ='Zt= 1 {max{Tj(x i ),T£(x i )} + max{T% (x^.Tg O;)} +max{/|(x i ), /£(*;)} + 
max{I A (x t ), I % (xj)} + max{F^{Xi), F^O;)} + max{F%(x l '), F^(x,)} 

=> Sr=i{[min{T^(Xi), T^(x £ )} - max{r|(x ( ), T% (x ; )}] + [min{T£(Xj), T B u (Xi)} -max{T% (x^), Tg (x £ )}] + [min{l^(Xi), ^(xj)} - 
max{lk(Xi),lk(Xi)}] + [min{l^(Xi),I^(Xi)} - max{/j J (x ( ), /^(x;)}] + [min{F^(Xi), F^X;)} - ma x{F|(Xj),F^(Xj)}] + 
[min{F^(x i ),F^(x i )} - max{Fj / (x i ),Fi'(x i )]} = 0. 

Thus for each x, one has that 

[min{T^(Xj),T£(Xi)} - max{7i'(x i ),7’J'(x i )}] = 0 
[min{T A (x £ ), T B (x ; )} - max{T£ (x^.Tg (x f )}] = 0 
[min(lKxi), Ies ( x i)} - maxpiOi)- /^(x £ )}] = 0 
[min{l^ (Xj), (x t )} - ma x{I% (x t ), I B (*;)}] = 0 

[min{FKxi),F^(Xi)} - max{Fj'(Xj),F^(Xi)}] = 0 
[min{F A (x £ ), F B (xj)} - max{Fj / (x i ),Fi'(x i )]}= 0 
hold. 

Thus T A L ( Xi ) = T B L ( Xi ) , T A u ( Xi ) = T B u ( Xi ) , l£(xj) = lfe(xj) , iJJCx,) = lg(xj) , F^x,) = F£(x,) and F^Xj) = Fg(x,) => A=B 

(iv) Now we prove the last result. 

Let Ac B c C, then we have 

Ta(x) < T B (x) < T B (x), T A (x) < T b (x) < T B (x) , I A (x) > I B (x) > l£(x), I A (x) > I B (x) > l£(x), F^(x) > F£(x) > 
f£(x), F a (x) > F b (x) > F^ (x) for all x E X. 

Now 

T a l (x) +T a (x) +I a (x) +1 a (x) +F b (x)+F b (x) > T a (x) +T a u (x) +l\(x) +I^(x)+F^(x)+F^(x) 
and 

T b l (x) +T b (x) +1 b (x) +1 b (x) +F a (x)+F a (x) > T c l (x) +T c u (x) +l£(x) +lg(x)+F£(x)+FX(x). 

S(A C) = T A (x) +T A (x) +1 A (x) +1 A (x) + f bM+fH(x) > T a (x) +T a (x) +I a (x) +lX(x)+Ffe(x)+Fg(x) _ 

^ ’ ’ Tg(x) +Tg(x) +Ig(x) +Ig(x) +F a (x)+F a (x) - Tpx)+T^(x)+Ipx)+I^(x)+F^(x)+F^(x) ' ’ h 

Again, similarly we have 

Tb (x) +T b (x) +I b (x) +I b (x)+Fc(x)+F b (x) > T A L (x) +T A u (x) +p(x) +I^(x)+F^(x)+F^(x) 

T c l (x) +T c u (x) +1c(x) +Ic ( x )+F a (x)+F a (x) > T c L (x) +T c u (x) +I c L (x) +I r u (x)+FL(x)+F|J(x) 

_ Tg (x) +Tg (x) +I^(x) +lg(x)+F^(x)+Fg(x) > T^(x) +tX(x) +I^(x) +lX(x)+F^(x) + F^(x) = 

1 ^ T^(x) +Tq(x) +Iq(x) +1^ (x)+Fg (x) + Fg ( x) “ T^(x) +Tg(x) +I^(x) +lg(x)+F^(x)+Fj((x) 1 J 

^ Sta(A, B ) < min (S^a^A, B), Sj A {B , C)). 

Hence the proof of this proposition. 

If we take the weight of each element x t E X into account, then 



S(A ^f=i w d min { T A( x i)TB(xi)}+min{TX(x i ),T^(x i )}+min{l^(x i ),I^(x i )}+min{lX(x i ),I^(x i )}+min{F^(x i ),F^(x i )}+min{FX(x i ),F^(x i )} 

^ ; ^ £f =1 Wi{max(T^(x i ),Tg(x i )]+max[T^(x i ),Tg (xi)} +max{l^(x i ),I^(x i )}+max{lX(x i ),lg(x i )}+ max{F^(x i ),F^(x i )}+max{FX(x i ),F^(x i )} 
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Particularly, if each element has the same importance, then 
(18) is reduced to (17), clearly this also satisfies all the 
properties of the definition. 



(18) 

sets. In the following, we extend the matching function to 
deal with the similarity measure of interval valued 
neutrosophic sets. 



Let A and B be two interval valued neutrosophic sets, then 
we define a similarity measure between A and B as follows: 



C. Similarity measure based on matching function by using 
interval neutrosophic sets: 

Chen [24] and Chen et al. [25] introduced a matching 
function to calculate the degree of similarity between fuzzy 
WA,B) = 

E?=i((riC *()■ Te(xj)) + (rjV;) ■ Tg( Xl )) + (/j( Xi ) ■ /£(*)) + (tfOO ■ /£(*)) + (Vj-fe) ■ F^ Xi )) + ( Xi ) ■ 

maxCEMCxi) 2 + TU(xi) 2 + I^x,) 2 + I»( Xi ) 2 + F^) 2 + F^x,) 2 ), £? = (T B L ( Xi ) 2 + T B u ( Xi ) 2 + I^Xj) 2 + l“(x,) 2 + F^x,) 2 + Fg( Xi ) 2 )) 

(19) 

Proof. 



i. 0 < 5 mf (A,B) < 1. 

The inequality S MF (A,B) > 0 is obvious. Thus, we only prove the inequality S(A, B) < 1. 



S MF (A.B)=Z?=i((ri(x t )- Tt(xd) + (T A u ( Xi ) ■ r B w (x ( )) + (/|(x t ) ■ /£(*,)) + (p(x L ) ■ /£(*,)) + ' F^x,)) 
{F^xd- F^xd)) 

= A(x 1 )- TfcxJ+Tjtfa) ■ Tt(x 2 )+...+T A L (x n )- Tk(x n )+TV( Xl ) ■ (x 2 ) • r B t/ (x 2 )+...+r/(x n ) ■ 7^(x n )+ 

life)' Ib(Xi)+Ia(.x 2 ) ' /s(x 2 )+...+/i'(x„) ■ /^(x n )+/j'(x 1 ) ■ /g (x 1 )+/j / (x 2 ) ■ I F (x 2 )+...+I A (x n ) ■ / B (x n )+ 



+ 



Fk( Xl )+Fk(x 2 ) ■ Fg(x 2 )+...+F A (x n ) ■ Fg(x n )+F A (xj) ■ ^(xJ+Fj'fe) 
According to the Cauchy-Schwarz inequality: 

• + y« 2 ) 



F B t '(x 2 )+...+F 4 u (x n ) ■ 



W«). 



(*i ■ yi + * 2 ■ y 2 + - + ■ yJ 2 ^ (*i + * 2 2 + - + O ■ (yi + y 2 2 + 

where (x l5 x 2 , x n ) e R n and (yi, y 2 , y„) e F n 

we can obtain 

[S MF (A,B)] 2 < y? =1 (T A L ( Xi ) 2 + T A (xj) 2 + life) 2 + Ia ( x i) 2 + Fa(Xi ) 2 + F^( Xi ) 2 ) ■ 

2?=i(T B L (Xi) 2 + Tg ( Xi ) 2 + I^(Xi) 2 + IgCxO 2 ^ Fg(Xi) 2 + Fg( Xi ) 2 )= S(A, A) ■ S(B, B) 

Thus S mf (A,B)< \S{A,A)V -[S(B,B)V. 

ThenS MF (A,B)< max{S(A,A), S(B,B)]. 

Therefore 5 MF (A, B) < 1. 

If we take the weight of each element x t EX into account, then 

Z"=i«'i((rj'(*i)- t^(.xO)+(tX(.xO- T%{x0)+{i' A {x i )- i&( Xi ))+(iJ{(xi)- iE(xO)+(fa(xO- f^(xO)+(f^(xO- f£c *())) 
max(Sf = w t (T^(xi) 2 +TX(xi) 2 + I^Cxi) 2 +lX (xj) 2 + F^Cx^ + F^Cxi) 2 ), J^LWi (T^(xi) 2 +Tg(xi) 2 + I^(x i ) 2 +lg(x i ) 2 + F^(x i ) 2 +Fg(x i ) 2 )) 

( 20 ) 



5^ f ( A,B)= 



Particularly, if each element has the same importance, 
then the similarity (20) is reduced to (19). Clearly this also 
satisfies all the properties of definition. 

The larger the value of S(A,B), the more the similarity 
between A and B. 

V. Comparison of New Similarity Measure of IVNS 
With The Existing Measures. 

Let A and B be two interval valued neutrosophic sets in the 
universe of discourse X = {x l9 x 2 x n }.The new similarity 
S ta (A, B) of IVNS and the existing similarity measures of 



interval valued neutrosophic sets (examples 1 and 2) 
introduced in [10, 12, 23] are listed as follows: 

Pinaki similarity I: 

this similarity measure was proposed as concept of 
association coefficient of the neutrosophic sets as follows 

^ _ lf =1 {min{T A (x i ),TB(x i )}+min{I A (x i ),lB(x i )}+min{F A (x i ),F B (x i )}} 

PI Sf =1 {max{T A (x i ),T B (x i )}+max{I A (x i ),lB(x i )}+max{F A (x i ),F B (x i )}} 

( 21 ) 



Broumi and Smarandache cosine similarity: 
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C N ( A,B)=l S" 



(r|(Xj) + ^(x;)) (r|(x;)+r^ (x;))+( /jj(xQ + jff(x f )) (/ji(Xi) + /ff(x;)) + (f1(xQ + fj[ (x;)) (F^(Xj) + F^(x;)) 
Jofe) + rJ'(x i )) 2 +(/i(x i )+/^'(x i )) 2 +(Fj(x i ) + Fi'cxi)) 2 Jcrlcxi) + r^(Xi)) 2 +(^(xi)+^ (xi)) 2 +(F£(x;) + f^(x;)) 2 



( 22 ) 



Ye similarity 

S ye (A., B) = 1-^£? =1 [|infT A (Xi) - infT B (Xi)| + |supT A (Xi) - supT B (Xi)| + |infl A (Xj) - infI B (Xi)| + |supI A (Xi) - 
supI B (Xi)| + |infF A (Xj) - infF B (Xj)| + |supF A (Xi) - supF B (Xi)|]. (23) 



Example 1 

Let A = {<x, (a, 0.2 , 0.6 , 0.6), (b, 0.5, 0.3 , 0.3), (c, 0.6 , 
0.9 ,0.5)>} 

and B = {<x, (a, 0.5 , 0.3 , 0.8), (b, 0.6 , 0.2 , 0.5), (c, 0.6 , 
0.4 , 0.4)>}. 

Pinaki similarity I = 0.6. 

S ye ( A, B) = 0.38 (With w { =1). 

Cosine similarity C N (A, B) = 0.95. 

S ta (A,B) = 0.8. 

Example 2: 

Let A= {<x, (a, [ 0.2 , 0.3 ] ,[0.2, 0.6], [0.6 , 0.8]), (b, [ 0.5 
, 0.7 ], [0.3, 0.5], [0.3 , 0.6]), (c, [0.6 , 0.9] ,[0.3, 0.9], [0.3, 
0.5])>} and 

B={<x, (a, [ 0.5 , 0.3 ] ,[0.3, 0.6], [0.6 , 0.8]), (b, [ 0.6, 0.8 
] ,[0.2, 0.4], [0.5 , 0.6]), (c, [ 0.6 , 0.9] ,[0.3, 0.4], [0.4 , 
0.6])>}. 

Pinaki similarity I = NA. 

S ye ( A, B) = 0.7 (With w { =1). 

Cosine similarity C N ( A, B) = 0.92. 

S ta (A, B) = 0.9. 

On the basis of computational study Jun Ye [12] has shown 
that their measure is more effective and reasonable. A similar 
kind of study with the help of the proposed new measure based 
on theoretic approach, it has been done and it is found that the 
obtained results are more refined and accurate. It may be 
observed from the above examples that the values of similarity 
measures are closer to 1 with S TA (A, B ) which is this proposed 
similarity measure. 

VI. Conclusions 

Few distance and similarity measures have been proposed in 
literature for measuring the distance and the degree of 
similarity between interval neutrosophic sets. In this paper, we 
proposed a new method for distance and similarity measure for 
measuring the degree of similarity between two weighted 
interval valued neutrosophic sets, and we have extended the 
work of Pinaki, Majumdar and S. K. Samant and Chen. The 
results of the proposed similarity measure and existing 



similarity measure are compared. 

In the future, we will use the similarity measures which are 
proposed in this paper in group decision making 
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New Operations on Interval Neutrosophic Sets 

Said Broumi Florentin Smarandache 



Abstract. An interval neutrosophic set is an instance of a neutrosophic set, which can be used in real scientific and 
engineering applications. In this paper, three new operations based on the arithmetic mean, geometrical mean, and 
respectively harmonic mean are defined on interval neutrosophic sets. 

Keywords: Neutrosophic Sets, Interval Valued Neutrosophic Sets. 



1. Introduction 

In recent decades, several types of sets, such as fuzzy sets [1], interval-valued fuzzy sets [2], intuitionistic 
fuzzy sets [3, 4], interval-valued intuitionistic fuzzy sets [5], type 2 fuzzy sets [6, 7], type n fuzzy sets [6], and 
hesitant fuzzy sets [8], neutrosophic set theory [9 ], interval valued neutrosophic set [10 ] have been introduced 
and investigated widely. The concept of neutrosophic sets, introduced by Smarandache [6, 9], and is interesting 
and useful in modeling several real life problems. 

The neutrosophic set theory (NS for short), which is a generalization of intuitionistic fuzzy set has three 
associated defining functions, namely the membership function, the non-membership function and the 
indeterminacy function, which are completely independent. After the pioneering work of Smarandache [9], 
Wang, H et al. [10] introduced the notion of interval neutrosophic sets theory (INS for short) which is a special 
case of neutrosophic sets. This concept is characterized by a membership function, a non-membership function 
and indeterminacy function, whose values are intervals rather than real numbers. INS is more powerful in 
dealing with vagueness and uncertainty than NS, also INS is regarded as a useful and practical tool for dealing 
with indeterminate and inconsistent information in real world. 

The theories of both neutrosophic set (NS) and interval neutrosophic set (INS) have achieved great success in 
various areas such as medical diagnosis [11], database [12, 13], topology[14], image processing [15, 16, 17], 
and decision making problem[18]. 

Recently, Ye [19] defined the similarity measures between INSs on the basis of the hamming and Euclidean 
distances, and a multicriteria decision-making method based on the similarity degree was proposed. Some set 
theoretic operations such as union, intersection and complement on interval neutrosophic sets have also been 
proposed by Wang, H. et al. [10]. 

Later on, S. Broumi and F. Smarandache [20] also defined the correlation coefficient of interval neutrosophic 
set. 

In 2013, Peide Liu [21] have presented some new operational laws for interval neutrosophic sets (INSs) and 
studied their properties and proposed some aggregation operators, including the interval neutrosophic power 

generalized weighted aggregation (INPGWA) operator and interval neutrosophic power generalized ordered 
weighted aggregation (INPGOWA) operator, and gave a decision making method based on these operators. 
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In this paper, our aim is to propose three new operations on interval neutrosophic sets (INSs) and study their 
properties. 

Therefore, the rest of the paper is set out as follows. In Section 2, some basic definitions related to neutrosophic 
set and interval valued neutrosophic set are briefly discussed. In Section 3, three new operations on interval 
neutrosophic sets have been proposed and some properties of the proposed operations on interval neutrosophic 
sets are proved. In section 4 we conclude the paper. 



2. Preliminaries 

In this section, we mainly recall some notions related to neutrosophic sets, and interval neutrosophic sets 
relevant to the present work. See especially [9, 10, and 21] for further details and background. 

2.1. Definition ([9]). Let U be an universe of discourse; then the neutrosophic set A is an object having the 
form A = {< x: T A (x), I A (x), F A (x)>, x E U}, where the functions T, I, F : U— >] _ 0,l + [ define respectively the 
degree of membership, the degree of indeterminacy, and the degree of non-membership of the element xGUto 
the set A with the condition: 

0 < T a (x)+ I a (x)+ F a (x)< 3 + . (1) 

From philosophical point of view, the neutrosophic set takes the value from real standard or non-standard 
subsets of ]~0,l + [. So instead of ] - 0,l + [ we need to take the interval [0,1] for technical applications, because 
] _ 0,l + [ will be difficult to apply in the real applications such as in scientific and engineering problems. 

2.2 .Definition [10]. Let X be a space of points (objects) with generic elements in X denoted by x. An interval 
neutrosophic set (for short INS) A in X is characterized by truth-membership function T A (x), indeteminacy- 
membership function I A (x) and falsity-membership function F A (x). For each point x in X, we have that T A (x), 
Ia(x), F a (x) 6 [ 0, 1] . 

For convenience, we can use x =( [ T L , T u ] , [I L , I u ] , [ F L , F u ] ) to represent an element in INS. 

Remark 1. An INS is clearly a NS. 

2.3 .Definition [10], Let A ={( [ T\ , 7/] , [1% , I%] , [F A L , F A ] )} 

i. An INS A is empty if T A = T A = 0, / A = I A = 1, F A = F A = 1, for all x in A. 

ii. Let0 = <0, 1,1> andl = <l, 0,0> 

In the following, we introduce some basic concepts related to INSs. 

2.4. Definition [21], Let % ={( [ 7? , T?] , [/[ , /"] , [ F[ , F ^\ )} and n 2 = {([ T 2 L , T 2 U ] , [/ 2 L , / 2 U ] , [ 

F 2 , F 2 U ])} be two INSs. 

i. n x U n 2 =[max( T 2 l ), max( T? ,T?) L [min(/l,/|),min( I^,I 2 ) 1 / [minCF/ 1 , F 2 L ),min( F^ , F 2 ) ] } 

ii. n t n n 2 =[min( T[, T 2 l ), min( T? ,T¥) ], [max(/l,/|)max( ] , [max(Fl-,F^),max( F^ , F 2 ) ] } 

2.5. Definition. Let n, ={( [ T t L , T "] , [/[ , I »] , [ F^ , Ff] )} and n 2 = {([ T 2 L , T 2 y ] , [/ 2 L , l u z ] , [ 

F 2 ,F 2 ])} be two INSs, then the operational laws are defined as follows. 

i. n c = [F L ,F u ], [1-I L ,1-I U ], [T L ,T U ] 
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n x ® il 2 
0 h 2 T, 
F 1 F 2 

An ((Tl — (1 



([A + t 2 l - TW , t? + t? - [ 1\ it , I? i 2 ] , [A f 2 , f^f 2 ]) 

F Tk T? T? l\ + l\ - l\l\ if + I 2 - l“l“ Ft + Ft - Ft Ft 



Ff 



+ Ft , ~ 



3. Three New Operations on INSs 

3.1. Definition: n x n 2 



ni n 2 
E n 2 



T^ + T 2 L 7^ + T? 



/1 + /2 



f 1 l +f 2 l f^+f^ 



7\ / x F 1 >E n 1 T 2 I 2 F 2 > 



n± $ "2 JrFn JTi u t 2 u M 1 ? 4WH 

1 2 F 2 >E n 2 



T ± h Fi >£ ni T 2 



n ± n 2 
E n 2 



2 T 2 L 2 FT T? 2 /h /? 2 /j 7 2 Ff F^ 2 F, u F 



nU r p U n tL tL 9 tU rU 



1 2 ^ '1 '2 ^ 'l *2 



L 77L Q 77 U T7U 



1 "2 * r l "2 



Tt+Tt T?+T? 1, + Ii; I? + 1 7 F^+ Fi; p; J + F- 



rt+rf 



7 1+ >2 l l + l 2 



1 + *2 



jl/ . F U 
t l + b 2 



7\ / x F 1 >E n 1 T 2 I 2 F 2 > 



7\ T-t Tj 7 I ± l{ I ? F ± F[ F± 



T r rL tU t jL tU 77 uL t?U 

2 *2 *2 *2 h h r 2 F 2 



ni n 2 n x n 2 fii$n 2 



3.2.Example n x 



n 2 



(fii n 2 
n± $n 2 

3.4. Theorem. n x n 2 E 



rii n 2 n 2 n x 
^ n 2 n 2 n ± 

?7 1 n 2 n 2 n-L 

Proof. 

3.5. Theorem. 7^ n 2 E INSs 

( n 1 c @ n 2 c ) c = n x @n 2 
„ r ~ - r ,r T l +T 2 TF+TF, r / l + / 2 

Proof. 71 ! n 2 ={( [ — ], [-V-, J — — ] 



. F^+ F 2 L fF+F% 



-] where < T x , I lt F 1 >£ n x ,< T z , I 2 , F 2 >E n 2 } 
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V ={( [ Ft . F?] , [ 1 - It , 1 - 1 ?], [Ti.T?])] 
n 2 c = {([F?,F?], [ 1 - It, 1 - 1 ?], [T 2 l ,T?])} 

~^C @ -^C = [ [ F 1+ F 2 L ?! + P_2_ ] ^ (l-/l)+(l-/2) (l-/y) + (l- ll} J 7--^+ 7-j 7 J J 



cv® (i^ [ <wtH 2 (1 - ,t> , <wi ' ) ? 1 -' i ' ) 



J |- T^+rj- 



(i a 



l +t 2 l tP+tP 



i2_ '1 T^2 i ri _ (!-/£)+ (1-jj- ) , _ (l-/ 1 t ') + (l-/ 2 t ') 1 r F^+Fj- Ff+Ff \ 

J,Li 2 ,L 2 J ' L 2 ' 2 J / 



(l- 



L +r 2 L + rj 7 p 2 — [2 — (7^+ / 2 )] 2-[2-(/f+/| 7 )] 

n > n \ , V o ' o 






= 0 * 



L + T?+ T_l_ . ■- (/£+ ) (/j4 I%_ ) 

2 ' 2 * 2 ' 2 






Then (n 1 c @n 2 c ) c =n 1 @n 2 
This proves the theorem. 

Note 1 : One can easily verify that 

(i) ( n/S n 2 c ) c =£ n 2 

(ii) (n x c # n 2 c ) c * n^v .2 

3.6. Theorem. For n l5 n 2 andn 3 £ INSs(X) , we have the following identities: 

(i) (n ± Un 2 ) @ n 3 = («! @ n 3 ) U (n 2 @ n 3 ); 

(ii) («! n n 2 ) @ n 3 =( «! @ n 3 ) n (n 2 @ n 3 ) 

(iii) (ni Un 2 ) $ n 3 = (%$ n 3 ) U( n 2 $ n 3 ); 

(iv) (nj n n 2 ) $ n 3 = (%$ n 3 ) n ( n 2 $h 3 ); 

(v) ((«! U n 2 )) # n 3 = («!#' n 3 ) U( n 2 # n 3 ); 

(vi) ( 7 ^ n n 2 ) # n 3 = (n 1 # n 3 ) n ( n 2 # n 3 ); 

(vii) (ni@ n 2 ) ® n 3 = (nj. © n 3 ) @( n 2 ® n 3 ); 

(viii) (n!@n 2 ) 0 n 3 =(n! 0 n 3 )@ ( n 2 0 n 3 ) 

Proof. We prove (i), (iii), (v), (vii) and (ix), results (ii), (iv), (vi), (viii) and (x) can be proved analogously 
(i) Using definitions in 2.4, 2.5 and 3.1 ,we have 



n, ={( [ Tt , Tl J ] , [It, I?], [ Ft , F [ J ] )} 
n 2 = {([ T 2 l , T 2 u ] , [It, I?], [ Ft , F?])} 



(«i un 2 ) @ n 3 = {( [max( T?, T 2 L ) ,max( T? , T?)] , [min (it, it) ,min( If, I?)] , [min( Ft , Ft), min( F? , F ?)] )} @ {([ 
T 3 l ,T 3 u ], [It, I?], [F 3 l ,F 3 u ])} 
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= f| . max(r 1 L ,r 2 L )+r 3 L max( T? ,T%) + ll_ 1 r min min( min( ,F 2 L )+F 3 L , min( F^.F^+fI 7 

lL 9 9 J?L 9 9 J A r, ? 9 J/ 



rr / Pi L +T 3 L 7 2 L +r 3 t/ . , T^+T^ T? +T^ . r . . 

={[max( - L ~V - 2 — - ^ ) , max( - , ■ 2 — ) ], [ min ( 



L.jL tL.tL 



■ ) , min (- 



,u,,u ,u,,u 



■ )], [min ( - 



uLi,t?L ttL i T 7 L 



■), 



min ( ; 



F^+Fj 7 F^+Fj 7 



]} 



2 2 
= (n! @ n 3 ) u (n 2 @ n 3 ) 

This proves (i) 

(iii) From definitions in 2.4, 2.5 and 3.1, we have 



(n, U n 2 ) $ n 3 = {( [max( Tf, 7 2 L ) ,max( T?, T»)] , [min (tf, 7 2 L ) ,min( , [min( F, L , F 2 L ),min( F^F ")] )} $ {([ 

T 3 l ,T 3 u ], Vk'lg], [F 3 l ,F 3 u ])} 



= { [yfrruvc( T[, T 2 l ) T 3 l ,Vmax(7’ 1 l/ , T?)T? ] , [Vmin( 7[, 7 2 L ) 7| , Vmin( If, 7 2 u ) 7 3 u ], [Vmin( F t L , Ff) F 3 L , 
Vmin(F 1 (/ ,F 2 (/ )F 3 (/ ]}. 

= { [max(AT7^ ,7^ ) , maxCVr" T 3 U , AfA ) ] , [mintT/fT* , V^F ) , , 

yfWW )],[min(VW ,VfT^ ) , minCyFfFf ,VW)]} 



=0^$%) U (n 2 $n 3 ); 

This proves (iii). 

(v) Using definitions in 2.4, 2.5 and 3.1, we have 



((n! Un 2 )) # n 3 = {( [max( Tf, 7 2 L ) ,max( T?, 7^)] , [min (/[, 7 2 L ) ,min( /f, 7 2 u )] , [min( Fj ; , F 2 L ),min( F?, F 2 U )] )} # {([ 
A , 7 3 u ] , [7 3 , 7 3 u ] , [F 3 L ,F 3 t/ ])} 



2max(7' 1 L ,r 2 L )r3 L 
*■ max(r^r 2 L )+ r 3 L 



2inax(T 1 [f .r 2 [J )r3 1 ' 1 . 2 2 min( f[U£) f£ . . . 2 min(F 1 L ,F 2 L ) F 3 L 

max( ,7^) + T^ 7 7 ^ min(/{',/|')+ /£ ’ min ( /f,/^ 7 ) + /f-* ' ^ *■ min(F^F 2 L )+ F 3 L 



2min(F 1 l/ ,F 2 1 ') F 3 u , 
min(F 1 u ,F 2 l ') + F 3 l ' J 7 



={ [ max (- 



3 L x /2 TP 

t) ,max (-^ 



T U , 

h. 



min (- 



F 1 F_t 



F, L + F-_ 



7 Li T 7 L 1 o T 7 U T7 U 

2 3 ) ,min ( 2 -£ F > 



17 U vU 
b 2 b 3 



Fr+ F, 



k F, + F, 



FV + Fr. 



W )]} 



)] , [ min (-rArr- 

y l + y 3 



j L jL 

l 2 l 3 
L , rL 
2 + V 3 



\ * /2 /j 7 /, 



U jU 
3 

U 
3 



? T U T U 

z ! 2 h \i r 

rU , j u Y 



= (tfi #n 3 ) U ( n 2 #n 3 ) 

This proves (v) 

(vii) Using definitions in 2.4, 2.5 and 3.1, we have 



(n!® n 2 ) ® n 3 = © n 3 ) @( n 2 0 n 3 ); 

n x ={( [ Tt , Tl J ] , [It, I?], [ Ft , F »] )} 
n 2 = {([ 7 2 l , 7 2 u ] , [1 2 , 1?] , [F 2 l ,F»])} 
n 3 = {( [ T 3 l , T 3 ] , [I 3 , 1 3 ] , [ F 3 , F 3 ] )} 



= a r ll±li Il± lL i \lilA. !i± tK. i r f i + f 2 L 

u L 2 / 2 J/ L 2 / 2 \ A 2 / 

aT 'L I rfiLi rpLi I r T’ L rrilj I rpJJ rfilj I rpJJ 

1 + 7 2 | y l + 7 2 j,L + l 2 | j »[/ + y 2 

2 ^ 2 3 ' 2 3 2 



^H)} © {( [ ^ , 7^] , [7 3 , 7 3 u ] , [ F 3 l , F 3 u ] )} 

rrU , A+‘2 ,L l l + l 2 ,u, ' F l + F 2 T7L f 1+ f 2 

■ t 3 J , [ l 3 , l 3 \ , [ t 3 , 



f 3 u }} 
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_ f r(7’ 1 1 +7’3 Z --7’ 1 1 T 3 Z -)+(T 2 i +T 3 Z --T 2 i 7-3 Z -) (T? +Tj> - T 1 U T 3 U )+(T 2 U +T 3 U ~T 2 U T 3 U ) , r /£+ 1% , L I? + 1% f[/l r Ft+ F£ „ l F? + , 

1 9 / 9 If 1 9 9 h j / L 9 ^3 / 9 ^3 J / 



= (nj. ©n 3 ) @ ( n 2 ©n 3 ) 

This proves (vi) 

3.7. Theorem. For f^and n 2 E INSs(X), we have the following identities: 

(i) (fii© n 2 ) D (ni ® n 2 ) = ni ® n 2 ; 

(h) (ni© n 2 ) U ( n x ® n 2 ) = ni© n 2 ; 

(iii) (ni® n 2 ) H ( n x @ n 2 ) = n x @ n 2 ; 

(iv) (fii® n 2 ) U (n 1 @n 2 )=n 1 ffin 2 ; 

(v) (n x ® n 2 ) H ( ni@ n 2 )= ^ ® n 2 ; 

(vi) (ni ® n 2 ) U ( ni@n 2 )= ni@ n 2 ; 

(vii) (n ! ©n 2 ) H ( n 1 $n 2 )= $ n 2 ; 

(viii) (n!©^) U(n 1 $n 2 )= t^©?^; 

(ix) (n x <g) n 2 ) H ( n x $ n 2 )= n x ® n 2 ; 

(x) (n x ® n 2 ) U ( n!$n 2 )= n 2 ; 

(xi) (tFl© n 2 ) H ( n x # n 2 )= n ± # n 2 ; 

(xii) (r^© n 2 ) U ( n 1 #n 2 )= © n 2 ; 

(xiii) (fii ® n 2 )D ( n 1 #n 2 )= 0 n 2 ; 

(xiv) (tTl ® n 2 )U( n 1 #n 2 )= n 1 #n 2 

Proof. We prove (i), (iii), (v), (vii), (ix), (xi) and (xii), other results can be proved analogously. 

(i) From definitions in 2.4, 2.5 and 3.1, we have 

(72 1 ©?2 2 ) 0 (tTl®^) 

n 3 ={( [ Tf , Tf] , [It, I?], [ Ff , Ff ] )} 
n 2 = {([ Tf , Tf ] , [/ 2 l , / 2 U ] , [ Ff , Ff])} 

= ([Tf + Tf - Tfrf jf + Tf - [/[ + / 2 L - / 2 L / 2 L , /f + 

/ 2 U - /f /^] ,[ Ft + Ff - FfFf , Ff + Ff - Ff Ff ] } 

={[ min (Tf + T 2 l - TfTf , Tf T 2 L ) , min (Tf + Tf - TfTf , Tf T 2 U )] , 

[ max (if ^ , It + It ~ Iflf ) , max (if If, If + If - If If)], [ max (FfFf , Ff + Ff - FfFf ) , max (Ff Ff , Ff + 
Ff - FfFf)]} 



-[Tf Tf , Tf Tf)],[ If + If - If It , If + If ~ If If], [Ff + Ff - FfFf , Ff + Ff - FfFf ] 
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=n 1 <g) n 2 



This proves (i) 

(iii) Using definitions in 2.4, 2.5 and 3.1, we have 
(n!©^) H ( ni@n 2 ) = n x @ n 2 ; 



={ an + n - nn . n + n - nm t n it , n m , , wp n( [ ^ ^ ^ 

F u , F u 

b i + U i\ 

' 2 



= {[ min (Ti + Ti - Tin , ^ ) , min (r" + r" - ) |, 

[ max (It 1 1 , ^1) , max (/" /", ^)] , [ max (Ft Ft , , max (FfFi, ^)]}. 

] = ni@n 2 



This proves (iii). 

(v) From definitions in 2.4, 2.5 and 3.1, we have 
(tTl ® n 2 ) H ( ni@n 2 ) = n x ® n 2 ; 



{[7? r 2 L , n T 2 u )],[ It + It - It It , If + It - If It], [Ft + Ft - Ft Ft , Ft + Ft - Ft Ft ]} O { [^- ] , 



|- ! i+ l k ! i + i t. ] |- ^i L + p 2 l cT 



]}• 



{[ min (Ti Ti , ML) , min (T? T 2 U , 



t? + n 



2 ) ],[ max (It + 7| - 7*7* ,^) , max (7f + 1" - I?!?, 



*1 +# 



], [max (F X L + F 2 - F 2 F 2 , max (F" + F 2 - F 2 F 2 , 



{ [ T 2 , T ± u T 2 U7f + 7 2 l — 7 2 7 2 , 7" + 7" - 7?7^], [ F[ + F 2 L - F 2 L F 2 L , F^ + F 2 — F 2 F 2 ] }= n, ® n 2 



This proves (v). 

(vii) Using definitions in 2.4, 2.5 and 3.1, we have 



(n!®n 2 ) H ( n!$ n 2 )= ni $ n 2 

= ([A + r 2 L - Ttn . n + n - nm [ it it , if in , [Ft Ft , f»f » p n « [AUT FfTT t tAFT VT ¥ i , 

= { [ min (7? + n - Tin , Jn n ) , min (7" + Ti - T?T? . F7W )1, [max ( l{ VTT ) , max (/" / 2 U , VTfTf) 
], [max ( Fi Ft, fit F 2 L ) , max (Ft F 2 U , JWW) 1} 

={[77?^ , jn n m wn , Fn n \ . i va n , Fn n i > = $ n 



This proves (vii) 

(ix) From definitions in 2.4, 2.5 and 3.1, we have 



(fii 0 n 2 ) n ( n x $ n 2 )= rij 0 n 2 ; 
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={[Ti Tf , Tf Tf)], [ if + It - It It , if + if ~ if if], [Fi + Ff ~ F 2 L Ft , F f + Ff - Ff Ff ]} 0{[ jTf T 2 L 

.yfffTf ],[ VM -4WW UV*i*2 ]} 

= {[ min (Tt Tt ,V7 \ L Tf) , min ( Tf Tf , Jff Tf )], [max (If + It - Itlt , , max (if + If - If If, 

4WW)l [max (Ff + Ft - Ft Ft , jFfFt) , max (Ff + Ff - FfFf, jFfW)]} 



= {[ Tf Tt , Tf Tf],[ If + It - Itlt , If + If - If If l [ Ff + Ft - Ft Ft , Ff + Ff - FfFf ]} =n t 0 n 2 



This proves (ix) 

(xiii) From definitions in 2.3, 2.5 and 3.1, we have 



(ni ® n 2 ) H ( n t # n 2 ) = n ± ® n 2 ; 



~-{[Tf Tf , Tf Tf)], [ If + It ~ Itlt , If + If ~ If If l [Ff + Ff ~ FfFf , Ff + Ff - FfFf ]} 0 {( [ % 



2 r\f t 2 l 



7T+ T-p 



IT?TZ i-2 Iif / 2 2 If Ig 2 2 

tV+tV'’ h^+iL ’ jU +I U J ' i F L +F L ' pU + pU\i 



={ [ min (Tf Tf , min (Tf Tf , ) ] , [ max (If + If - If If , ppfr) , ma x(lf + If - If If ,^ r | r ], [ 



(Ff + Ff - FfFf 



-),max(Ff + Ff - FfFf /■ 



FfFf 



]} 



max 



={ [Tf Tf, Tf Tf], [ If + If ~ If If , If + If ~ If If ] . [ Ff + Ft - Ft Ft , Ff + Ff - FfFf ]} =fi 1 0 n 2 
This proves (xiii). This proves the theorem. 



3.8. Theorem. For n ± and n 2 E INSs(X), then following relations are valid: 

(i) (ni#n 2 ) $ ( = ni# n 2 ; 

(ii) (UitBriz) $ ( n x © n 2 ) = fti©n 2 ; 

(iii) ( n t ® n 2 ) $ ( n ± ® h 2 ) = n 1 ®n 2 ; 

(iv) (n!@ n 2 ) $ ( n t @ n 2 ) = n ± @ n 2 ; 

(v) (n x # n 2 ) @ ( n ± # n 2 ) = n t # n 2 ; 

(vi) (nx© n 2 ) @(n ± ® n 2 ) = n 1 @n 2 ; 

(vii) (n! u n 2 ) @ ( n x n n 2 ) = n!@n 2 ; 

(viii) (^ U n 2 ) $ ( n x n n 2 ) = n x $ n 2 ; 

(ix) (r^ U n 2 ) #(n x n n 2 ) = n x #ri 2 \ 

Proof. The proofs of these results are the same as in the above proof 



3.9. Theorem For every two n x and n 2 E INSs(X), we have: 

(i) ((n* u n 2 ) © ( n ± n n 2 )) @ (( n x u n 2 ) ®(n 1 n n 2 )) = nx@n 2 ; 

(ii) ((n! u n 2 )#( niHn 2 )) $ ((n x u n 2 ) @ ( n x n n 2 )) = n!$n 2 
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(iii) ((ni®n 2 ) u ( n x 0 n 2 )> @ (( n!©n 2 ) n ( n x 0 n 2 ))= n 1 @n 2 ; 

(iv) ((n 1 ®n 2 ) u ( n 1 @n 2 » @ (( n x ® n 2 ) n ( ni@n 2 ))= n 1 @n 2 ; 

(v) ((ni@n 2 ) U ( n^n^) @ (( ^ 0 n 2 ) n ( n 1 #n 2 )> = n t @h 2 , 

(vi) ((n! ©n 2 ) U ( n 1 $n 2 » @ (( n x ® n 2 ) n ( n 1 $n 2 » = n t @n 2 , 

(vii) ((f^©^) U ( ni@n 2 )) @ (( n!®n 2 ) n ( n 1 #n 2 )) = n!$n 2 . 

Proof. In the following, we prove (i) and (iii), other results can be proved analogously, 
(i) From definitions in 2.4, 2.5 and 3. 1, we have 
((#! U n 2 ) ® ( fi! n n 2 » @ piU n 2 ) ® ( n x n n 2 » = 

% ={( [ Tf , 7"] , [/Mi 7 ], [ Fi , M )} 

n 2 = {([ A , 7 2 u ] , [/M 2 tf ], [ f 2 , f 2 ])} 

n 3 ={([T 3 L ,T 3 u ], [#,#], [ F 3 , F 3 ] )} 



((ni Un 2 )©(ri 1 n n 2 » = 

{ [max( Tf, 7 2 L ), max( T? ,7 2 u ) ], [min(/t, / 2 ),min( /f, / 2 U ) ] , [min^, F 2 L ),min( Ff, Ff) ] } © { [min( 7’ 1 L , 7 2 L ), min( T? 
,T 2 ) ], [max(/i,/ 2 ), max( ] , [ma x(Fl,F%), max( M F 2 ) ] }. 

={[ max( Tj;, 7 2 l )+ min( M 7 2 L ) - max( Tf, 7 2 l ) min( T[, 7 2 L ), max( T" ,T%) + min( T? ,T?) - max( T" ,T? min( T? 
,T 2 )],[ min(/i, / 2 ) max(/i, / 2 ), min( max( [ min(M F 2 L ) max(FjS F 2 L ), min( MM max( 

MM]}. 



(tIl U n 2 ) ® ( r^nn^ = 

{ [max( Ti, 7 2 L ), max( 7" ,7 2 u ) ], [mint#, / 2 L ),min( /", / 2 y ) ] , [mintM F 2 L ),min( Ff, M ] } ® { [min( Tf, 7 2 L ), min( 7" 
iT 2 ) ], [ma x(Ji,I 2 ), max( ] , [max(MM, max( M F 2 ) ] }. 

= {[ max( Tt, T 2 ) min( T£, 7 2 l ) , max( 7" ,7 2 u ) min( 7" ,7 2 u ) ] , [ min(/f, /f ) + max(M / 2 L ) - min(/f, /f ) max(M / 2 L ), 
min(/f, I 2 ) + max(M I 2 ) - min(M I 2 ) max(/f, M] , [ min(F 1 L , F 2 L ) + max(M F 2 ) - min(F^ , F 2 ) max(F^ , F 2 ), 

min(M F 2 u ) + max(M F 2 ) - min(M Fl 2 ) max(M F 2 U )]}. 



((% U n 2 ) © ( nifln 2 )) @ ((n 2 U n 2 ) ® ( nifln 2 )) = 

J .max( ri,r 2 )+ min( T^.T^)- max( Ti,T 2 )min( ri,r 2 )+max( min( 

a 2 

max( Tj ,T 2 ) + min(7f J 2 ) - max(Ti ,r 2 )min( ,r 2 ) +max(Ti ,r 2 ) min(r5' J 2 J 



], 



r [ min(/^/^)max(/^4) +min(/^4) + max(/^) - min(/^/^) max(/^/^)) min( 1 ^, 1 %) max( /^/^)+min(/^/^) + max(/^/^) - min( /J 7 ,/^) max(/^/^) 1 

l o 5 o J 



[ min ( f^ ,F 2 ) max(F^ ,F 2 ), +min(F^ ,F 2 ) + ma x(Fi,F 2 ) “ minCF^F^) max( F^F^)) 



min( Fi ,F 2 ) max( F^ 7 ,F 2 )+min(Fi , f \ ) + max(Fi ,F 2 ) - min(Fi ,F 2 ) max(Fi ,F 2 ) 



]} 



r max( Fp^)+ min( max( 7^ J^) + min( 7^ ) 1 

= I 2 5 2 5 
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min(/i,/|) + max(/i,/|) mmQi ,1 2 ) + ,1 2 ) . m'miF^F^) + maxfF'j.Ff) mint iff) + max(lff) . 

I o 9 o J»l t 9 o J9 



=f ^Jj_+T L 2 



r, + r 2 t'{+ t'L f ii+i 2 /1+/2 



d,[- 



1 rlllli llli2_n 
2 J9 l 2 ’ 2 



= n!@n 2 
This proves (i). 

(iii) From definitions in 2.4, 2.5 and 3.1, we have 
((hi©^) U ( n x ® h 2 » @ (( ni®n 2 ) 0(11!® n 2 )) = ni@n 2 ; 

(«i©« 2 ) (T ( n, ® n 2 ) ={ ([^ + T 2 L - TfTf , Tf + T 2 U - TfTf], [ If If , If If ] , [Ff Ff , F^])} (T 

{[Ti L A , Tf Tf)], [ if + It - I L A , if + if - + Fz ~ FfFf , Ff + Ff - FfFf ]} 

={ [ min ( Tf + Tf - TfTf , Tf Tf ) , min (Tf + T 2 U - TfTf , T i A )] 9 

[ max (It It , It + Ik ~ l A ), ma x(I? If , If + If - If If )] , 

[ max (Ff Ff , Ff + Ff - FfFf ), ma x(FfFf , Ff + Ff - FfFf )]}. 

= At Tf , Tf Tf ], [It + It ~ lA , If + If ~ If If ] ,[ Ft + Ff ~ Ff Ff, Ff + Ff - FfFf ]} 

(n!©n 2 ) U(h x ® n 2 ) ={ ([Tf + Tf - TfTf , Tf + Tf - TfTf ], [ If If . If If] , [FfFf , FfFf])} U 

{[Tf Tf , Tf Tf)], [ If + If ~ lA , If + If ~ If If], [Ff + Ff - Ff Ft , Ff + Ff - FfFf ] 

={ [max ( Tf + Tf - TfTf , Tf Tf ) , max (Tf + Tf - TfTf ,Tf Tf )] , 

[ min (If If , If + It ~ Iklt ), min (If If , If + If - If If )] , [ min (FfFf , Ff + Ff - FfFf), min (FfFf , Ff + 

Ff ~ FfFf )]} 

={ [Tf + Tf - TfTf , Tf + Tf - TfTf], [If If , If if ],[ FfFf, FfFf] } 

((ni©h 2 ) U(ni® n 2 )) @ (( n^nf) IT ( n t ® n 2 ))={[ 



t[ t[+t l 1 +t l 2 - t\t 2 



t'( T 1 {+t'1+ T 2- T 1 T 2 



I 1 +I 2 -I 2 I 2 +A ’ L 2 



{I 2 +I 1 I 2 



f\+f' 2 - f|f| +f\ f 2 ' f’I+f')- f'/Fj+f'/fJ/ 



]} 



l i+r| AA I1+I2 [lA f i+ f 2 Afl 

U 2 ’ 2 1,1 2 ’ 2 1 ,l 2 ’ 2 1 

Hence, ((n^n^ U ( n x ® n 2 )) @ (( h 1 ©h 2 ) 0(^0 n 2 )) = n 1 @n 2 
This proves (iii). 

4. Conclusion 



In this paper we have defined three new operations on interval neutrosophic sets based on the arithmetic mean, geometrical 
mean, and respectively harmonic mean, which involve different defining functions. Several related results have been 
proved and the characteristics of the interval neutrosophic sets revealed. 
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New Operations over Interval Valued Intuitionistic Hesitant Fuzzy Set 

Said Broumi Florentin Smarandache 



Abstract Hesitancy is the most common problem in decision making, for which hesitant fuzzy set can 
be considered as a useful tool allowing several possible degrees of membership of an element to a set. Recently, 
another suitable means were defined by Zhiming Zhang [1], called interval valued intuitionistic hesitant fuzzy sets, 
dealing with uncertainty and vagueness, and which is more powerful than the hesitant fuzzy sets. In this paper, four new 
operations are introduced on interval-valued intuitionistic hesitant fuzzy sets and several important properties are 
also studied. 



Keywords Fuzzy Sets, Intuitionistic Fuzzy Set, Hesitant 
Fuzzy Sets, Interval- Valued Intuitionistic Hesitant Fuzzy Set, 
Interval Valued Intuitionistic Fuzzy Sets 



1. Introduction 

In recent decades, several types of sets, such as fuzzy sets 
[2], interval- valued fuzzy sets [3], intuitionistic fuzzy sets [4, 
5], interval-valued intuitionistic fuzzy sets [6], type 2 fuzzy 
sets [7, 8], type n fuzzy sets [7], and hesitant fuzzy sets [9], 
neutrosophic sets, have been introduced and investigated 
widely. The concept of intuitionistic fuzzy sets, was 
introduced by Atanassov [4, 5]; it is interesting and useful in 
modeling several real life problems. 

An intuitionistic fuzzy set (IFS for short) has three 
associated defining functions, namely the membership 
function, the non-membership function and the hesitancy 
function. Later, Atanassov and Gargov provided in [6] what 
they called interval-valued intuitionistic fuzzy sets theory 
(IVIFS for short), which is a generalization of both interval 
valued fuzzy sets and intuitionistic fuzzy sets. Their concept 
is characterized by a membership function and a 
non-membership function whose values are intervals rather 
than real number. IVIFS is more powerful in dealing with 
vagueness and uncertainty than IFS. 

Recently, Torra and Narukawa [9] and Torra [10] 
proposed the concept of hesitant fuzzy sets, a new 



generalization of fuzzy sets, which allows the membership of 
an element of a set to be represented by several possible 
values. They also discussed relationships among hesitant 
fuzzy sets and other generalizations of fuzzy sets such as 
intuitionistic fuzzy sets, type-2 fuzzy sets, and fuzzy 
multisets. Some set theoretic operations such as union, 
intersection and complement on hesitant fuzzy sets have also 
been proposed by Torra [9]. Hesitant fuzzy sets can be used 
as an efficient mathematical tool for modeling people’s 
hesitancy in daily life than the other classical extensions of 
fuzzy sets. We’ll further study the interval valued 
intuitionistic hesitant fuzzy sets. Xia and Xu [11] made an 
intensive study of hesitant fuzzy information aggregation 
techniques and their applications in decision making. They 
also defined some new operations on hesitant fuzzy sets 
based on the interconnection between hesitant fuzzy sets and 
the interval valued intuitionistic fuzzy sets. To aggregate the 
hesitant fuzzy information under confidence levels, Xia et al. 
[12] developed a series of confidence induced hesitant fuzzy 
aggregations operators. Further, Xia and Xu [13, 14] gave a 
detailed study on distance, similarity and correlation 
measures for hesitant fuzzy sets and hesitant fuzzy elements 
respectively. Xu et al. [15] developed several series of 
aggregation operators for interval valued intuitionistic 
hesitant fuzzy information such as: the interval valued 
intuitionistic fuzzy weighted arithmetic aggregation 
(IIFWA), the interval valued intuitionistic fuzzy ordered 
weighted aggregation (IIFOWA) and the interval valued 
intuitionistic fuzzy hybrid aggregation (IIFHA) operator. 
Wei and Wang [16], Xu et al. [17] introduced the interval 
valued intuitionistic fuzzy weighted geometric (IIFWG) 
operator, the interval valued intuitionistic fuzzy ordered 
weighted geometric (IIFOWG) operator and the interval 
valued intuitionistic fuzzy hybrid geometric (IIFHG) 
operator. Recently, Zhiming Zhang [1] have proposed the 
concept of interval valued intuitionistic hesitant fuzzy set , 
study their some basic properties and developed several 
series of aggregation operators for interval valued 
intuitionistic hesitant fuzzy environment and have applied 
them to solve multi-attribute group decision making 
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problems. 

In this paper, our aim is to propose four new operations on 
interval valued intuitionistic hesitant fuzzy sets and study 
their properties. 

Therefore, the rest of the paper is set out as follows. In 
Section 2, some basic definitions related to intuitionistic 
fuzzy sets, hesitant fuzzy sets and interval valued 
intuitionistic hesitant fuzzy set are briefly discussed. In 
Section 3, four new operations on interval valued 
intuitionistic hesitant fuzzy sets have been proposed and 
some properties of these operations are proved. In section 4, 
we conclude the paper. 

2. Preliminaries 

In this section, we give below some definitions related to 
intuitionistic fuzzy sets, interval valued intuitionistic fuzzy 
sets, hesitant fuzzy set and interval valued hesitant fuzzy 
sets. 

Definition 2.1. [4, 5] (Set operations on IFS) 

Let IFS(X) denote the family of all intuitionistic fuzzy sets 
defined on the universe X, and let a, p E IFS(X) be given as 

«=(Ma,v a ), (3 = iHp,Vp). 

Then nine set operations are defined as follows: 



(i) 


a 1 


: =(v a , 


ha)', 


(ii) 


a 


u p - 


=(max(^ a . , Up ),min( v a , v fi )); 


(iii) 


a 


n p 


=(min(Ai a , up ),max(v a , v p )); 


(iv) 


a 


®p 


=(ha + hp-h a hp,v a vp)-, 


(v) 


a 


® P 


=(hahp, V a +Vp-V a Vp ); 


(vi) 


a 


@p 


^ 2 ’ 2 ’ 


(vii) 


a 


$ P 


= ( y[K~hp, V v « v /? ) ; 


(viii) 


a 


#p 


_ 2 \i a \ip 2 v a vp 

V , ? , / 9 






Ma +Vp v a +vp 


(ix) 


a 


* p 


_ , Va +H(] v a + v^ > 




2( Ea fip+l) 9 2(y a vp+iy ’ 



In the following, we introduce some basic concepts related 
to IVIFS. 

Definition 2.2. [6] (Interval valued intuitionistic fuzzy 
sets) 

An Interval valued intuitionistic fuzzy sets (IVIFS ) a 
in the finite universe X is expressed by the form 

a = {<x, Ma(x), v a (x)>| x E X } , where /i a (x) = [ \T a (x), 
^(x)] E [I] is called membership interval of element to 
IVIFS a , while [ v~ (x), v+(x)] E [I] is the non- 
membership interval of that element to the set a , with 
the condition 0 < \i J (x) +v+ (x) < 1 must hold for any x E 
X . 

For convenience, the lower and upper bounds of fi a (x) 
and v a (x) are denoted by /i“ , /ij , v“, v^, respectively. 
Thus, the IVIFS a may be concisely expressed as 

a = (ji a , v«)= {<x, [ n~ , ju+] ,[v~, v+]> | x e X } (1) 
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Where 0 < fi J +v+ < 1 

Definition 2.3 [9, 11] 

Let X be a fixed set. A hesitant fuzzy set (HFS) on X is in 
terms of a function that when applied to X returns a subset of 
[0, 1] the HFS is expressed by a mathematical symbol 

E={<x, h E (x)> | x E X} (2) 

where h E (x)> is a set of some values in[ 0 , 1 ], denoting the 
possible membership degree of the element x E X to the set 
E. For convenience, Xia and Xu [11] called h=h E (x) a 
hesitant fuzzy element (HFE) and H be the set of all HFEs. 

Given three HFEs represented by /i, ,and h 2 ,Torra [9] 
defined some operations on them, which can be described as: 

1) h c ={l-y\ y E h } 

2) h t U h 2 ={max(y 1 , y 2 ) | y 1 eh 1 ,y 2 eh 2 } 

3) ^ n h 2 ={min (y x , y 2 ) | y t e h t , y 2 e h 2 } 
Furthermore, in order to aggregate hesitant fuzzy 

information, Xia and Xu [11] defined some new operations 
on the HFEs h, ,and h 2 : 

1) h © h 2 ={/! + y 2 - 7 i y 2 |7i ehi,y 2 eh 2 } 

2) hi 0 h 2 ={7i Yi \Yi £h,y 2 eh 2 } 

3) h x ={y x | 7 e h } 

4) A h={ 1 - (1 — 7 ) a | yehj 

Definition 2.4 [1] (Interval valued intuitionistic hesitant 
fuzzy sets) 

Let X be a fixed set, an interval-valued intuitionistic 
hesitant fuzzy set (IVIHFS) on X is given in terms of a 
function that when applied to X returns a subset of Q. The 
IVIHFS is expressed by a mathematical symbol 

E ={<x, h E (x)> | x E X} (3) 

where h E (x) is a set of some IVIFNs in X , denoting the 
possible membership degree intervals and non-membership 
degree intervals of the element x E X to the set E. 

For convenience, an interval- valued intuitionistic hesitant 
fuzzy element (IVIHFE) is denoted by h = h E (x) and h be 
the set of all IVIHFEs. If a E h, then an IVIFN can be 
denoted by a = (ji a , v a )= ([ n~ x , v+J). 

For any E h, if a is a real number in [0,1], then h 
reduces to a hesitant fuzzy element (HFE) [9]; if a is a closed 
subinterval of the unit interval, then h reduces to an 
interval-valued hesitant fuzzy element (IVHFE)[1]; if a is an 
intuitionistic fuzzy number (IFN) , then h reduces to an 
intuitionistic hesitant fuzzy element (IHFE). Therefore, 
HFEs, IVHFEs, and IHFEs are special cases of IVIHFEs. 

Definition 2.5. [1, 9] 

Given three IVIHFEs represented by h, h l 9 and/i 2 , one 
defines some operations on them, which can be described as: 

h c ={a c | a e h } = {([v“, v+],[ ji~ , ju+])| a e h}, 

/II U h 2 = {max (a lt a 2 )|ai ^ h l9 a 2 E h 2 } 
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= { ([max( n ai ,n a2 ), max( ju+ 1( /i+ 2 )],[min(v ai , v„ 2 ), 
min( v+, v+ )]) |a a e a 2 e /i 2 }, 

hi n h 2 ={min(a 1 ,a 2 ) |ai E h 1? a 2 E h 2 } 

= { ([min( \T ai 

AiJ 1 ./iJ 2 )] 5 [max(v“ 1 ,v“ 2 ),max( v+,v+)]) |ai € 

hi ,« 2 e Zi 2 }, 

hi© h 2 = {(( - Va 1 l l a 2 ’l l a 1 + i l4 2 ~ 



Va 2 .v+j v+ 2 ]|a! eh x ,a 2 e h 2 ))} 

hi® h 2 = = {([ /ATtV + v- - 

vv.'j, v+ + v+ - V+V+]] di €hi , a 2 eh 2 } 
Ah 

= {([!- 

(i-n a + ) A ],[(v-y,(v a + y]) i « g h) 



3. Four New Operations on IVIHFEs 



Definition 3.1 

Let hi and h 2 E IVIHFE (X), we propose the following operations on IVIHFEs as follows: 



1 ) 

2 ) 

3) 

4) 



hi @ h 2 



fsr ^a 2 -i r v ai + v a 2 

IvL 2 ’ 2 -I’L 2 



a 



E h x , a 2 E h 2 } 



hi $ h 2 = {([7^ ai ~K~ 2 , ^2 MV U “1 u “2’ 7 U «1 u «2 ]l ai e hi , a 2 e h 2 } 

a t E hi , a 2 E h 2 } 



hi#h 2 = {([ 2 ^ lA, y , 2 ^i^ + 2 ],[^%. 

+ 2 L L ai + L L a2 v ai + v ct2 



^ v a\ v a2^’-i 



hi * h 2 = {([ 



T / 4 a 2 



+ -| r u cm T a 



v a i T a ^ 
ai T ^0:2 






(Xi E hi , a 2 E h 2 } 



2 (Aa 1 i“a 2 + 1 ) 9 2 ( M + lM + 2 +l) J,L 2 (u- 1 u- 2 +l) ’ 2 (u+ 1 u+ 2 + 1 ) J ^ 

Obviously, for every two IVIHFEs hi and h 2 ,( hi@h 2 ), (h 1 $h 2 ), (hi#h 2 ) and ( h^h 2 ) are also IVIHFEs. 



Example 3.2 

Let hi (x)— {([0.2, 0.3], [0.5, 0.6]), ([0.5, 0.8], [0.1, 0.2])} and h 2 (x)= {([0.4, 0.6], [0.3, 0.4]), ([0.3, 0.5], [0.1, 0.2]) be two 
interval valued intuitionistic hesitant fuzzy elements. Then we have 

(hi @ h 2 ) = {([0.3, 0.45], [0.4, 0.5]), ([0.4, 0.65], [0.1, 0.2])} 

(hi $ h 2 ) ={([0.28, 0.42], [0.38, 0.48]), ([0.38, 0.63], [0.1, 0.2])} 

0 hi#h 2 ) = {([0.26, 0.4], [0.37, 0.48]), ([0.37, 0.61], [0.1, 0.2])} 

(hi*h 2 ) = {([0.27, 0.38], [0.34, 0.40]), ([0.34, 0.46], [0.09, 0.19])} 

With these operations, several results follow. 



Theorem 3.3 

For every h E IVIHFE(X), the following are true, 

(i) h @ h= h; 

(ii) h $ h=h; 

(iii) h # h=h; 

Proof, we prove only (i) (ii) . 

(i) Let h E IVIHFEs 

h @ h = { [ ? | a eh} 

__ =[ ha,hal [ Va,Va] 

Then, h @ h =h 
(ii) Let h E IVIHFEs 

h $ h — {([^ / X a fi a , [la [la W_^V a V a , yjva V^ ]| CC E h } 
— [ ha ? ha ]? [ V a Va ] 

Then, h $ h = h 



Theorem 3.4 

For hi, h 2 E IVIHFEs, 

(i) hi@ h 2 =h 2 @h 1 ; 
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(ii) hi$ h 2 =h 2 $ hi, 

(iii) hi#h 2 =h 2 #hi, 

(iv) hi* h 2 = h 2 *h x ; 

Proof. These also follow from definitions. 



Theorem 3.5 



For h u h 2 E IVIHFE(X), 



( hi @ h 2 ) c =hi@h 2 

Proof. In the following, we prove (i), (ii) and (iii), results (iv), (v) and (vi) can be proved analogously. 



(k @n 2 r = {[ 

(h-[ C @ h 2 ) = ({[ 

-(« 



v ai e h}@{[v a ,,v ( 



+ 

a 2 1 v cc2 



V ai e ,v, 



+ 

a 2 ’ v a 2 



].[/^ 2 ./4 2 ] I a 2 e h 2 ) 

l\Ha 2 .Ha 2 ] l«2 £ h 2 }) C 



4.1 



a i + M <2 2 ^ < 2 1 + M <2 2 



M 



M a 1 T M cc 2 ^ a i ^ a 2 

2 ' 2 

v ai + u (22 v ai”*” v a2 



■]|«i e h lf a 2 e h 2 



■] | a 1 E h 1) a 2 E h : 



>) 



= hi@ h 2 

This proves the theorem. 

Note 1 : One can easily verify that 

1. ( h 1 c $ h 2 ) c gt h x $ h 2 

2. ( h/# h 2 c ) c =£ hi# h 2 

3. ( h/ * h 2 c ) c =# hi* h 2 



Theorem 3.6 



For hi, h 2 and h 3 E IVIHFE(X) , we have the following identities: 

(i) (hi U h 2 ) @h 3 = (h^ @ h 3 ) U (h^ @ h 3 ); 

(ii) (hi n h 2 ) @ h 3 =( hj @ h 3 ) n (h 2 @ h 3 ) 

(iii) (hi U h 2 ) $ h 3 = (hi$ h 3 ) U( h 2 $h 3 ); 

(iv) (hi fl h 2 ) $ h 3 = (hi$ h 3 ) fl ( h 2 $ h 3 ); 

(v) ((hi U h 2 )) #hS (hi#h 3 ) U( h 2 #h 3 ); 

(vi) (^i H h 2 ) # h 3 = (hi# h 3 ) fl ( h 2 # h 3 ); 

(vii) (/i! U h 2 ) * h 3 = (hi *h 3 ) U ( h 2 *h 3 ); 

(viii) (hi fl h 2 ) * h 3 = (hi *h 3 ) D ( h 2 *h 3 ); 

(ix) (hi@h 2 ) ®h 3 =(hi ®\)@(h 2 ©h 3 ); 

(x) (hi @h 2 ) 0 h 3 =(hi ®h 3 )@(h 2 0 h 3 ) 

Proof. We prove (i), (iii), (v), (vii) and (ix), results (ii), (iv), (vi), (viii) and (x) can be proved analogously 
Using definitions in 2.3 and 3.1, we have 

(h U h 2 )@ h 3 = {[max( n~ v n~ 2 ), max( ^ , M+ 2 )],[minL'('V“ , v“ 2 ),min( v+^v+.JJIa, E h l ,a 2 E h 2 \ @{[ n~ 3 , 

ti 3 ],[Va 3 , Va 3 ]\ a 3 E h 3 } 

_ (r max(na V Ha 2 )+l*a3 max ( ,/U 2 ) + /U 3n f min (^a V v a 2 )+ v a 3 min ( v+ 1 ; v+ 2 ) +vj 3 1 , ^ ^ r ^ Z ^ 

“U ; j ; hi ; > ; Jl a i E ^1,^2 E n 2 ,a 3 E n 3f 



= { [max( 



L 1 a 1 a g 
2 ; 



f i a 2 ^~L i a 2 

2 



) , max( 



M a 1 a 3 



Ma 2~*"^ a 3 \n r • / v 

2 )],[min( - 

h-i, a 2 e h 2 ,a 3 e 



2 



^ 2 +v « 3 . . , v ai +v a3 v ai + 

-£-*■ ) . mm ( ^ 



4 3 



)]|«i e 



= (h @ h 3 ) U (h 2 @ ft 3 ) 



This proves (i) 

(iii) From definitions in 2.3 and 3.1, we have 

(hi U h 2 )S h 3 = {[max( n~ v n~ 2 ), max( / u+ 1 , n+ 2 )], [minify-, v“ 2 ),min( E ft l5 a 2 E ft 2 }${[ H„ 3 , 

^t 3 ]»[v“ 3 , v+ 3 ]|a 3 E h 3 } 
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= {[Jmax(ju aif ju a2 ) ju a3 , jmax( ,ju+ 2 )ju+ 3 ],[ > /min( v av v a? ) v a3 , v+ v v+ 2 ) v+ 3 ]| a t G h u a 2 G 

h-2, « 3 e ^ 3 } 

{[ mtl\( y Max 9 7 1 U 3 1 ’ nitlX( y McT ^ l^a 3 9 V ^«3 )]»[min(V V ai ^ a 3 ’ ^J^ a 2 Up 1 5 
min(7v+ v+3 , ^/v+ 2 v+3 )]| «! e e h 2 ,a 3 e h 3 } 

= (hi$h 3 ) U ( h 2 $h 3 ); 



This proves (iii). 

(v) Using definitions 2.3 and 3.1, we have 



((hi U ft 2 )) # /13 



{ [max( Map Ma 2 ),max( M ( t, , l*a 2 ) ],[mini$V ai , v a 2 ),min( v^,v+ 2 )}\cti 6 ft l 5 a z € h 2 } # {[ m « 3 , 
/^ 3 ],[Va 3 , v a 3 ]\«3 e h 3 } 



= 2max(/i ttl ,/ ttt2 )/t ffi3 2max(/i+ 1 ,/4 2 W 3 -. 2 mini:p/ ai ,v g2 ) v tt3 2min(v+ 1 ,v+ 2 )v+ 3 _ ^ ^ 

L max(/j“ 1 ,/i“ 2 )+/i“ 3 ’ maxC/j+j ,/j+ 2 ) +/j+ 2 ,L min!^“ 1 ,v“ 2 )+v“ 3 min ( v+ r v+ 2 ) + v+ 3 1 15 2 2 ’ 3 3 



={[ max ( ; 



3 ^‘^ L a2^cc3 



/^«3 L L a2~^ 



X -P) ,max ( 



2 /U 1 /U 3 2 /U 2 



2 Vn 



)],[mine 






L ) ,min (- 



, + vJ 



v ^ 2 H 



a 3 



)]| «i 6 h,a 2 E h 2 , a 3 e h 3 } 



-(hi #h 3 ) U ( h 2 #h 3 ) 



This proves (v) 

(vii) From definitions 2.3 and 3 . 1 , we have 
(fti Uh 2 ) * h 3 = (h x *ft 3 )U(ft 2 *h 3 ) 

= {[max( m^, Ma 2 )> max( m^ , / 4 2 ) Mmini'ipVp v“ 2 ),min( v^v*,)]^ E ft l 5 a 2 E h 2 } *{[ m „ 3 , / 4 3 LI>a 3 , 
v+ 3 ]|a 3 e h 3 } 



{[: 



ma x(n av n a2 )+iia 3 max(nj 1 ,n+ 2 ) + ^ 3 min (v gl ,v g2 )+ Vqg min ( v+ 1 ,v+ 2 )+ v+ 3 

■2(max(//” 1 ,^“ 2 )/z“ 3 +l) ’ max ,mJ 2 ) ^+ 2 +l J ’ L 2(min (v^/i/^) v” 3 +l) ’ 2(min ( v+ x ,v+ 2 ) v+ 3 +l) 



M G h l9 a 2 G h 2 ,a 3 G h 3 } 



= |[ max ( — ai+fla 3 ^a2 + ^a 3 \ max f ^1+^3 /U 2 +/U 3 \i r min f— 

V 20 £- lA ia 3 +l) ’ 2(^“ 2 M“ 3 +l)^ 5 ^(^+^+ 3 + 1 ) 5 2 (/^+ 2 m+ 3 + 1 ) ' J?L v“ 3 + 1 ) 5 2(v“ ? v“ 3 +l> 



(: 



v a 1 + v a 3 



v a2 + 1 , g3 



n 2 «3 



) ,min 



2(<v+ 3 +1) ’ 2(v+ 2 v+ 3 +l) 



)]|ai e /ii,a 2 E h 2 ,a 3 E h 3 } 



= (/t! *h 3 ) U (h 2 *h 3 ) 

This proves (vii). 

(ix) Using definitions 2.3 and 3.1, we have 

(h @h 2 ) ©^3 = (^i ®h)@(h 2 ®h 3 ); 



a i + v a 2 v ai + v a 2 



= |j- rtt l 1 ra T 1 j |-; 

_ rr^ai + ^2 



={[- 



+M, 



2 ]I«1 e ^19«2 e ^2} © {[ Ma 3 9 mJ 3 ],K 3 , v+ 3 ]|a 3 E h 3 } 

+ Ma 



I^i+Jla2 1 + A*a 2 , + f'«i+/'a2 + -i r I) gi + I) it2 , »ai + I) it2 u «i + u a2 i 1; + 

a 3 2 Pa 3 ’ 2 " 2 ^«3hL 2 ^3 2 ^ a 3 ? ? ^ a 3 






v a 3 ]| a i e h l9 a 2 G h 2 ,a 3 G h 3 } 

^ rUa^+Ma3 — f J -aif i a 3 ^+(l i a2+L i or 3 — l l a2^cc 3 ) Q*a\ ~ L L a\L l a 3 )~^(.l i a2 ~^^a 3 ~ Ma 2 Ma3)-i r ( v «i "*" v a3 — v «l v a 2 a 3 v a 2 v «3) 

— iL 2 ’ 2 M 2 



( v aiT v a3 v a 3 )T( v a 2 Tv J 3 v^ 2 v^ 3 ) 



■]!«! G h l9 a 2 G h 2 ,a 3 G h 3 } 



= (^i ®h 3 )@(h 2 ®h 3 ) 

This proves (ix) 



Theorem 3.7 

For hxand h 2 G IVIHFS (X), we have the following identities: 

(i) (hi© h 2 ) n(h 1 (gih 2 ) = h 1 ® h 2 ; 
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(ii) (Ti!©/^) u (fti ® h 2 ) = h 1 ®h 2 ; 

(iii) (/iti© h 2 ) fl ( h\@ h 2 ) = fti@ /i 2 ; 

(iv) (/ix© /i 2 ) U ( hi@ h 2 )= /iti© /i 2 ; 

(v) (hi ® h 2 ) fl ( hi@ h 2 )= h 1 ®h 2 ; 

(vi) (h 1 ®h 2 ) U ( hi@h 2 )= h^@ h 2 ; 

(vii) (h\®h 2 ) fl ( hi$ h 2 )= h x $ h 2 ; 

(viii) (h 1 ©/i 2 ) U ( h 2 )= hi® h 2 ; 

(ix) (hi ® h 2 ) fl ( hi$ h 2 )= hi ® h 2 ; 

(x) (hi ®Jt 2 ) U (hiSh^hiS^; 

(xi) (hi© h 2 ) fl( hi# h 2 )= hi# h 2 ; 

(xii) (hi©h 2 ) U (hi#h2)=hi© h 2 ; 

(xiii) (hi (x) h 2 )fl ( hi#h 2 )= hi ® h 2 ; 

(xiv) (hi (x) h 2 ) U ( hi#h 2 ) = hi#h 2 

Proof. We prove (i), (iii), (v), (vii), (ix), (xi) and (xii), other results can be proved analogously. 

From definitions 2.3, 2.5 and 3.1, we have 

(hi©h 2 ) H (hi <g) h 2 ) 

=([^2 + “ ^2^1- ^2 + M-Ji - ^ 2 ^J,[v- 2 V"j ,V+ <])D {[/^ Ha 2 </4i ^l-haj + V- - + 

v a + 2 - v+jV+JIa! E ft l5 a 2 € ft 2 } 

= {[ min (n“ 2 + Haj - Ha 2 J , Ha t lQ 2 ) , min (n+ 2 + ^ - H« 2 nJj , /4x /4 2 )L 
[ max (v- v- , v- + v“ 2 - v “ v“ 2 ) , max (v+ 2 v+ , v+ + v+ 2 - v+ v+ 2 )]| E h u a 2 E /i 2 } 

=l>«, Ma 2 mJ 2 )],[ v + V- - v ■ v- , v+j + v+ 2 - v^v+J a a E ft l5 a 2 E h 2 } 

=h 1 ® h 2 



This proves (i) 

iii) Using definitions 2.3, 2.5 and 3.1, we have 

(hi®h 2 )n( hi@h 2 ) = hi@h 2 ; 



={ C[M-«x 2 + M«! - M-cc 2 M-a ! ' M-a 2 + [ 

, ^k ]]ai e ft lja2 E h 2 } 



V a2 V ai ,v+ V+J) I ^ E a 2 E ft 2 }D {[ 



Mai + Ma 2 



{[ mill (|d tt2 + H- ai ha 2 M-ai ? 



_ _ Mai T ^<*2 



) ? mill M-oc 2 l^a 2 l^a 2 l^ai ? 



+ ^ a 2 



)], 



[ max (v„ 2 v ai , gl 2 — ) , max (v+ 2 v+ , gl 2 a2 )]|gi e /C a 2 e ft 2 } 

e hi,a 2 e ft 2 }= h@h 2 



This proves (iii). 

(v) From definitions 2.3, 2.5 and 3.1, we have 



(hi ® h 2 ) fl ( hi@h 2 ) = h 1 ®h 2 ; 



={[/*«! Ma 2 ./4i mJ 2 ], [V ai + v a2 - v ai v„ 2 ,v+ 1 + v+ - v+jV+JIa! E ft l5 a 2 E /i 2 } fl {[ " gi y g2 
i e hi, a 2 E ft 2 } 

={[ min Ov /z- 2 , ) , min nt 2 , )], 



Mai + Ma2 
2 



'I, 



[ max (v ( 



ai 



+ V a2 ~ 



, + v 



— ) , max (v+ 



+ v"*" — 
“ V &2 






, + » 



L )lki e hi, cc 2 e ft 2 } 



= {[ Max Ma 2 , ^ 2 ],[v ai +v a2 - V ai v a2 , v+ + v+ - v+v+]|a 1 E ft l5 a 2 E ft 2 }= ftj ® h 2 

This proves (v) 



(vii) Using definitions 2.3, 2.5 and 3.1, we have 

(hi©h 2 )n( hi$ h 2 ^ = hi $ /12 
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([ha 2 M-ai Fa 2 hai>Fcx2 M-ai ha 2 M-ai] > [ ^ a 2 ^cc\ cl 2 ^ (Ly/ h-a\ ^ a 2 ’ V ^cc\ ^2? 

7 u ^i vf 2 ]l“i e ^i’ a 2 e hj 

= {[ min (n“ 2 + Haj - Ha 2 Ha ! , V^“i ^«2 ) ’ min (nt 2 + ^1 _ ^2^1 > )M max ( v « 2 v~ 2 ) , max 

« 2 v+ , V u ^i U «2 )]l “1 E ^l’“2 <= ^2} 

= {[V^«l ’ V^“l ^2 M V U “1 U “2 ’ V U «1 u «2 ]l a l E ^l’ a 2 E ^ 2 } = 

This proves (vii) 

(ix) From definitions 2.3, 2.5 and 3.1, we have 
(hi 0 h 2 )fl( hi$ h 2 )= hi 0 h 2 ; 

={([^«! Ma 2 .^1 m£ 2 I [v„, + V- - v-v-,v+ + v+ - v+v+D |«! € ft l5 a 2 e h 2 } Ml 2 , 

7^1 MV U «1 u «2’ V U «1 U «2 ]l a l E ^l’ a 2 E M 

{[ min [i C (2 ? 7 J^cci /^Tv ) ? min (/i ff ^ m« 2 ? 7 Ml ^ M« 2 )]?[mnx (v ai + v a2 v ai v a2 5 7^ ff i ^« 2 ) ’ mnx 

Cl, +V+ 2 - V+V+» V< U «2 )ll “l e ^l’ a 2 e ^2} 

= {[ Ml, Ml 2 , Ml, /4 2 ],[ vl, + V- - V ■ V- , v+ + v+ - v+v+]| ax e a 2 e h 2 } =6, 0 /i 2 



This proves (ix) 

(xiii) From definitions 2.3, 2.5 and 3.1, we have 
(hi 0 h 2 )fl( hi# h 2 )= h x 0 h 2 ; 



-{[MaiMaz.MtiMtd.haj + v„ 2 - v ai v„ 2 ,v+ 1 + v+ 2 - v^v+Jlai e fti,a 2 e ft 2 } n {[ 



2 Ma 2 

^ai T A*a? 



A*a 2 n r^ a l Ua 2 ^ u ai u a 2 n T r- U ^ 

ri^riT u ^r ' 5T^ 110 ' e e w 

={[ min i/C, f£ 2 ■ 2 - a ) ■ min (/|J fi£ )M max (% + l X - vj v“ , 2 !."‘ Vui 

r-a^^a 2 l l a\^'l l a2 u a±' ru uz 

« e ^i’«2 e £ 2 } 

u ai ' u «2 

= { lv“« ! Ml 2 , m1, j“J 2 ]T v“ x + v- - , v+j + v+ - V+ v^ilaj e ft 1} a 2 e * 2 }=^ 0 h 2 



~) , max(v+ + v+ 2 



This proves (xiii). 



Theorem 3.8 

For hxand h 2 E IVIHFE(X), then following relations are valid: 



(i) 


(/i 1 #/i 2 ) $ ( h x #h 2 ) = h x # h 2 ; 


(ii) 


(/i^*/i2) $ ( hi*h 2 ) = hi*h 2 i 


(iii) 


(/i 1 ©/i 2 ) $ ( hi © h 2 ) = /i^©/i 2 j 


(iv) 


(h x 0 h 2 ) $ ( hi 0 h 2 ) = h 1 ®h 2 


(v) 


(hi@h 2 ) $ ( h!@7i 2 ) = h x @h 2 \ 


(vi) 


(h x # h 2 ) @ ( h x # h 2 ) = h 1 # h 2 \ 


(vii) 


(h^ In 2 ) @ ( hi*/i 2 ) = hi*h 2 ; 


(viii) 


(hi©^) @{h 1 ®h 2 ) = hi@h 2 ; 


(ix) 


(/I'lU h 2 ) @ ( n/i 2 ) = 


(x) 


(h x u h 2 ) $ ( hiflhz) = /i^$ /i 2 j 


(xi) 


(/I'lU h 2 ) # ( /ii n/i 2 ) = hi# h 2 ; 


(xii) 


(hi U h 2 ) * ( /ii D/ i 2 ) = hi*h 2 \ 


(xiii) 


(hi* h 2 ) @ (jh*/i 2 ) = hi*h 2 ; 


(xiv) 


(h^ h 2 ) $ ( hi*h 2 ) = hi*h 2 . 



Proof , The proofs of these results are the same as in the above proof 



Theorem 3.9. 

For every two and h 2 E IVIHFE (X), we have: 
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(i) ((hiUh 2 )@ < h^h.2)) @ (( h] Uh 2 ) 0 (h 1 r\h 2 )) = h 1 @h 2 ; 

(ii) ((h 1 Uh 2 )#( h^h)) $ ((huh) @ ( h Dh 2 )) = h^h 2 

(iii) (( h@h 2 ) U ( hi 0_h 2 )) @ ((hi©h 2 ) n ( hy (gsh 2 ))=hi@h 2 , 

(iv) ((^i©^) u ( j}i@h 2 )) @ (( /ii 0 h 2 ) n ( ft 1 @ft 2 ))= 

(v) ((h®h 2 ) U( h t #h 2 )) @ (( hi 0 h 2 ) fl ( hi#h 2 )) = hi@h 2 ; 

(vi) ((/ii ©h 2 )U( hi$h 2 )) @ (( hi 0 h 2 )n( hi$h 2 )) = hi@h 2 ; 

(vii) ((hi©h 2 )U( hi@h 2 )) @ (( hi®h 2 ) H ( hx#h 2 )) = hi$h 2 . 

Proof .In the following, we prove (i) and (iii), other results can be proved analogously. 

(i) From definitions 2.3 and 3 . 1 , we have 

((hi Uh 2 ) © ( /tifl/i 2 )) @ (( hiUh 2 ) 0 (/t 1 flh 2 )) = 

((^Uh 2 ) © (h 1 nh 2 )) = 

{[max( /t-j, Ha 2 ), max( , /4 2 ) ],[mini'(pi/,^, v“ 2 ),min( v+,v+)]|£t 1 G h l5 a 2 E h 2 \ © {[min( n~ v /t“ 2 ),min( nt 1 , 

hj 2 ) max( v+,v+)]| a, E h u a 2 G h 2 } 

={[ max( , jx~ 2 ) + mm( , /t“ 2 ) - max( , /t“ 2 )min( , p“ 2 ) ,max( , M t T 2 ) + min( ^ , ^+ 2 )-max( , 

/t+ 2 ) + min( ia+ 1 , /r+ 2 )],[ min(v- 1( v- 2 ) majd^-.v’) , min( v ( +,v ( +) max( v ( +,v ( + )] 

(hiUh 2 ) 0 (h 1 n/i 2 ) = 

{[max( /t-j, jU“ 2 ),max( p ( + , /4 2 ) ],[min^ 1( v~ 2 ),min( v+ i; v+ 2 )]|ai E h u a 2 E h 2 \ 0 {[min( n~ v ji ~ 2 ) , 
mini , /r£ 2 ) ],[maxd(V“ ,v ( “ ), max( v+ ,v ( +)]| E h 1? a 2 E h 2 } 

= {[max( n~ v n~ 2 ) min( fx ~ t , p“ 2 ) , max( , /4 2 ) min( , mJ 2 ) ], [minl'ipi/^, v" 2 ) + 

max(v-,v') - minl'p/^ , v“ 2 ) maxl'ipi/^ , v“ 2 ) , min( v+ 1( v+ 2 ) +max( v+,v+) -min( v,+ ,v+ 2 ) max( v+ i; v+ 2 ) ]| or, E 
hi, a 2 E h 2 } 

((h 1 Uh 2 ) © (h 1 n/i 2 ))@((h 1 uh 2 ) 0 (h 1 C\h 2 )) = 



{max(^ ai ,/i g2 ) + min(/x ai ,;x g2 ) - max( minCfy^pi+maxC^/yp minQ^,^) 

^ 2 

{ max ( ■ 4 2 ) + mln ( '^ 2 )~ m3X ( ^1 ’" a 2 ) + mln ( til 2 )} +maX( ^1 ' Al « 2 ) mln( ^1 

2 

min(v“ 1 ,v“ 2 ) maxi^^v^) +mini3i'“ ,v~ 2 ) + max(v^,v^ 2 )- mini^/^.v^) maxi!^ ,v~ 2 ) 



], 



min( v+ r v+ 2 ) max( v^.v^j+minC v^.v^) + max( v^.v^) - min( v^.v^) max( v^.v^) -. 

2 J 

{max( /y^") + min( fy^",,) {max( /*+ ,p+ 2 ) + min( p+ ,p+ 2 ) j 

_ L o ? o J? 



D 



2 ’ 2 

min^^v^) maxi^V^^v^) +min!^V ~ 1 ,v ~ 2 ) + max^^v^)- minl^u^ ,v~ 2 ) maxiip/^ , v ~ 2 ) 



min( v+,v+) max( v+ 1 ,v+ 2 )+min( v+ r v+ 2 ) + max( v+ r v+ 2 ) - min( v+ r v+ 2 ) max( v+ r v+ 2 ) ~ r 

e h u a 2 e h 2 } 



_ r ^ai + ^2 ^i + ^2 -1 p m inl^ gl ,Vg 2 ) + max(v gl ,v g2 ) min( v^,v^ 2 ) + max( v^,v^ 2 ) 

- u 2 5 2 J’L 2 ; 2 

_ r r ^i + ^2 ^ a i + ^ a 2 1 r Vg i +Va 2 v gi +v «2 



■]!«! E G ^2} 



= {[- 



],[- 



2 5 2 J,L 2 ' 2 



■] | CCx E h l5 a 2 E /l 2 } 



= h x @h 2 

This proves (i). 

(ii) From definitions 2.3 and 3.1, we have 
((hi®h 2 ) U ( hx 0 h 2 )) @ (( hx©^) fl ( /t! 0 h 2 )) = hi@h 2 , 

(h 1 ©h 2 ) fl ( h, 0 h 2 ) = { [p«, + n“ 2 - p« 2 Pa, , pj, + p^ 2 - pj 2 pjj, [ v~ 2 v- ,v+ 2 v+ ]|a, E h 1? a 2 E h 2 }U 
{[ Paihaz , hJi /tj 2 ],[v^ + V“ 2 - V- V-, v+ + v+ - v+v+]|a 1 E h ls a 2 E h 2 } 
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={[ min ( ix-j + - n~ 2 ! , /V : ha 2 ) > min + \£ 2 - /4 2 )L 

[ max (v- V- , v- + v “ 2 - v “ v “ 2 ), max(v + 2 v+ , v+ x + v + 2 - v + v + 2 )]| a x £ h l5 a 2 e h 2 } 

= {[^«! /*« 2 , / 4 j + V- - v-jV-2 , v+j + v+ - £ hi, a 2 e h 2 } 

(h®h 2 ) U (hi 0h 2 )« {[naj + Ha 2 - + ^2 - ^^J.Cv^v-j.v^v+JIaj £ h l5 a 2 £ h 2 }U 

{[ Ma, Ma 2 , +V- - V- V-, V+ + V+ - V+V+JI^ £ h u CC 2 £ ft 2 } 

={[max ( n“, + n" 2 - |a“ 2 n" , n~ A n ~ 2 ) , max (|i+ + n+ 2 - n+ 2 n+ , / u+ 2 )], 

[ min (v- v“ x , v“ x + v ~ 2 - v “ v “ 2 ), min(v + 2 v+ , v+ + v + 2 - v,+ v + 2 )]|a a £ h l5 a 2 e h 2 } 



= {[H«! + Ha 2 - Ha 2 Hai , Hjj + Hit 2 “ \ti 2 ^1 M K 2 V «i > V a 2 V ai]|«l £ h, « 2 £ h 2 } 



(i(.h 1 ®h 2 ) u (ha ®h 2 ))@((h 1 @/i 2 )n(h 1 ®h 2 ))={[ 



% yn ^ai''« 2 +|J «i + ^ a2 ^ 2^1 



r v a +v a -v a v a +v a V ai V++V+-V+JV++V+V+ __ ~ ^ r 2 

[ , ]| «i e fti, «2 e ^ 2 } 



^ a l + ^a 2 Vgi+Vgg v «i + v « 2 



^ £ hi, a 2 £ h 2 ) 



Hence ,( ((hi@h 2 ) U ( hi 0 h 2 )) @ (( hi®h 2 ) fl ( hi 0 h 2 )) = hi@h 2 
This proves (ii). 
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4. Conclusion 

In this paper, we have defined four new operations on 
interval valued intuitionistic hesitant fuzzy sets which 
involve different defining functions. Some related results 
have been proved and the characteristics of the interval 
valued intuitionistic hesitant fuzzy sets have been brought 
out.. 
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New Operations on Intuitionistic Fuzzy Soft Sets Based 
on First Zadeh’s Logical Operators 



Said Broumi 
Pinaki Majumdar 
Florentin Smarandache 



Abstract - In this paper , we have defined First Zadeh’s implication , First 
Zadeh’s intuitionistic fuzzy conjunction and intuitionistic fuzzy 
disjunction of two intuitionistic fuzzy soft sets and some their basic 
properties are studied with proofs and examples. 

Keywords - Fuzzy sets, Intuitionistic fuzzy sets, Fuzzy soft sets, 
Intuitionistic fuzzy soft sets. 



1. Introduction 

The concept of the intuitionistic fuzzy (IFS , for short ) was introduced in 1983 by Atanassov 
[1] as an extension of Zadeh’s fuzzy set. All operations, defined over fuzzy sets were 
transformed for the case the IFS case .This concept is capable of capturing the information 
that includes some degree of hesitation and applicable in various fields of research .For 
example , in decision making problems, particularly in the case of medial of medical diagnosis 
, sales analysis ,new product marketing , financial services, etc. Atanassov et.al [2,3] have 
widely applied theory of intuitionistic sets in logic programming, Szmidt and Kacprzyk [4] 
in group decision making, De et al [5] in medical diagnosis etc. Therefore in various 
engineering application, intuitionstic fuzzy sets techniques have been more popular than 
fuzzy sets techniques in recent years. After defining a lot of operations over Intuitionstic 
fuzzy sets during last ten years [6] ,in 2011, Atanassov [7, 8] constructed two new operations 
based on the First Zadeh’s IF-implication which are the first Zadeh’s conjunction and 
disjounction, after that, in 2013, Atanassov[ 9] introduced the second type of Zadeh ‘s 
conjunction and disjunction based on the Second Zadeh’s IF-implication. 
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Another important concept that addresses uncertain information is the soft set theory 
originated by Molodtsov [10]. This concept is free from the parameterization inadequacy 
syndrome of fuzzy set theory, rough set theory, probability theory. Molodtsov has 
successfully applied the soft set theory in many different fields such as smoothness of 
functions, game theory, operations research, Riemann integration. Perron integration, and 
probability. In recent years, soft set theory has been received much attention since its 
appearance. There are many papers devoted to fuzzify the concept of soft set theory which 
leads to a series of mathematical models such as fuzzy soft set [1 1,12,13,14,15], generalized 
fuzzy soft set [16,17], possibility fuzzy soft set [18] and so on. Thereafter, Maji and his 
coworker [19] introduced the notion of intuitionstic fuzzy soft set which is based on a 
combination of the intuitionistic fuzzy sets and soft set models and studied the properties of 
intuitionistic fuzzy soft set. Later, a lot of extentions of intuitionistic fuzzy soft are appeared 
such as generalized intuitionistic fuzzy soft set [20], possibility Intuitionistic fuzzy soft set 
[21] etc. 

In this paper, our aim is to extend the three new operations introduced by Atanassov to the 
case of intuitionistic fuzzy soft and study its properties. This paper is arranged in the following 
manner. In Section 2, some definitions and notion about soft set, fuzzy soft set and 
intuitionistic fuzzy soft set and some properties of its. These definitions will help us in later 
section . In Section 3, we discusses the three operations of intuitionistic fuzzy soft such as 
first Zadeh’s implication. First Zadeh’s intuitionistic fuzzy conjunction and first Zadeh 
intuitionistic fuzzy disjunction. Section 4 concludes the paper. 



2. Preliminaries 

In this section, some definitions and notions about soft sets and intutionistic fuzzy soft set are 
given. These will be useful in later sections 

Let U be an initial universe, and E be the set of all possible parameters under consideration 
with respect to U. The set of all subsets of U, i.e. the power set of U is denoted by P(U) and 
the set of all intuitionistic fuzzy subsets of U is denoted by IFU . Let A be a subset of E. 

Definition 2.1 .A pair (F , A) is called a soft set over U , where F is a mapping given by F : A 
P(U). 

In other words, a soft set over U is a parameterized family of subsets of the universe U . For e 
6 A, F (e) may be considered as the set of e-approximate elements of the soft set (F , A). 

Definition 2.2. Let U be an initial universe set and E be the set of parameters. Let IF U denote 
the collection of all intuitionistic fuzzy subsets of U. Let . A Q E pair (F, A) is called an 
intuitionistic fuzzy soft set over U where F is a mapping given by F: A— ► IF U . 

Definition 2.3. Let F : A— ► IF U then Fisa function defined as 



F (e) ={ X, n F (e){x), v F (e) U) : x £ U } 



where p , v denote the degree of membership and degree of non-membership respectively. 
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Definition 2.4 . For two intuitionistic fuzzy soft sets (F , A) and (G, B) over a common 
universe U , we say that (F , A) is an intuitionistic fuzzy soft subset of (G, B) if 

(1) A c B and 

(2) F (s) ^G(£) for all e G A. i.e jU F ( £ )(x) < /tc( e )(x) , v F ( £ )(x) > v G ( £ )(x) for all £ G E and 
We write (F,A) c (G, B). 

In this case (G, B) is said to be a soft super set of (F , A). 

Definition 2.5. Two soft sets (F , A) and (G, B) over a common universe U are said to be soft 
equal if (F , A) is a soft subset of (G, B) and (G, B) is a soft subset of (F , A). 

Definition 2.6. Let U be an initial universe, E be the set of parameters, and A Q E . 

(a) (F , A) is called a relative null soft set (with respect to the parameter set A), denoted by 
04, if F (a) = 0 for all a G A. 

(b) (G, A) is called a relative whole soft set (with respect to the parameter set A), denoted by 
U A ,if G(e) = U for all e G A. 

Definition 2.7. Let (F, A) and (G, B) be two IFSSs over the same universe U. Then the union 
of (F,A) and (G,B) is denoted by ‘(F,A)U(G,B)’ and is defined by (F,A) U (G,B)=(H,C), 
where C=AuB and the truth-membership, falsity-membership of ( H,C) are as follows: 

{ {( j u f(£ )(x),v f(£ )(x) : x U] ,if£ g A - B, 

{(/h;(£)(*)> v G(£)0O : x U) , if £ G B - A 
{max(/t F(e) (x), /t G(e) (x)), min (v F(e) (x), v G(£) (x)) : x U}if s G A n B 

Where /t H ( e) (x) = max(/i F(e) (x), /i G(e) (x)) and v H(e) (x) = min (v F(e) (x), v G(e) (x)) 

Definition 2.8. Let (F, A) and (G, B) be two IFSS over the same universe U such that 
AflB^O. Then the intersection of (F, A) and ( G, B) is denoted by ‘( F, A) fl (G, B)’ and is 
defined by ( F, A ) fl( G, B ) = ( K, C), where C =A flB and the truth-membership, falsity- 
membership of ( K, C ) are related to those of (F, A) and (G, B) by: 

{ {Q* F ( £ )(x)*v F ( £) (x) : x U] ,if£ g A - B, 

{(/^g(£)0O> v g(£) O) : X u) , if £ G B - A 
{min(/t F(e) (x), /t G(e) (x)), max (v F(e) (x), v G(£) (x)) : x U) if s G A n B 

Where jU f(£) (x) = min(// F(£) (x) f // G(£} (x)) and v F(£) (x) =max (v F(£) (x), v G(£) (x)) 



279 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



3. New Operations on Intuitionstic Fuzzy Soft Sets Based on First Zadeh's 
Logical Operators 

3.1 First Zadeh’s Implication of Intuitionistic Fuzzy Soft Sets 

Definition 3.1.1. Let (F, A) and (G, B) are two intuitionistic fuzzy soft set s over (U,E) -We 
define the First Zadeh’s intuitionistic fuzzy soft set implication (F, A) — »(G,B) is defined by 

Z,1 

(F, A) (G,B) = [ max {v f(£) (x) , min (jU F(fi) (x) , jU g(£) (x))} , min Gu f(£) (x) , v g(£) (x)) 

Proposition 3.1.2. Let (F, A) ,(G, B) and (H, C) are three intuitionistic fuzzy soft set s over 
(U,E)- Then the following results hold 

(i) (F, A) n (G,B) -> (H, C) 2 [(F , A) -> (H, C) ] n [(G , B) (H, C) ] 

z 1 z 1 z 1 

(ii) (F, A) U (G,B) 4 (H, C) 2 [(F , A) 4 (H, C) ] U [(G , B) 4 (H, C) ] 

z 1 z 1 z 1 

(hi) (F, A) fl(G,B) 4 (H, C) 2 [(F , A) 4 (H, C) ] U [(G , B) 4 (H, C) ] 

z 1 z 1 z 1 

(iv) (F,A)^(F,A)' C = (F,A) C 

(v) (F, A) — > (<p, A) =(F, A) c 

Z, 1 

Proof. 

(i) (F, A) n (G,B) -> (H, C) 

Z,1 

= {min(/* F(£) (x),/* c(£) (x)) ,max (v F(£) (x), v c(£) (x)) ] ^ (MnO)(x) ,v H(e) (x)) 

MAX | max (v F(e) (x), v G(c) (x)) , min ^ min ^ f(£) (x), n c{£) (*)) - (*) j j , 

MIN [min ( n F(e) (x), M c(f) G)) , v H(e) (x)] 

(1) 

1(F , A) — ► (H, C) ] fl [(G,B)->(H,C)] 

Z,1 Z,1 

= [ max {v f(£) , min (/r F(£) , jU w(£) )} , min (#i F(£) , v H{s] ) ] n 
[ max {v g(£) , min (/t G(£) , , min (fi G(£) , v H(£) ) ] 

MIN [max (v F(£) (x), min (/i f(£) ( x) , n H[s) (*))) , max (v c(£) (x), min (/i c(£) (x) , /^ (£) (x) 

MAX [min ^ F(£) (x), v h{e) (x)j , min ^i g(£) (x), v h(e) (x)jj 

From (1) and (2) it is clear that (F, A) n (G,B) ^ (H, C) 2 [(F , A) -* (H, C) ] n 
1(G , B) (H, C) ] 

Z, 1 

(ii) And (iii) the proof is similar to (i) 

(iv) (F, A) — » (F, A) c = (F, A) c 

Z, 1 

_ Max [v f(£) (x), min ( n F(£) (x), v F(e) (x))} , 

MIN{^ f(£) (x), h f(s) (x)} 
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= (VF(£)W.MF(e)M) 

It is shown that the first Zadeh’s intuitionistic fuzzy soft implication generate the 
complement of intuitionistic fuzzy soft set. 

(v) The proof is straightforward . 

Example 3.1.3. 

(F ,A)={F( ei ) = (a,0.3,0.2)} 

(G ,B)={G( ei ) = (a,0.4,0.5)} 

(H ,C) = {H( ei ) = (a,0.3,0.6)} 

(F, A) 0 (G,B) -> (H, C) = 

Z,l 

[max { (max (0.2, min (0.3, 0.4)) , 0.3 } , min { min (0.3, 0.5), 0.6))} = (0.5, 0.3 ) 
(F, A) O (G,B) ={(a ,0.3 ,0.5)} 



3.2. First Zadeh’s Intuitionistic Fuzzy Conjunction of Intuitionistic Fuzzy Soft Set 

Definition 3.2.1. Let (F, A) and (G, B) are two intuitionistic fuzzy soft sets over (U,E) .We 
define the first Zadeh’s intuitionistic fuzzy conjunction of (F, A) and (G,B) as the intuitionistic 
fuzzy soft set (H,C) over (U,E), written as (F, A) A z l (G,B) =(H ,C). Where C = A n B =£ 0 
and V s 6 C, x e U, 

i U//( £ ) W = MIN(n m (pc) ,Hg(e) (*)) 

V//( £ )(*)= Max {v F(e) (x) , min(/t F(e) (x) , v G(e) (x))} 



Example 3.2. 2. 

Let U={a, b, c} andE={ e 1 ,e 2 ,e 3 , e 4 J ,A={e 1 , e 2 , e 4 J Q E, B={ e x , e 2 , e 3 } Q E 



(F, A) ={ F(e x ) ={( (a, 0.5, 0.1), (b, 0.1, 0.8), (c, 0.2, 0.5)}, 
F(e 2 ) ={( (a, 0.7, 0.1), (b, 0, 0.8), (c, 0.3, 0.5)}, 
F(e 4 ) ={( (a, 0.6, 0.3), (b, 0.1, 0.7), (c, 0.9, 0.1)}} 



(G, B) ={ G( ei ) ={( (a, 0.2, 0.6), (b, 0.7, 0.1), (c, 0.8, 0.1)}, 
G(e 2 ) ={( (a, 0.4, 0.1), (b, 0.5, 0.3), (c, 0.4, 0.5)}, 
G(e 3 ) ={( (a, 0, 0.6), (b, 0, 0.8), (c, 0.1, 0.5)}} 



Let (F, A) A z (G,B) =(H ,C) , where C = A n B = { e ± , e 2 } 

(H, C)={H (e 4 ) ={(a, min(0.5, 0.2), max(0.1, min(0.5, 0.6))) 
(b, min(0.1, 0.7), max(0.8, min(0.1, 0.1))) 
(c, min(0.2, 0.8), max(0.5, min(0.2, 0.1)))}, 
H (e 2 ) ={(a, min(0.7, 0.4), max(0.1, min(0.7, 0.1))) 

(b, min(0, 0.5), max(0.8, min(0, 0.3))) 

(c, min(0.3, 0.4), max(0.5, min(0.3, 0.5)))} } 

(H, C)= { H (e 4 )= {(a, min(0.5, 0.2), max(0.1, 0.5)), 

(b, min(0.1, 0.7), max(0.8, 0.1)), 
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(c, min(0.2, 0.8), max(0.5, 0.1))}, 

H (e 2 )= {(a, min(0.7, 0.4), max(0.1, 0.1)), 

(b, min(0, 0.5), max(0, 0.8)), 

(c, min(0.3, 0.4), max(0.5, 0.3))} } 

(H, C)= { H ( ei )= {(a, 0.2, 0.5), (b, 0.1, 0.8), (c,0.2, 0.5)}, 
H (e 2 )= {(a, 0.4, 0.1), (b, 0, 0), (c, 0.3, 0.5)}} 



Proposition 3.2. 3. Let (F, A) ,(G, B) and (H, C) are three intuitionistic fuzzy soft set s over 
(U,E). Then the following result hold 



(F, A) A z l (G,B) 

Z,1 



(H, C) 3 [(F , A) —> (H, C) ] A z i 

Z,1 



[(G , B) (H, C) ] 

Z,1 



Proof. Let (F, A) ,(G, B) and (H,C) are three intuitionistic fuzzy soft set ,then 
(F, A) 7\ zl (G,B) — > (H, C) = 

Z,1 

Max [max (v F(£) (x), min [n F(£) (x) , v G(£) (x))) , min ( min (y F(t) (x) ,m g(£) (x)) , fi H{£) (x))J , 
MIN [min ^ F(£) (x), n m (x)j , v h(£) (x) j 



Let [(F , A) -> (H, C) ] A Zil [(G , B) -> (H, C) ] 

Z,1 ’ z, 1 



(F,A)->(H, C): 

Z, 1 



MAX 



{vpie) (x), min (m f(£) (x) , n m (x))j , 
[m f(£) (x),v h(£) (x)} 



MIN- 



[(G , B) -» (H, C)] = 

Z, 1 



MAX 



{v G (e) (x). min (m g(£) (x) , H H{£) (x)) ] , 
[/V)(x),v H(£) (x)j 



MIN - 



( 1 ) 



Then [(F , A) ^ (H, C) ] A Zil [(G , B) ^ (H, C) ] = 

z, 1 z, 1 

MIN ( max [v f(e) ( x), min ( ji F(£) (x), v H(£) (x))], max \y G(£) (x), min {ji G(E) (x), ji H(£) (x))]) , 

MAX (min{/i F(£) (x),v w(£) (x)},min [max[v G(£) (x),min[/i G(£) (x),^ w(£) (x))^,min(A< G ( £ )(x),v H(£) (x) )]) 

( 2 ) ' 



From (1) and (2) it is clear that 



(F, A) A z i(G,B) —> 

Z,1 



(H, C) 2[(F,A)^(H,C)] A Z)1 

Z,1 



[(G , B) ^ (H, C) ] 

Z,1 



3. 3. The First Zadeh’s Intuitionistic Fuzzy Disjunction of Intuitionstic Fuzzy Soft Set 

Definition 3.3.1. Let (F, A) and (G, B) are two intuitionistic fuzzy soft set s over (U,E) .We 
define the first Zadeh’s intuitionistic fuzzy disjunction of (F, A) and (G,B) as the intuitionistic 
fuzzy soft set (H,C) over (U,E), written as (F, A) V z l (G,B) =(H ,C). Where C = A n B =£ 0 
and V s G A , x G U 

Hh( £ ) 00 = Max{/t F(e) (x},mm(v F(£) (x},^ G(£) (x})} 
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Vh(£)(*)= Min(v m (x) , v G(e) (x)) ) 

Example 3.3.2. Let U={a, b,c} and E ={ e 1 , e 2 , e 3 , e 4 } , A ={ e 1 , e 2 , e 4 j Q E, 
B={ e x ,e 2 ,e 3 }QE 

(F, A) ={ F(e x ) ={( (a, 0.5, 0.1), (b, 0.1, 0.8), (c, 0.2, 0.5)}, 

F(e 2 ) ={( (a, 0.7, 0.1), (b, 0, 0.8), (c, 0.3, 0.5)}, 

F(e 4 ) ={( (a, 0.6, 0.3), (b, 0.1, 0.7), (c, 0.9, 0.1)}} 



(G, A) ={ G( ei ) ={( (a, 0.2, 0.6), (b, 0.7, 0.1), (c, 0.8, 0.1)}, 
G(e 2 ) ={( (a, 0.4, 0.1), (b, 0.5, 0.3), (c, 0.4, 0.5)}, 
G(e 3 ) ={( (a, 0, 0.6), (b, 0, 0.8), (c, 0.1, 0.5)} } 



Let (F, A) M zl (G,B) =(H ,C), where C = AnB = {e 1 , e 2 } 

(H, C)={H (e 4 ) ={ (a, max(0.5, min(0.1, 0.2)), min(0.1, 0.6)) 

(b, max(0.1, min(0.8, 0.7)), min(0.8, 0.1)) 

(c, max(0.2, min(0.5, 0.8)), min(0.5, 0.1)) }, 

H (e 2 ) ={(a, max(0.7, min(0.1, 0.4)), min(0.1, 0.1)) 

(b, max(0, min(0.8, 0.5)), min(0.8, 0.3)) 

(c, max(0.3, min(0.5, 0.4)), min(0.5, 0.5))}} 

(H, C)= { H (£?!)= {(a, max(0.5, 0.1), min(0.1, 0.6)), 

(b, max(0.1, 0.7), min(0.8, 0.1)), 

(c, max(0.2, 0.5), min(0.5, 0.1))}, 

H ( e 2 )= {(a, max(0.7, 0.1), min(0.1, 0.1)), 

(b, max(0, 0.5), min(0.8, 0.3)), 

(c, max(0.3, 0.4), min(0.5, 0.5))}} 

(H, C)= { H (e 4 )= {(a, 0.5, 0.1), (b, 0.7, 0.1), (c,0.5, 0.1)}, 

H (e 2 )= {(a, 0.7, 0.1), (b, 0.5, 0.3), (c,0.4, 0.5)}} 

Proposition 3.3.3. 

(i) (<p, A) A z l (U, A) = (cp ,A) 

(ii) (<p ,A) V Z)1 (U, A) = (U, A) 

(iii) (F, A) V zl (cp ,A) = (F,A) 

Proof. 

(i) Let (cp ,A) A z i (U, A) =(H, A) , where For all s 6 A , x 6 U, we have 

/0/( £ ) 00 =min ( 0 ,1) = 0 

v H ( C )(x)= max ( 1 ,min ( 0, 0) ) =max (1 , 0)= 1 

Therefore (H, A)= (0,1), For all s G A , x 6 U 

It follows that ((cp ,A) A z l (U, A) = ( cp ,A) 

(ii) Let ( cp ,A) V z l (U, A) =(H, A) , where For all £ G A , x G U, we have 
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M//(£)( x ) = max ( 0 ,min (1,1)) =max (0 ,1)= 1 
V//(£)(*)=min( 1 ,0) = 0 

Therefore (H, A) = (1,0) , For all £ G A , x 6 U 

It follows that {(<p ,A) A zl (U, A) = (U, A) 

(iii) Let (F, A) \/ z l (<p ,A) =(H, A) , where For all s G A , x G U, we have 

/hr( £ )0) = max (fi F(£) (x) ,min (v F(e) (x), 0) ) = max 0t F(e) (x) , 0) = jU F(e) (x) 
V//( £) (x)= min (v h(£) (x) ,1) = v H(£) (x) 



Therefore (H, A) = (Hf( £ ){x) , v H ^(x )) , For all £ 6 A , x e U 
It follows that (F, A) V z l (<p ,A) =(F, A) 



Proposition 3.3.4. 

(F, A) V Zfl (G,B) —> 

Z, 1 



(H, C) ^ [(F , A) -» (H, C) ] V Zil 

Z,1 



[(G , B) ^ (H, C) ] 

Z, 1 



Proof. The proof is similar as in proposition 3.2.3 



Proposition 3.3.5. 

(i) [(F, A) A z l (G, B) ] c =(F, A) c V z>1 (G , B) c 

(ii) [(F, A) V Z)1 (G, B) ] c =(F, A) c A Zjl (G , B) c 

(iii) [(F, A) c A z l (G , B) c ] c = (F, A) V Zjl (G, B) 

Proof. 

(i) Let [(F ,A) A z l (G, B) ] c =(H, C) , where For all £ G C , x G U, we have 



[(F,A) A z l (G, B) ] c = 



MIN{/r F(fi) (x), /r G(fi) (x)}, 

MAX {v F(e) (x), min ( Ff( £ ) W.v G(£) (x))} 



MAX jv F(£) (x), min ( /t F(e) (x), v G(e) (x))} , 



[ M I N {fi F ( £ ) (x) , /r G (£) (x) } 

= (F,A) c v Zil (G , B) c 



(ii) Let [(F ,A) V z ^(G, B) ] c =(H, C) , where For all £ G C , x G U , we have 



[(F,A) V Zil (G,B)f = 



MAX |/r F(£) (x), min ( v F(£) (x), ^ G(e) (x))} , 

MIN{v f(£) (x), v G(e) (x)} 
MIN{v F(e) (x), v G(e) (x)}, 1 



[MAX j/r F(£) (x), min ( v F(e) (x), n G(s) (x))} 
= (F, A) c A z>1 (G , B) c 
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(iii) The proof is straightforward. 

The following equalities are not valid. 

(F ,A) V zl (G, B) = ( G ,B) V z ,i(F, A) 

(F,A) A Z;1 (G,B) = (G,B) A Zjl (F,A) 

1(F ,A) A Z|1 (G, B)] A z l (K, C) = ( F ,A) A z ,i [(G, B) A Z>1 (K, C)] 

1(F ,A) V z ,i(G, B)] V Zjl (K, C) = ( F ,A) V Zfl [(G, B) V Zjl (K, C)] 

1 (F ,A) A z i(G, B)] V z l (K, C) = [( F ,A) V z ,i (G, B)] A z>1 [( G,B ) V z<1 (K, C)] 

1(F ,A) V z ,i(G, B)] A z l (K, C) = [( F ,A) A Zll (G, B)] V Zjl [(G, F) A Zjl (K, C)] 

Example 3.3.6. Let U={a, b,c} and E ={ e x , e 2 , e 3 , e 4 j , A ={ e 1 , e 2 , e 4 } Q E, 
B={ e x ,e 2 ,e 3 }QE 



(F, A) ={ F(e x ) ={( (a, 0.5, 0.1), (b, 0.1, 0.8), (c, 0.2, 0.5)}, 
F(e 2 ) ={( (a, 0.7, 0.1), (b, 0, 0.8), (c, 0.3, 0.5)}, 
F(e 4 ) ={( (a, 0.6, 0.3), (b, 0.1, 0.7), (c, 0.9, 0.1)}} 



(G, A) ={ G( ei ) ={( (a, 0.2, 0.6), (b, 0.7, 0.1), (c, 0.8, 0.1)}, 
G(e 2 ) ={( (a, 0.4, 0.1), (b, 0.5, 0.3), (c, 0.4, 0.5)}, 
G(e 3 ) ={( (a, 0, 0.6), (b, 0, 0.8), (c, 0.1, 0.5)}} 



Let (F, A) A z l (G,B) =(H ,C) , where C = A n B = { e x , e 2 } 

Then (F, A) A Z|1 (G,B) = (H, C)= { H (e r ) = {(a, 0.2, 0.5), (b, 0.1, 0.8), (c,0.2, 0.5)}, 
H (e 2 )= {(a, 0.4, 0.1), (b, 0, 0), (c,0.3, 0.5)} } 

For (G, B) A z l (F, A) = (K, C) , where K = A n B = { e ± , e 2 } 

(K, C)={K (eO ={ (a, min (0.2, 0.5), max (0.6, min (0.2, 0.1))) 

(b, min (0.7, 0.1), max (0.1, min( 0.7, 0.8))) 

(c, min (0.8, 0.2), max (0.1, min (0.8, 0.5)))}, 

K (e 2 ) ={(a, min (0.7 0.4), max(0.1, min (0.4, 0.1))) 

(b, min (0.5, 0.), max(0.3, min (0.5, 0.8))) 

(c, min (0.4, 0.3), max(0.5, min (0.4, 0.5)))} } 

(K, C)= { K (ex)= {(a, min (0.2, 0.5), max (0.6, 0.1)), 

(b, min (0.7, 0.1), max (0.1, 0.7)), 

(c, min (0.8, 0.2), max (0.1, 0.5))}, 

K (e 2 )= {(a, min (0.4, 0.7), max (0.1, 0.1)), 

(b, min (0.5, 0), max (0.3, 0.5)), 

(c, min (0.4, 0.3), max (0.5, 0.4))} } 

(K, C)= { K ( ei )= {(a, 0.2, 0.6), (b, 0.1, 0.7), (c,0.2, 0.5)}, 

K (e 2 )= {(a, 0.4, 0.1), (b, 0, 0.5), (c,0.3, 0.5)} } 

Then (G, B) A Zjl (F, A) = (K, C) = { K (e ± )= {(a, 0.2, 0.6), (b, 0.1, 0.7), (c,0.2, 0.5)}, 
K (e 2 )= {(a, 0.4, 0.1), (b, 0, 0.5), (c,0.3, 0.5)} } 
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It is obviously that (F, A) !\ z l (G,B) =£ (G, B) A zl (F, A) 



Conclusion 

In this paper, three new operations have been introduced on intuitionistic fuzzy soft sets. They 
are based on First Zadeh’s implication, conjunction and disjunction operations on 
intuitionistic fuzzy sets. Some examples of these operations were given and a few important 
properties were also studied. In our following papers, we will extended the following three 
operations such as second zadeh’s IF-implication, second zadeh’s conjunction and second 
zadeh’s disjunction to the intuitionistic fuzzy soft set. We hope that the findings, in this paper 
will help researcher enhance the study on the intuitionistic soft set theory. 



References 

[1] K.T. Atanassov, ’’Intuitionistic Fuzzy Set”. Fuzzy Sets and Systems, vol. 20(1), pp.87-86, 

1986. 

[2] K.T. Atanassov and G. Gargov ,” Intuitionistic Fuzzy Logic “,C.R Academy of Bulgarian 

Society , Vol . 53, pp .9-12,1990 

[3] K.T. Atanassov , and G.Gargov, ,” Intuitionistic Fuzzy Prolog “, Fuzzy Sets and sSystems , 

Vol. 4(3), pp. 121-128, 1993 

[4] E.Szmidt and J.Kacprzyk ,” Intuitionistic Fuzzy Sets in group decision making”, Notes on 

IFS 2, pp.11-14 ,1996 

[5] S.K.De, R . Biswas and A.Roy ,”An Application of Intuitionstic Fuzzy set in medical 
diagnosis “, Fuzzy Sets and Systems, vol .117, pp 209-213 ,2001. 

[6] K.T. Atanassov .’’Intuitionistic Fuzzy Sets “, Springer Physica-Verlag ,Heidelberg,1999. 

[7] K.T. Atanassov,” On Some Intuitionstic Fuzzy Implication. Comptes Rendus de 
l’Academie bulgare des Sciences, Tome 59 , 2006 , No .1 , 19-24 

[8] K.T. Atanassov. “On Zadeh’s intuitionistic Fuzzy Disjunction and Conjunction. Notes on 
Intuitionistic Fuzzy Sets, Vol .1,2011, Nol,l-4. 

[9] K.T. Atanassov. “ Second Zadeh’s Intuitionistic Fuzzy Implication. Notes on Intuitionistic 
Fuzzy Sets, Vol .17,2011, No3 (in press) 

[10] D. A. Molodtsov, “Soft Set Theory - First Result”, Computers and Mathematics with 
Applications, Vol. 37, (1999),pp. 19-31. 

[11] P. K. Maji, R. Biswas and A.R. Roy, “Fuzzy Soft Sets”, Journal of Fuzzy Mathematics, 
Vol 9 , no.3, (2001), pp. -589-602. 

[12] B. Ahmad, and A. Kharal, “On Fuzzy Soft Sets”, Hindawi Publishing Corporation, 
Advances in Fuzzy Systems, volume Article ID 586507, (2009), 6 pages doi: 
10.1155/2009/586507. 

[13] P. K. Maji, A. R. Roy and R. Biswas, “Fuzzy Soft Sets” Journal of Fuzzy Mathematics. 9 
(3), (2001), pp.589-602. 



286 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



[14] T. J. Neog and D. K. Sut, “On Fuzzy Soft Complement and Related Properties”, Accepted 
for publication in International, Journal of Energy, Information and communications 
(IJEIC). 

[15] M. Borah, T. J. Neog and D. K. Sut,” A Study on some Operations of Fuzzy Soft Sets”, 
International Journal of Modern Engineering Research (IJMER), Vol.2, Issue. 2,(2012), 
pp. 157-168. 

[16] H. L. Yang, “Notes On Generalized Fuzzy Soft Sets”, Journal of Mathematical Research 
and Exposition, Vol 31, No. 3, (2011), pp.567-570. 

[17] P. Majumdar, S. K. Samanta, “Generalized Fuzzy Soft Sets”, Computers and Mathematics 
with Applications, 59(2010), pp. 1425- 1432. 

[18] S. Alkhazaleh, A. R. Salleh, and N. Hassan,” Possibility Fuzzy Soft Set”, Advances in 
Decision Sciences, Vol 2011, Article ID 479756, 18pages,doi:10. 1155/2011/479756. 

[19 ] P. K. Maji, R. Biswas, A. R. Roy, “Intuitionistic Fuzzy Soft Sets”, The journal of fuzzy 
mathematics 9(3)( 2001 ), pp.677-692. 

[20] K.V .Babitha and J. J. Sunil,” Generalized Intuitionistic Fuzzy Soft Sets and Its 
Applications “,Gen. Math. Notes, ISSN 2219-7184; Copyright © ICSRS Publication, 
(2011), Vol. 7, No. 2, (2011), pp.1-14. 

[21] M.Bashir, A.R. Salleh, and S. Alkhazaleh,” Possibility Intuitionistic Fuzzy Soft Set”, 
Advances in Decision Sciences Volume 2012 (2012), Article ID 404325, 24 pages, 
doi: 10. 1155/2012/404325. 



Published in Journal of New Results in Science , No. 4, 2014, lip. 



287 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



Relations on Interval Valued Neutrosophic Soft Sets 

Said Broumi, Irfan Deli and Florentin Smarandache 



Abstract. Anjan Mukherjee [43] ntroduced the concept of interval valued intuitionstic fuzzy 
soft relation. In this paper we will extend this concept to the case of interval valued 
neutrosophic soft relation( IVNSS relation for short) which can be discussed as a 
generalization of soft relations, fuzzy soft relation, intuitionstic fuzzy soft relation, interval 
valued intuitionstic fuzzy soft relations and neutrosphic soft relations [44]. Basic operations 
are presented and the various properties like reflexivity, symmetry, transitivity of IVNSS 
relations are also studied. 



Keywords: Neutrosophic soft sets, Interval valued neutrosophic soft sets, Interval valued 
neutrosophic soft relation. 



I.Introduction 

In 1999, Florentin Smarandache introduced the theory of neutrosophic set (NS) [1] , which is the 
generalization of the classical sets, conventional fuzzy set [2], intuitionistic fuzzy set [3] and interval 
valued fuzzy set [4]. This concept has been successfully applied to many fields such as Databases 
[5,6], Medical diagnosis problem [7] , Decision making problem [8], Topology [9 ], control theory 
[10] etc .The concept of neutrosophic set handle indeterminate data whereas fuzzy set theory, and 
intuitionstic fuzzy set theory failed when the relation are indeterminate. 

Presently work on the neutrosophic set theory is progressing rapidly. Bhowmik and M.Pal [11,12] 
defined “intuitionistic neutrosophic set”. Later on A.A.Salam, S.A.Alblowi [13] introduced another 
concept called “Generalized neutrosophic set”. Wang et al [14] proposed another extension of 
neutrosophic set which is” single valued neutrosophic”. Also Wang et al [15 ] introduced the notion 
of interval valued neutrosophic set which is an instance of neutrosophic set. It is characterized by an 
interval membership degree, interval indeterminacy degree and interval non-membership degree. 
K.Geogiev [ 16] Ye [ 17, 18], P. Majumdar and S.K. Samant [19 ] .S. Broumi and F. Smarandache 
[20,21 ,22 ] L.Peid [23 , ] and so on 

In 1999 a Russian researcher , Molodotsov proposed an new mathematical tool called” Soft set 
theory [ 24], for dealing with uncertainty and how soft set theory is free from the parameterization 
inadequacy syndrome of fuzzy set theory , rough set theory, probability theory. 
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Although there many authors [ 25,26,27,28,29,32,33] have contributed a lot towards fuzzification 
which leads to a series of mathematical models such as Fuzzy soft set generalized fuzzy soft set, 
possibility fuzzy soft set, fuzzy parameterized soft set and so on, intuitionstic fuzzy soft set which is 
based on a combination of the intuitionstic fuzzy sets and soft set models. Later a lot of extentions of 
intuitionistic fuzzy soft [34] are appeared such as Generalized intuitionistic fuzzy soft set [35], 
Possibility Intuitionistic Fuzzy Soft Set [36] and so on . Few studies are focused on neutrosophication 
of soft set theory. In [37] P.K.Maji, first proposed a new mathematical model called “Neutrosophic 
Soft Set” and investigate some properties regarding neutrosophic soft union, neutrosophic soft 
intersection complement of a neutrosophic soft set ,De Morgan law etc. Furthermore , in 2013, 
S.Broumi and F. Smarandache [38] combined the intuitionistic neutrosophic and soft set which lead 
to a new mathematical model called” intutionistic neutrosophic soft set”. They studied the notions of 
intuitionistic neutrosophic soft set union, intuitionistic neutrosophic soft set intersection, complement 
of intuitionistic neutrosophic soft set and several other properties of intuitionistic neutrosophic soft set 
along with examples and proofs of certain results. Also ,in [39] S.Broumi presented the concept of 
“Generalized neutrosophic soft set” by combining the Generalized Neutrosophic Sets [40] and Soft 
set Models , studied some properties on it, and presented an application of Generalized Neutrosophic 
Soft Set [39] in decision making problem. S.Broumi and F.smarandache [41 ] introduced the 
necessity and possibility operators on intuitionstic neutrosophic and investigated some properties. 



Recently, Irfan Deli [42 ] introduced the concept of interval valued neutrosophic soft set [42] as a 
combination of interval neutrosophic set and soft set. This concept generalizes the concept of the soft 
set [24 ], fuzzy soft set [26 ], intuitionstic fuzzy soft set [34 ], interval valued intuitionstic fuzzy soft 
set[43] ,the concept of neutrosophic soft set[37] and intuitionistic neutrosophic soft set [38]. 

This paper is an attempt to extend the concept of interval valued intuitionistic fuzzy soft relation 
(IVIFSS-relations) introduced by A.Mukherjee et al [45 ]to IVNSS relation . 

The organization of this paper is as follow : In section 2, we briefly present some basic definitions and 
preliminary results are given which will be used in the rest of the paper. In section 3, relation interval 
neutrosophic soft relation is presented. In section 4 varouis type of interval valued neutrosophic soft 
relations. In section 5, we concludes the paper. 



ILPreliminaries 

Throughout this paper, let U be a universal set and E be the set of all possible parameters under 
consideration with respect to U, usually, parameters are attributes , characteristics, or properties of 
objects in U. We now recall some basic notions of neutrosophic set , interval neutrosophic set ,soft set 
, neutrosophic soft set and interval neutrosophic soft set. 

For more details, the reader may refer to [ 5,6,8,9,12]. 

Definition 1 (see[3]).Neutrosophic set 

Let U be an universe of discourse then the neutrosophic set A is an object having the form A = {< x: 
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|Ll A( x ), V A (x)» a(x) >,x ^ U}, where the functions p, V, 0) : U^] 0,l + [ define respectively the degree 
of membership , the degree of indeterminacy, and the degree of non-membership of the element x €= 
X to the set A with the condition. 

0 A(x) + V A(x) + (O A(x) ^ 3 + . 

From philosophical point of view, the neutrosophic set takes the value from real standard or non- 
standard subsets of ]“0,l + [.so instead of ]“0,l + [ we need to take the interval [0,1] for 
technical applications, because ]“0,l + [will be difficult to apply in the real applications such as in 
scientific and engineering problems. 

Definition 2 (see [3]). A neutrosophic set A is contained in another neutrosophic set B i.e. A ^ B 
if Vx E U, n A (x) < Fb(x), v A (x) < v B (x), O) A (x) > O) B (x). 

A complete account of the operations and application of neutrsophic set can be seen in [3 ] [10 ]. 

Definition 3 (see[7]). Interval neutrosophic set 

Let X be a space of points (objects) with generic elements in X denoted by x. An interval valued 
neutrosophic set (for short IVNS) A in X is characterized by truth-membership function q A (x), 
indeteminacy-membership function v A (x) and falsity-membership function o) A (x). For each point x 
in X, we have that |i A (x), v a (x), <ji> a (x) E [0,1]. 

For two IVNS , 4 IVN s =1 < x > [Fa( x )> Fa 00] > 1 v a( x )< v a( x )1 - [“aW. <*>a 09] > I x 6 X } 

And B IV ns ={ <x > [Fb( x )’ Fb( x )1 > [v B (x)< v b 09] - [o) B (x)< <j0 b( x )] > I x G X } the two relations are 
defined as follows: 

(1) 4 ivns ^ #ivns if and only if ^(x) < H b (x),Fa09 ^ FbOO A a (x) > vfe(x) , o>J((x) > o)g(x) , 
<*>a( x ) > FtofeCx) , (oX(x) > <og(x) 

(2) 4 IVN s = B wns if and only if, n A (x) =^ B (x) ,v A (x) =v B (x) , cn A (x) =cn B (x) for any x 6 X 
As an illustration Jet us consider the following example. 

Example l.Assume that the universe of discourse U={x!,X 2 ,x 3 }, where xi characterizes the capability, 
x2 characterizes the trustworthiness and x3 indicates the prices of the objects. It may be further 
assumed that the values of Xi, x 2 and x 3 are in [0,1] and they are obtained from some questionnaires of 
some experts. The experts may impose their opinion in three components viz. the degree of goodness, 
the degree of indeterminacy and that of poorness to explain the characteristics of the objects. Suppose 
A is an interval neutrosophic set (INS) of U, such that, 

A = {< x 1? [0.3 0.4], [0.5 0.6], [0.4 0.5] >,< x 2 , ,[0.1 0.2], [0.3 0.4], [0.6 0.7]>,< x 3 , [0.2 0.4], [0.4 
0.5], [0.4 0.6] >}, where the degree of goodness of capability is 0.3, degree of indeterminacy of 
capability is 0.5 and degree of falsity of capability is 0.4 etc. 

Definition 4 (see [4]). Soft set 

Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the power set of U. 
Consider a nonempty set A, A c E. A pair (K, A) is called a soft set over U, where K is a mapping 
given byK: A-P(U). 

As an illustration Jet us consider the following example. 

Example 2 .Suppose that U is the set of houses under consideration, say U = {h 1? h 2 , . . ., h 5 }. Let E 
be the set of some attributes of such houses, say E = {ei, e 2 , . . ., e 8 }, where ei, e 2 , . . ., e 8 stand for the 
attributes “beautiful”, “costly”, “in the green surroundings’”, “moderate”, respectively. 

In this case, to define a soft set means to point out expensive houses, beautiful houses, and so on. For 
example, the soft set (K,A) that describes the “attractiveness of the houses” in the opinion of a buyer, 
say Thomas, may be defined like this: 
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A={ei,e2,e 3 ,e4,e 5 }; 

K( ei ) = {h 2 , h 3 , h 5 }, K(e 2 ) = {h 2 , h 4 }, K(e 3 ) = {hi}, K(e 4 ) = U, K(e 5 ) = {h 3 , h 5 }. 



Definition 5 [ ] ( interval neutrosophic soft set) . 

Let U be an initial universe set and A c E be a set of parameters. Let IVNS(U) denotes the set of all 
interval neutrosophic subsets of U. The collection (K,A) is termed to be the soft interval neutrosophic 
set over U, where F is a mapping given by K : A — » IVNS(U). 

The interval neutrosophic soft set defined over an universe is denoted by INSS. 

To illustrate let us consider the following example: 

Let U be the set of houses under consideration and E is the set of parameters (or qualities). Each 
parameter is a interval neutrosophic word or sentence involving interval neutrosophic words. Consider 
E = { beautiful, costly, in the green surroundings, moderate, expensive } . In this case, to define a 
interval neutrosophic soft set means to point out beautiful houses, costly houses, and so on. Suppose 
that, there are five houses in the universe U given by, U = {hi,h 2 ,h 3 ,h 4 ,h 5 } and the set of parameters A 
= {ei,e 2 ,e 3 ,e 4 }, where each e, is a specific criterion for houses: 

ei stands for ‘beautiful’, 
e 2 stands for ‘costly’, 
e 3 stands for ‘in the green surroundings’, 
e 4 stands for ‘moderate’ , 

Suppose that, 

K(beautiful)={< h 1; [0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< h 2 ,[0.4, 0.5], [0.7 ,0.8], [0.2, 0.3] >, < h 3 ,[0.6, 
0.7], [0.2 ,0.3], [0.3, 0.5] >,< h 4 ,[0.7 ,0.8], [0.3, 0.4], [0.2, 0.4] >,< h 5 ,[ 0.8, 0.4] ,[0.2 ,0.6],[0.3, 0.4] 
>}.K(costly)={< bi, [0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< h 2 ,[0.4, 0.5], [0.7 ,0.8], [0.2, 0.3] >, < ha, [0.6, 
0.7], [0.2 ,0.3], [0.3, 0.5] >,< h 4 ,[0.7 ,0.8], [0.3, 0.4], [0.2, 0.4] >,< h 5 ,[ 0.8, 0.4] ,[0.2 ,0.6], [0.3, 0.4] >}. 

K(in the green surroundings )= {< h!,[0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< b 2 ,[0.4, 0.5], [0.7 ,0.8], [0.2, 
0.3] >, < h 3 ,[0.6, 0.7], [0.2 ,0.3], [0.3, 0.5] >,< h 4 ,[0.7 ,0.8], [0.3, 0.4], [0.2, 0.4] >,< h 5 ,[ 0.8, 0.4] ,[0.2 
,0.6], [0.3, 0.4] >}.K(moderate)={< ^,[0.5, 0.6], [0.6, 0.7], [0.3, 0.4]>,< h 2 ,[0.4, 0.5], [0.7 ,0.8], [0.2, 0.3] 
>, < h 3 ,[0.6, 0.7], [0.2 ,0.3], [0.3, 0.5] >,< h 4 ,[0.7 ,0.8],[0.3, 0.4], [0.2, 0.4] >,< h 5 ,[ 0.8, 0.4] ,[0.2 ,0.6], [0.3, 
0.4] >}. 



III.Relations on Interval Valued Neutrosophic Soft Sets 



Definition 6. 

Let U be an initial universe and (F,A) and (G,B) be two interval valued neutrosophic soft set . 
Then a relation between them is defined as a pair (H, AxB), where H is mapping given by H: 
AxB->IVNS(U). This is called an interval valued neutrosophic soft sets relation ( IVNSS- 
relation for short).the collection of relations on interval valued neutrosophic soft sets on Ax 
Bover U is denoted by cry (Ax B) 
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Remark 1: Let U be an initial universe and (F ls A 4 ),( F 2 , A 2 )„...,( F n , A n ), be n numbers of 
interval valued neutrosophic soft sets over U. Then a relation a between them is defined as a 
pair (H, A 1 xA 2 x...xA n ), where H is mapping given by H: A 1 xA 2 x.... xA n -» IVIFS(U) 

Example 3. (i) Let us consider an interval valued neutrosophic soft set (F,A) which describes 
the 'attractiveness of the houses' under consideration. Let the universe set U ={h 4 , h 2 , h 3 , 
h 4 , h 5 }.and the set of parameter A={beautiful(e 1 ), in the green surroundings (e 3 )}. 



Then the tabular representation of the interval valued neutrosophic soft set (F, A) is given 
below: 



u 


beautiful^) 


in the green 
surroundings (e 3 ) 


hi 


([0.5, 0.6], [0.3 0.8], [0.3, 0.4]) 


([0.2, 0.6], [0.1, 0.3], [0.2, 0.8]) 


h 2 


([0.2, 0.5], [0.4, 0.7], [0.5, 0.6]) 


([0.4, 0.5], [0.3, 0.5], [0.2, 0.4]) 


h 3 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0.2, 0.3], [0.1, 0.3], [0.4, 0.5]) 


h 4 


([0.1, 0.7], [0.2, 0.4], [0.6, 0.7]) 


([0.5, 0.6], [0.4, 0.5], [0.3, 0.4]) 


h 5 


([0.4, 0.5], [0.3, 0.5], [0.2, 0.4]) 


([0.3, 0.6], [0.2, 0.3], [0.5, 0.6]) 



(ii) Now Let us consider an interval valued neutrosophic soft set (G,A) which describes the 
'cost of the houses' under consideration. Let the universe set U ={h 1 , h 2 , h 3 , h 4 , h 5 }. and the 
set of parameter A={costly(e 2 ), moderate (e 4 )}. 

Then the tabular representation of the interval valued neutrosophic soft set (G, b) is given 
below: 



u 


costly(e 2 ) 


moderate (e 4 ) 


hi 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


h 2 


([0.6, 0.8], [0.3, 0.4], [0.1, 0.7]) 


([0.1, 0.5], [0.4, 0.7], [0.5, 0.6]) 


h 3 


([0.3, 0.6], [0.2, 0.7], [0.3, 0.4]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


h 4 


([0.6, 0.7], [0.3, 0.4], [0.2, 0.4]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


h 5 


([0.2, 0.6], [0.2, 0.4], [0.3, 0.5]) 


([0.5, 0.6], [0.6, 0.7], [0.3, 0.4]) 



Let us consider the two IVNSS-relations P and Q on the two given interval valued 
neutrosophic soft sets given below: 

P= (H, A xB) 



u 


(e± ,e 2 ) 


(ei ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


HI 


([0.2, 0.4], [0.3, 0.4], [0.1, 0.2]) 


([0.3, 0.4], [0.3, 0.5], [0.3, 0.4]) 


([0.3, 0.5], [0.3, 0.4], [0.3, 0.5]) 


([0.4, 0.5], [0.3, 0.6], [0.2, 1]) 


h 2 


([0.1,0. 3], [0.4, 0.5], [1, 1]) 


([0.1, 0.2], [0, 0], [0.2, 0.4]) 


([0.4, 0.5], [0.1, 0.3], [0.2, 0.4]) 


([0.3, 0.5], [0.2, 0.4], [0.4, 0.5] 


h 3 


([0.2, 0.6], [0.1, 0.4], [0.2, 0.4]) 


([0.2, 0.6], [0.1, 0.3], [1, 1]) 


([0.2, 0.3], [0.1, 0.3], [0.3, 0.6]) 


([0.2, 0.5], [0.2, 0.3], [0,0.4]) 


h 4 


([0.2, 0.4], [0.3, 0.5], [0, 1]) 


([0.3, 0.4], [0.4, 0.5], [0.1, 0.2]) 


([0.3, 0.4], [0.3, 0.4], [0.4, 0.5]) 


([0, 0.2], [0.4, 0.5], [0.6, 0.7]) 
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Q= (J,A xB) 



u 


(e i ,e 2 ) 


(e± ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


Hj 


([0.2, 0.4], [0.3, 0.4], [0.1, 0.2]) 


([0.3, 0.4], [0.3, 0.5], [0.3, 0.4]) 


([0.3, 0.5], [0.3, 0.4], [0.3, 0.5]) 


([0.4, 0.5], [0.3, 0.6], [0.2, 1]) 


h 2 


([0.1,0. 3], [0.4, 0.5], [1, 1]) 


([0.1, 0.2], [0, 0], [0.2, 0.4]) 


([0.4, 0.5], [0.1, 0.3], [0.2, 0.4]) 


([0.3, 0.5], [0.2, 0.4], [0.4, 0.5] 


h3 


([0.2, 0.6], [0.1, 0.4], [0.2, 0.4]) 


([0.2, 0.6], [0.1, 0.3], [1, 1]) 


([0.2, 0.3], [0.1, 0.3], [0.3, 0.6]) 


([0.2, 0.5], [0.2, 0.3], [0,0.4]) 


h 4 


([0.2, 0.4], [0.3, 0.5], [0, 1]) 


([0.3, 0.4], [0.4, 0.5], [0.1, 0.2]) 


([0.3, 0.4], [0.3, 0.4], [0.4, 0.5]) 


([0, 0.2], [0.4, 0.5], [0.6, 0.7]) 



The tabular representations of P and Q are called relational matrices for P and Q respectively. 
From above we have , |%( ei e 2 )( h i)= [ 0.2 ,0.3] , u H ( ei e 2 )( h 2 ) =[ 0.3 , 0.4] and a> H ( e . e .) = . 

But this intervals lie on the 1st row- 1st column and 2nd row -1st column respectively. So we 
denote H H (e 1> e 2 )( h i)l(i,i)= [°- 2 » °- 3 l and u H( ei ,e 2 )( h 2 )l(i,i) =1 0.3 , 0.4] and o> H ( ei , ej ) l(i ,i) = 
[0.3, 0.4] etc to make the clear concept about what are the positions of the intervals in the 
relational matrices. 

Defintion 7 : The order of the relational matrix is ( 9, A ), where 9 = number of the universal 
points and A = number of pairs of parameters considered in the relational matrix. In example 
3 both the relational matrix for P and Q are of order (5,4). If 9 = A ,then the relational matrix 
is called a square matrix 



Defintion 8. Let P , Q G a v (Ax B), P= (H, AxB) ,Q = (J, AxB) and the order of their 
relational matrices are same.Then we define 

(i) PUQ=(HiJ, AxB) where Ha J :AxB ^IYNS(U) is defined as 

(H a J)( e i: ej)= H(e^ep V J(ey ep for (e^ep G A x B, where V denotes the interval 
valued neutrosophic union. 

(ii) P n Q= ( H oJ, AxB) where H«J :AxB ->IVNS(U) is defined as (H«J)( e £ e y )= 
H (e^ep A J (e^ep for (ey ep G A x B, where A denotes the interval valued 
neutrosophic intersection 

(iii) P c = (~H, AxB) , where ~H :AxB -^IVNS(U) is defined as 

~H( Cj ep=[H(ej ep] c for (e^ey) G A x B, where c denotes the interval valued 
neutrosophic complement. 

Example 4 .Consider the interval valued neutrosophic soft sets (F,A) and (G,B) given in 
example 3. Let us consider the two IVNSS -relations P 1 and Q 1 given below: 

P 1= (J, A x B): 
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u 


(ei ,e 2 ) 


(e 1 ,e 4 ) 


(g 3 ,e 2 ) 


(e 3 ,g 4 ) 


HI 


([0.2, 0.4], [0.3, 0.4], [0.1, 0.2]) 


([0.3, 0.4], [0.3, 0.5], [0.3, 0.4]) 


([0.3, 0.5], [0.3, 0.4], [0.3, 0.5]) 


([0.4, 0.5], [0.3, 0.6], [0.2, 1]) 


h 2 


([0.1,0. 3], [0.4, 0.5], [1, 1]) 


([0.1, 0.2], [0, 0], [0.2, 0.4]) 


([0.4, 0.5], [0.1, 0.3], [0.2, 0.4]) 


([0.3, 0.5], [0.2, 0.4], [0.4, 0.5] 


h 3 


([0.2, 0.6], [0.1, 0.4], [0.2, 0.4]) 


([0.2, 0.6], [0.1, 0.3], [1, 1]) 


([0.2, 0.3], [0.1, 0.3], [0.3, 0.6]) 


([0.2, 0.5], [0.2, 0.3], [0,0.4]) 


h 4 


([0.2, 0.4], [0.3, 0.5], [0, 1]) 


([0.3, 0.4], [0.4, 0.5], [0.1, 0.2]) 


([0.3, 0.4], [0.3, 0.4], [0.4, 0.5]) 


([0, 0.2], [0.4, 0.5], [0.6, 0.7]) 



Qi=( j, a x B): 





(ei ,e 2 ) 


(gi ,e 4 ) 


(g 3 ,g 2 ) 


(g 3 ,e 4 ) 




([0.5, 0.8], [0.1, 0.2], [0.1, 0.2]) 


([0.2, 0.3], [0.3, 0.6], [0.3, 0.4]) 


([0.2 0.5], [0.3, 0.5], [0.2, 0.4]) 


([0.2, 0.4], [0.2, 0.3], [1, 1]) 




([0.4, 0.5], [0.2, 0.4], [1, 1]) 


([0.4, 0.6], [0.2, 0.3], [0.2, 0.4]) 


([0.4, 0.5], [0.4, 0.5], [0.2, 0.5]) 


([0.4, 0.5], [0.1, 0.2], [1, 1]) 




([0.2, 0.3], [0.5, 0.6], [0.2, 0.4]) 


([0.3, 0.4], [0.4, 0.5], [1, 1]) 


([0.7, 0.8], [0.1, 0.2], [0.2, 0.5]) 


([0.3, 0.5], [0.3, 0.4], [0,0.4]) 




([0.3, 0.5], [0.3, 0.4], [0, 1]) 


([0.3, 0.5], [0.2, 0.4], [0.1, 0.2]) 


([0.2, 0.4], [0.2, 0.3], [0,0.5]) 


([0.3, 0.7], [0.1, 0.3], [0.6, 0.7]) 



Then P 1 U Q 1 : 





(ei ,e 2 ) 


(gi ,e 4 ) 


( e 3 i e 2 ) 


(g 3 ,e 4 ) 




([0.5, 0.8], [0.1, 0.2], [0.1, 0.2]) 


([0.3, 0.4], [0.3, 0.5], [0.3, 0.4]) 


([0.3 0.5], [0.3, 0.4], [0.2, 0.4]) 


([0.4, 0.5], [0.2, 0.3], [0.2, 1]) 




([0.4, 0.5], [0.2, 0.4], [1, 1]) 


([0.4, 0.6], [0.2, 0.3], [0.2, 0.4]) 


([0.4, 0.5], [0.1, 0.3], [0.2, 0.4]) 


([ 0 . 4 , 0 . 5 ], [ 0 . 1 , 0 . 2 ], [ 0 . 4 , 0 . 5 ]) 




([0.2, 0.6], [0.1, 0.4], [0.2, 0.4]) 


([0.3, 0.6], [0.1, 0.3], [1, 1]) 


([0.7, 0.8], [0.1, 0.2], [0.2, 0.5]) 


([0.3, 0.5], [0.3, 0.4], [0,0.4]) 




([0.3, 0.5], [0.3, 0.4], [0, 1]) 


([0.3, 0.5], [0.2, 0.4], [0.1, 0.2]) 


([0.3, 0.4], [0.2, 0.3], [0,0.5]) 


([0.3, 0.7], [0.1, 0.3], [0.6, 0.7]) 



Pi n Q 1 : 



u 

HI 

h 2 

h 3 

h4 



(gi ,e 2 ) 

([0.2, 0.4], [0.3, 0.4], [0.1, 0.2]) 
([0.1, 0.3], [0.4, 0.5], [1, 1]) 
([0.2, 0.3], [0.5, 0.6], [0.2, 0.4]) 
([0.2, 0.4], [0.3, 0.5], [0, 1]) 



(gi ,g 4 ) 

([0.2, 0.3], [0.3, 0.6], [0.3, 0.4]) 
([0.1, 0.2], [0.2, 0.3], [0.2, 0.4]) 
([0.2, 0.4], [0.4, 0.5], [1, 1]) 
([0.3, 0.4], [0.4, 0.5], [0.1, 0.2]) 



(g 3 ,g 2 ) 

([0.2 0.5], [0.3, 0.5], [0.3, 0.5]) 
([0.4, 0.5], [0.4, 0.5], [0.2, 0.5]) 
([0.7, 0.8], [0.1, 0.3], [0.3, 0.6]) 
([0.2, 0.4], [0.3, 0.4], [0.4, 0.5]) 



(g 3 ,g 4 ) 

([0.2, 0.4], [0.3, 0.6], [1, 1]) 
([0.3, 0.5], [0.2, 0.4], [1, 1]) 
([0.2, 0.5], [0.3, 0.4], [0,0.4]) 
([0, 0.2], [0.4, 0.5], [0.6, 0.7]) 



Pi 



c 



U 

HI 

h 2 



(gi ,g 2 ) 

([0.1, 0.2], [0.6, 0.7], [0.2, 0.4]) 
([1, 1],[0.5, 0.6], [0.1, 0.3]) 



(gi ,e 4 ) 

([0.3, 0.4], [0.5, 0.7], [0.3, 0.4]) 
([0.2, 0.4], [1, 1], [0.1, 0.2]) 



(g 3 ,g 2 ) 

([0.3 0.5], [0.6, 0.7], [0.3, 0.5]) 
([0.2, 0.4], [0.7, 0.9], [0.4, 0.5]) 



(e 3 ,e 4 ) 

([0.2, 1],[0.4, 0.7], [0.4, 0.5]) 
([0.4, 0.5], [0.6, 0.8], [0.3, 



h 3 

h4 



0.5]) 



([0.2, 0.4], [0.6, 0.9], [0.2, 0.6]) ([1, 1],[0.7, 0.9], [0.2, 0.6]) 

([0, 0.1], [0.5, 0.7], [0.2, 0.4]) ([0.1, 0.2], [0.5, 0.6], [0.3, 0.4]) 



([0.3, 0.6], [0.7, 0.9], [0.2, 0.3]) 
([0.4, 0.5], [0.6, 0.7], [0.3, 0.4]) 



([0, 0.4], [0.7, 0.8], [0.2, 0.5]) 
([0.6, 0.7], [0.5, 0.6], [0,0.2]) 
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Theorem 1. Let P, Q , R 6 a v (Ax B) and the order of their relational matrices are 
same.Then the following properties hold: 

a) (P U Q) c =P C n Q c 

b) (P n QY =P C U Q c 

c) P U (Q U R)=(P U Q) U R 

d) P n (Q n R)=(P n Q) n R 

e) Pn(QuR)=(PnQ)u(PnR) 

f) Pu(QnR)=(PuQ)n(PuR) 

Proof, a) let P= (H, AxB), Q =(J,AxB) .then P U Q = (H ■ J ,AxB), where H ■ J: Ax B 
->IVNS(U) is defined as 

( H ■ J) ( e £ , ej ) = H(e £ , e ; - ) V J(ej, e ; - ) for (e £ , e ; - )6 A x B. 

So (P U QY= (~H bJ, A xB), where ~H ■ J:A xB^IVNS(U) is defined as (~H ■ J) (e f , e y ) 
=[H( e t ,ej) V Ke u ej)] c 

=[{< h k , n H ( e( ey ) ( h k )- ( h k )- ^ H ( e ,, ey ) ( h k ) >: h k E U} V {< 

h k . H|( eie/ ) ( h k )- (hk ), ( h k ) > : h k E U>] 



={< h k , [max (inf n H ( e . e; )(h k ),infHj( e . ey )(h k ),max (sup P H ( ei , ej )( h k). supp,( e . ey )(h k )], 

[min (inf u H(e . ey) (h k ), infu j(e . . e ,)(h k ), min (sup u H ( e . ey )(h k ), supu j(e . e .)(h k )], 

[min (inf o) H ( ei>e; )( h k X infto j( ei ,e ; )( h k )- min (sup o) H ( ei>e; )( h k X supco J(e . e .)(h k )] > : h k € U} c 
={<h k , [min (infm H ( e . ey )(h k ),infa) J( - e . e .)(h k ),min (sup a) H ( e . e .)(h k ),supco J( - e . e .)(h k )], 

[1- min (sup u H ( e . ey )(h k ), supu j(e . ej) (h k ) ,1- min (inf u H ( e . ey )(h k ), infu j(e . ey) (h k )], 

[max(infp H(e . ey) (h k ),infp j(e . ey) (h k ),max(supp H ( e . ey )(h k ),supp J ( e . ey )(h k )] >:h k € UJ 

Now P c nQ c = (~H ,A X B) n (~J ,A x B) , where ~H , ~J: A xB^IYNS(U) are defined as 

~ H(e £ , ej )= [H (e £ e ; )] c and ~ J(e £ , ej )= [J (e^e,-)] c for (e ; - ep e A x B, we have 

(~H ,A x B) n (~J ,A x B) =(~H o~J, AxB) ( e u ej ) 

Now for (e^ e,- ) G A x B., (~H o~J) (e £ , e,- )= ~H(e,-, e,- ) A~J(e £ , e,- )= 



{ < h k , [inf (x> H{e . ej) (h k ), SupU) H(e . e .) (h k )] , [1 - Sup u H(e , c (h k ). 1 “ inf u H ( ej , ey ) (h k )], [inf p H ( ej , ej ) ( h k ), Supp H(e , e (h k )] > : h k e U } 
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A{< h k , [inf a) J ( e . e .)(h k ),SupCO j(e . e .)(h k )], [1 - Sup u j(e . ej ) (h k ), 1 - inf u j(e . e (h k )], [inf p,( ejey )(h k ),Supp j(e . e .)(h k )] > : h k e U) 

= { <h k , [min (inf W H ( ei e; ) (h k ), inf C0 H ( ej ej) ( h k )). min (SupCOp H(e . e .) (h k ), SupCO j(e . e .) (h k ), ], 

[ max ((1 - Supu H(e . e .)(h k )), (1 - Sup u j(eie .)(h k ))) , max ((1 - infu H(e . e .)(h k )), (1 - inf u, (e . (h k ))) ] , 
[max(infp H ( e . ej )(h k ),infp,( e . ej )(h k )), max (Sup p H ( e . e/ ) (h k ), Sup p,( e . ej ) (h k ))] > : h k e U) 



={<h k , [min (infw H( - e . e .)(h k ),inf(o I( - e . e .)(h k ),min (sup w H( - e . e .)(h k ),sup(o J( - e . e .)(h k )], 

[1- min (sup u H ( e . e .)(h k ), supu j(e . e .)(h k ) ,1- min (inf u H(e . e .)(h k ), infu j(e . e .)(h k )], 
[max(infp H ( e . e .)(h k ),infp j(e . e .)(h k ),max(supp H( - e . e .)(h k ),supp I( - e . e .)(h k )] >:h k e U} 



Then , (P U Q) c =P C 0 Q c 



b) Proof is similar to a) 



c) let P= (H, AxB), Q =(J, AxB) and R= (K, AxB).Then P U Q = (H ■ J, A XB), where 
H ■ J : A xB->IVNS(U) is defiend as (Hb J) (e t e ; ) =H(e ; -, e ; - ) V J (e t , e ; - ) for (ej e ; ) 6 A x B . 
So ( P U(?)U R=(( H bJ) bK, AxB), where ( H bJ) bK : A xB^IVNS(U) is defined as 
for (ejej) e A x B ( H B J) iK ) (e ; e ; ) = H (e t , e ; - ) V J (e t , ) V K (e t , e ; - ) .Now as 



(H(ej, ej ) V J (ej, e ; - )) V K (e*, ) = H (e^ ) V (J(ef, e ; - ) V K (e £ , )).therefore 

(HiJ)iK) (ejej) =((Hb(JbK )) (e ; e y ). Also we have PU(QUR)=(P U Q) U R=( H B (J 
BK),AxB).consequently, P U (Q U R)=(P U Q) U R 

d) Proof is similar to c) 

e) let P= (H, AxB), Q =(J,AxB) and R= (K, AxB). Then Q U R = (J bK, A XB), where 

J bK: A xB^IYNS(U) is defiend as (J bK) (e i e j ') = J (ej, ej ) V K(ej, e ; - ) for (ejej) G A x B . 

Then P n (Q U R)=(( Ho (J bK), AxB), where Ho (J bK): A xB^IYNS(U) is defined as 

for (ejej) G A x B, (Ho (J iK)) (e ; -e ; ) = H(e h e } ) A (J(e f , e y ) V K(e h e } )) . 

since U(e h e } ) A (J (e t , ej ) V K(e h e } )) =(H(e i5 e } ) A (J(e h e } )) v( U(e t , e } ) A K(e h ej )).We 
have (Ho (J iK)) (ejej) = (H (e t , ej ) A (J (e t , ej )) V( U(e h e } ) A K(e t , ej )). 

Also we have (PnQ) U(Pn R)= (HoJ, AxB) U (H o K, AxB) =(( Ho J) b(HoK),A xB) Now for 
(ejej) G A x B , (( Ho J) b(HoK)) (e y ej) = (Ho J)(e ; - ej) V (Ho K) (ej ej) =( H (e u e ; - ) A J(e u ej 
)) V (H(ej, ej ) A K(e t , ej )) =(Ho (J iK)) (ejej). consequently, P (T (Q U R)=(P (T Q) U (P n 
R). 



f)Proof is similar to e) 
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Definition 9. Let P, Q 6 ay (Ax B ) and the ordre of their relational matrices are same. Then 
P Q Q if H (ey ey) Q J (ey ey) for (e ; - ej) 6 A x B where P=(H, A x B) and Q = (J, A x B) 

Example 5: 

P 



u 


(e± ,e 2 ) 


(e 1 ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


hi 


([ 0 . 2 , 0 . 3 ], [ 0 . 2 , 0 . 3 ], [ 0 . 4 , 0 . 5 ]) 


([0.2, 0.3], [0.7, 0.8], [0.2, 0.4]) 


([0.3, 0.4], [0.7, 0.8], [0.2, 0.5]) 


([0.4, 0.6], [0.7, 0.8], [0.5, 0.6]) 


h 2 


([0.4, 0.5], [0.3, 0.5, [0.2, 0.8]) 


([1,1], [0, 0],[0, 0]) 


([0.1, 0.5], [0.4, 0.7], [0.5, 0.6]) 


([0.1, 0.3], [0.4, 0.7], [0.5, 0.6]) 


h 3 


([0.2, 0.4], [0.3, 0.4], [0.3, 0.4]) 


([0.3, 0.5, [0.4 0.6], [0.2, 0.5]) 


([1,1], [0, 0],[0, 0]) 


([0.1, 0.2], [0.4, 0.5], [0.3, 0.5]) 


h4 


([0.3, 0.5], [0.3, 0.4], [0.3, 0.6]) 


([0.2, 0.3], [0.7, 0.9], [0.4, 0.5]) 


([0.3, 0.4], [0.7, 0.9], [0.3, 0.4]) 


([ 0 . 2 , 0 . 3 ], [ 0 . 3 , 0 . 5 ], [ 0 . 5 , 0 . 6 ]) 



Q 



u 


6?i ,e 2 ) 


(e 4 ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


hi 


([ 0 . 3 , 0 . 4 ], [ 0 . 1 , 0 . 2 ], [ 0 . 3 , 0 . 4 ]) 


([0.4, 0.6], [0.3, 0.5], [0.1, 0.4]) 


([0.5, 0.6], [0.3, 0.5], [0.1, 0.4]) 


([0.5, 0.7], [0.2, 0.3], [0.3, 0.4]) 


h 2 


([0.6, 0.8], [0.3, 0.4], [0.1, 0.7]) 


([1,1], [0, 0],[0, 0]) 


([0.3, 0.6], [0.1, 0.3], [0.2, 0.3]) 


([0.3, 0.5], [0.3, 0.5], [0.2, 0.4]) 


h 3 


([0.3, 0.6], [0.2, 0.3], [0.1, 0.2]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


([1,1], [0, 0],[0, 0]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


h4 


([0.6, 0.7], [0.1, 0.2], [0.2, 0.4]) 


([0.3, 0.4], [0.4, 0.6], [0.1, 0.2]) 


([0.4, 0.6], [0.1, 0.4], [0.1, 0.2]) 


([ 0 . 4 , 0 . 5 ], [ 0 . 1 , 0 . 2 ], [ 0 . 2 , 0 . 3 ]) 



Definition 10 :Let U be an initial universe and (F, A) and (G, B) be two interval valued 
neutrosophic soft sets. Then a null relation between them is denoted 

by Ou and is defineded as Ou =(H 0 , A xB) where H 0 (e i e y )={<h k , [0, 0],[1, 1],[1, 1]>; h k G 
U} for (e^ey) G A xB. 

Example 6. Consider the interval valued neutrosophic soft sets (F, A) and (G, B) given in 
example 3. Then a null relation between them is given by 



u 


(ei ,e 2 ) 


(ei ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


hi 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


h 2 


([0, 0],[1, 1],[1, 1]) 


([0, 0], [1,1], [1,1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


h 3 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


([0, 0],[1, 1],[1, 1]) 


h4 


([0, 0], [1,1], [1,1]) 


([0, 0], [1,1], [1,1]) 


([0, 0], [1,1], [1,1]) 


([0, 0],[1, 1],[1, 1]) 



Remark 2 . It can be easily seen that P U Ou =P and P n Ou =0 y for any P G cry (Ax B) 

Definition 11 :Let U be an initial universe and (F, A) and (G, B) be two interval 

valued neutrosophic soft sets. Then an absolute relation between them is denoted 

by Iu and is defineded as I y =(1^ , A xB) where Hj (e ii e / )={< h k , [1, 1],[0, 0],[0, 0]>; h k G 
U} for ey) e A xB. 
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Example 7. Consider the interval valued neutrosophic soft sets (F, A) and (G, B) given in 
example 3. Then an absolute relation between them is given by 



u 


(e± ,e 2 ) 


(ei ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


hi 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


h 2 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


h 3 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


hq 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 


([1,1], [0, 0],[0, 0]) 



Remark 3 . It can be easily seen that P U =Iu and P fi =P for any P 6 a v (Ax B ) 

Definition 12 :Let r be a sub-collection of interval valued neutrosophic soft set relations of 
the same order belonging to cry (Ax B).' Then r is said to form a relational topology over 
ay (Ax B) if the following conditions are satisfied: 

(i) Oy , Iu £ r 

(ii) If 

(iii) If P 4 , P 2 G r ,then Pj fl P 2 £ T 

Then we say that (Gy (Ax B) , r) is a conditional relational topological space 

Example 8: Consider example 3. Then the collection r={Ou , I y ,P,Q} forms a relational 
topology on ay (Ax B). 



IV .Various type of interval valued neutrosophic soft relation 

In this section , we present some basic properties of IVNSS relation. Let P G Gy (Ax £>)and 
P=(H, A xB) and Q=(J, A xB) whose relational matrix is a square matrix 

Defintion 13. An IVNSS -relation P is said to be reflexive if for (e h e ; - ) G A x B and h k G 
U, Such that bH(e;ey)(hk)l(m,n) [h 1] • ^H(e;ey)(hk)l(m,n) — IA 0] *mcl WH(e;ey)(hk)l(m,n) 
= [0 0] for m = n=k 

Example 9: U ={h 4 , h 2 , h 3 , h 4 (Let us consider the interval valued neutrosophic soft sets (F, 
A) and (G, B) where A= {e 1? e 3 } and B ={e 2 , e \ } then a reflexive IVNSS-relation between 
them is 



u 


(ei ,e 2 ) 


(ei ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


hi 


([1,1], [0, 0],[0, 0]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


h 2 


([0.6, 0.8], [0.3, 0.4], [0.1, 0.7]) 


([1,1], [0, 0],[0, 0]) 


([0.1, 0.5], [0.4, 0.7], [0.5, 0.6]) 


([0.1, 0.5], [0.4, 0.7], [0.5, 0.6]) 


h 3 


([0.3, 0.6], [0.2, 0.7], [0.3, 0.4]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


([1,1], [0, 0],[0, 0]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


h4 


([0.6, 0.7], [0.3, 0.4], [0.2, 0.4]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([1,1], [0, 0],[0, 0]) 
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Defintion 14. An IVNSS -relation P is said to be anti- reflexive if for (e t , e ; ) 6 A x B and 
hk 6 U, Such that PH(eyej)(hk)l(rn,n) [0? 0] • e ^(h k )l(m,n) — 1®> 0] and 

w H( ei e ; )( h k )l(m,n) = [1 1] for m = n=k 

Example 10: let U ={h 4 , h 2 ,h 3 , h 4 }. Let us consider the interval valued neutrosophic soft 
sets (F, A) and (G, B) where A= \e 1 e 3 } an B ={e 2i e 4 } then an anti-reflexive IVNSS- 
relation between them is 



u 


(e± ,e 2 ) 


(ei ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


hi 


([0, 0],[0, 0],[1, 1]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


([0.4, 0.6], [0.7, 0.8], [0.1, 0.4]) 


Il2 


([0.6, 0.8], [0.3, 0.4], [0.1, 0.7]) 


([0, 0],[0, 0],[1, 1]) 


([0.1, 0.5], [0.4, 0.7], [0.5, 0.6]) 


([0.1, 0.5], [0.4, 0.7], [0.5, 0.6]) 


h 3 


([0.3, 0.6], [0.2, 0.7], [0.3, 0.4]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


([0, 0],[0, 0],[1, 1]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


h4 


([0.6, 0.7], [0.3, 0.4], [0.2, 0.4]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0, 0],[0, 0],[1, 1]) 



Defintion 15. An IVNSS -relation P is said to be symmetric if for ( e j, e ; - ) G A x B and h k G 
U, 3 (e u e } ) G A x B and h, G U such that h H ( ei , e; )( h k)l(m,n) = P H ( ep eq)( h i )l(n,m) , 

(ej ey) (^k ) I (m,n) = u n(e p e q ) (^1 ) I (n,m) an d . g.) (h k ) | (m,n) = W H (e p e q ) (^1 ) I (n,m) 

Example 11: let U ={h 1 , h 2 ,h 3 , h 4 }. Let us consider the interval valued neutrosophic soft 
sets (F, A) and (G, B) where A= { e x e 3 } an B ={e 2; e 4 } then a symmetric IVNSS -relation 
between them is 



U 


(e± ,e 2 ) 


(e 4 ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


hi 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0.5, 0.6], [0.6, 0.7], [0.3, 0.4]) 


([0.3, 0.6], [0.5, 0.7], [0.2, 0.4]) 


([0.4, 0.6], [0.3 0.4], [0.3, 0.4]) 


h 2 


([0.5, 0.6], [0.6, 0.7], [0.3, 0.4]) 


([0, 0], [1,1], [1,1]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


h 3 


([0.3, 0.6], [0.5, 0.7], [0.2, 0.4]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


([0.4, 0.6], [0.1, 0.3], [0.2, 0.5]) 


([0.4, 0.5], [0.3, 0.4], [0.1, 0.4]) 


h4 


([0.4, 0.6], [0.3 0.4], [0.3, 0.4]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0.4, 0.5], [0.3, 0.4], [0.1, 0.4]) 


([0.2, 0.7], [0.3, 0.4], [0.6, 0.7]) 



Defintion 16. An IVNSS -relation P is said to be anti- symmetric if for each (e*, ) G A x B 

and h k G U, 3 (e*, ) G A x B and hj G U such that either bH(eiey)(hk)l(m,n) ^ 

FH(e p ,eq)(hl )l(n,m) > u H( ei ey) Ohc) I (m,n) ^ u H(e p e q ) (hi ) I (n , m ) an d rOH(e,ey) ON ) I (m,n) 

^ w H(e p ,e q )(^l )l(n,m) or PH^epOhc )l(m,n) = M-H(e p eq)C^l ) l(n,m) [ 0 ] , 

u H(e i e J )(^ 1 k)l(m,n) = u H(e p ,e 4 )(^l )l(n,m) = 1 0 ,0 ] and rOH(e,ey) ON ) I (m,n) 

= a) H(e p eq)(^ 1 l )l(n,m) =0 • 1] 

Example 12: let LF ={/i 4 , h 2 ,h 3 ,h 4 }. Let us consider the interval valued neutrosophic soft 
sets (F, A) and (G, B) where A= { e 4 e 3 } an B ={e 2 , e 4 1 then an anti-symmetric IVNSS- 
relation between them is 
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u 


(e 4 ,e 2 ) 


ifii ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


hi 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0.5, 0.6], [0.6, 0.7], [0.3, 0.4]) 


([0.3, 0.6], [0.5, 0.7], [0.2, 0.4]) 


([0, 0],[0, 0],[1, 1]) 


Il2 


([0.5, 0.6], [0.6, 0.7], [0.3, 0.4]) 


([0, 0],[1, 1],[1, 1]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


h 3 


([0.3, 0.6], [0.5, 0.7], [0.2, 0.4]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


([0.4, 0.6], [0.1, 0.3], [0.2, 0.5]) 


([0.4, 0.5], [0.3, 0.4], [0.1, 0.4]) 


h4 


([0, 0],[0, 0],[1, 1]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0, 0],[0, 0],[1, 1]) 


([0.2, 0.7], [0.3, 0.4], [0.6, 0.7]) 



Defintion 17 . An IVNSS -relation P is said to be perfectly anti-symmetric if for each (e t , ej 
) G A x B and h k G U, 3 (e*, ep G A x B and hj G U such that whenever inf 

hH(ejey)(hk)l(m,n) ^ t), inf UH(ejep(hk)l( m , n ) ^ t) and inf tOH(eiey)(hk)l(m,n) ^t), 
M-H(e p eq)(^l )l(n,m) = 1 0, 0] , k>H(e p ,eq)0h ) l(n ,m) = 1 0 ,0 ] and Wn(e p eq)(^l )l(n,m) = [t ■ 1] 

Example 13: let U ={ /z x , h 2 ,h 3 , h 4 }. Let us consider the interval valued neutrosophic soft 
sets (F, A) and (G, B) where A= \e 1 e 3 } an B ={e 2> e 4 J then a perfectly anti-symmetric 
IVNSS -relation between them is 



u 


(ei ,e 2 ) 


(e 4 ,e 4 ) 


( e 3 ,e 2 ) 


(e 3 ,e 4 ) 


HI 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0.5, 0.6], [0.6, 0.7], [0.3, 0.4]) 


([0.3, 0.6], [0.5, 0.7], [0.2, 0.4]) 


([0, 0],[0, 0],[1, 1]) 


Il2 


([0, 0],[0, 0],[1, 1]) 


([0.4, 0.7], [0.1, 0.3], [0.2, 0.4]) 


([0.4, 0.6], [0.1, 0.3], [0.2, 0.5]) 


([0, 0],[0, 0],[1, 1]) 


h 3 


([0.3, 0.6], [0.5, 0.7], [0.2, 0.4]) 


([0, 0],[0, 0],[1, 1]) 


([0.4, 0.6], [0.1, 0.3], [0.2, 0.5]) 


([0, 0.5], [0, 0.4], [0,0.4]) 


h4 


([0, 0.6], [0, 0.2], [0, 1]) 


([0.3, 0.4], [0.7, 0.9], [0.1, 0.2]) 


([0, 0.6], [0, 0.3], [0,0.5]) 


([0.2, 0.7], [0.3, 0.4], [0.6, 0.7]) 



In the following, we define two composite of interval valued neutrosophic soft relation. 

Definition 18 : Let P ,Q G cry (Ax A) and P =(H,AxA), Q=(J,AxA) and the order of their 
relational matrices are same.Then the compostion of P and Q, denoted by P*Q is defined by 
p*Q =(H° J,AxA) where Ho J :AxA -» IVNS(U) 

Is defined as (H° J) (e; ej) ={<h k , tl(Ho j) (e ( e/jC^k )> U (H° J)( ei ej) (hk )> w (H°J)(e i e J )0 1 k)' >: hk £ U} 



Where 

h(H° j) ( ei e J )( h k)=[max i (min((n/n H ( e . ei )(h k ),infn J ( eiey) (h k ))),max ! (min(supn H ( e . £ , i )(h k ),supn j(ei£ , ;) (h k )))] > 
u (Ho i)(e i>e; )( h k )=1 min,(max(m/ U H(e . e() (h k ),inf U,( e ,e ; )(h k ))) , min ( (max(sup U H ( e . ei) (h k ),sup U |(e(e .)(h k )))], 

And 

w (H o j)( ei> e ; )( h k )= 1 minima x(inf ay e . e( )(h k ),inf e/ ) (h k ))) , mm,(max(sup co H ( ejei )(h k ),sup <o,( ei _ e; )(h k )))] 

For (e ; ey) G A x A 

Example 14: U ={h ± , h 2 ,h 3 , h 4 ). let us consider the interval valued neutrosophic soft sets 
(F,A) and (G,A) where A={e 4 , e 2 } .Let P ,Q G a v (AxA) and P =(H, AxA), Q=(J,AxA) 
where P: 
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u 


(e 4 ,e 2 ) 


(ei ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


HI 


([0.3, 0.4], [0.3, 0.4], [0.1, 0.2]) 


([0.2, 0.4], [0.3, 0.5], [0.3, 0.4]) 


([0.2 0.5], [0.3, 0.4], [0.3, 0.4]) 


([ 0 . 2 , 0 . 3 ], [ 0 . 3 , 0 . 6 ], [ 0 . 2 , 0 . 3 ]) 


1*2 


([1,1], [0, 0],[1, 1]) 


([0.1, 0.2], [0, 0], [0.2, 0.5]) 


([0.4, 0.5], [0.1, 0.3], [0.3, 0.5]) 


([0.4, 0.7], [0.1, 0.3], [1, 1]) 


h3 


([0.2, 0.6], [0.1, 0.4], [0.3, 0.4]) 


([0.2, 0.6], [0.1, 0.3], [1, 1]) 


([0.2, 0.3], [0.1, 0.3], [0.2, 0.5]) 


([0.2, 0.5], [0.2, 0.3], [0,0.4]) 


h 4 


([0.2, 0.4], [0.3, 0.5], [0, 1]) 


([0.3, 0.4], [0.4, 0.5], [0.3, 0.4]) 


([0.3, 0.4], [0.2, 0.3], [0,0.5]) 


([0, 0.2], [0.4, 0.5], [0.6, 0.7]) 



Q: 



u 


(ei ,e 2 ) 


(ei ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


HI 


([0.5, 0.8], [0.1, 0.2], [0.1, 0.2]) 


([0.2, 0.3], [0.3, 0.6], [0.3, 0.4]) 


([0.2 0.5], [0.3, 0.5], [0.2, 0.4]) 


([0.2, 0.4], [0.2, 0.3], [1, 1]) 


Il2 


([0.4, 0.5], [0.2, 0.4], [1, 1]) 


([0.4, 0.6], [0.2, 0.3], [0.2, 0.4]) 


([0.4, 0.5], [0.4, 0.5], [0.2, 0.5]) 


([0.4, 0.5], [0.1, 0.2], [1, 1]) 


h 3 


([0.2, 0.3], [0.5, 0.6], [0.2, 0.4]) 


([0.3, 0.4], [0.4, 0.5], [1, 1]) 


([0.7, 0.8], [0.1, 0.2], [0.2, 0.5]) 


([0.3, 0.5], [0.3, 0.4], [0,0.4]) 


h4 


([0.3, 0.5], [0.3, 0.4], [0, 1]) 


([0.3, 0.5], [0.2, 0.4], [0.1, 0.2]) 


([0.2, 0.4], [0.2, 0.3], [0,0.5]) 


([0.3, 0.7], [0.1, 0.3], [0.6, 0.7]) 



Then 

p*Q 



u 


(ei ,e 2 ) 


Oi ,e 4 ) 


( e 3 &?) 


(e 3 ,e 4 ) 


HI 


([0.3, 0.4], [0.3, 0.4], [0.1, 0.2]) 


([0.2, 0.4], [0.3, 0.5], [0.2, 0.3]) 


([0.2 0.5], [0.3, 0.4], [0.2, 0.4]) 


([ 0 . 2 , 0 . 3 ], [ 0 . 2 , 0 . 6 ], [ 0 . 3 , 0 . 4 ]) 


h 2 


([ 0 . 4 , 0 . 5 ], [ 0 . 2 , 0 . 4 ], [ 0 . 3 , 0 . 5 ]) 


([0.1, 0.6], [0.1, 0.2], [0.2, 0.5]) 


([0.4, 0.5], [0.2, 0.4], [0.2, 0.5]) 


([ 0 . 4 , 0 . 5 ], [ 0 . 1 , 0 . 3 ], [ 0 . 3 , 0 . 5 ]) 


h 3 


([0.2, 0.6], [0.1, 0.3], [0,0.4]) 


([ 0 . 2 , 0 . 5 ], [ 0 . 3 , 0 . 4 ], [ 0 . 1 , 0 . 4 ]) 


([0.2, 0.5], [0.2, 0.3], [0.2, 0.4]) 


([0.2, 0.5], [0.3, 0.4], [0.2, 0.5]) 


h4 


([0.2, 0.4], [0.3, 0.5], [0, 0.2]) 


([0.3, 0.4], [0.2, 0.5], [0.3, 0.4]) 


([0.3, 0.4], [0.2, 0.4], [0.2, 0.5]) 


([0.3, 0.4], [0.3, 0.4], [0.2, 0.5]) 



Definition 19 : Let P ,Q G cry (Ax A) and P =(H,AxA), Q=(J,AxA) and the order of their 
relational matrices are same.Then the compostion of P and Q, denoted by P° Q is defined by 
Po Q =(H° J,AxA) where H° J :AxA -» IYNS(U) 



Is defined as (Ho j) (e t e y ) ={<h k , p (Ho D (e . e .)(h k ) 
Whre 



u (HoJ)(e t ey)(hk)> c °(HoJ)(e ii ey)(hk) >: h k £ U} 



H(Ho I) (e, , e ,)( h k )=[rnin, (ma x(inf li H (e iei )( h k )’ inf Hj( e; , ey )( h k ))) . min, (max(sup ),sup Hj( e; e y )( h k )))], 



u (Hoj)(e i ey)( h k)=[max,(min((n/u H ( e . ei) (h k ),infu ] ( eiey) (h k ))),max i (min(supu H ( e . ei) (h k ) > supu I(eiey) (h k )))], 

And 

W (H» i)(e,ey)( h k )= t max, (min (in/ co H(e . ei) (h k ),inf ca,( eie .)(h k ))) , max,(min(sup a) H(e . ei) (h k ),sup w,( e| _ ey )(h k )))] 

For (e ; e ; ) G A x A 

Example 15 :Let U ={^i , h 2 ,h 3 , h 4 }. let us consider the interval valued neutrosophic soft 
sets (F,A) and (G,A) where A={e 1 , e 2 } .Let P ,Q G ay (Ax A ) and P =(H, AxA), Q=(J,AxA) 
where P: 
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u 


(ei ,e 2 ) 


Oi ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


HI 


([0.3, 0.4], [0.3, 0.4], [0.1, 0.2]) 


([0.2, 0.4], [0.3, 0.5], [0.3, 0.4]) 


([0.2 0.5], [0.3, 0.4], [0.3, 0.4]) 


([ 0 . 2 , 0 . 3 ], [ 0 . 3 , 0 . 6 ], [ 0 . 2 , 0 . 3 ]) 


1*2 


([1,1], [0, 0],[1, 1]) 


([0.1, 0.2], [0, 0], [0.2, 0.5]) 


([0.4, 0.5], [0.1, 0.3], [0.3, 0.5]) 


([0.4, 0.7], [0.1, 0.3], [1, 1]) 


h 3 


([0.2, 0.6], [0.1, 0.4], [0.3, 0.4]) 


([0.2, 0.6], [0.1, 0.3], [1, 1]) 


([0.2, 0.3], [0.1, 0.3], [0.2, 0.5]) 


([0.2, 0.5], [0.2, 0.3], [0,0.4]) 


h4 


([0.2, 0.4], [0.3, 0.5], [0, 1]) 


([0.3, 0.4], [0.4, 0.5], [0.3, 0.4]) 


([0.3, 0.4], [0.2, 0.3], [0,0.5]) 


([0, 0.2], [0.4, 0.5], [0.6, 0.7]) 



Q: 



u 


(ei ,e 2 ) 


(e± ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


HI 


([0.5, 0.8], [0.1, 0.2], [0.1, 0.2]) 


([0.2, 0.3], [0.3, 0.6], [0.3, 0.4]) 


([0.2 0.5], [0.3, 0.5], [0.2, 0.4]) 


([0.2, 0.4], [0.2, 0.3], [1, 1]) 


Il2 


([0.4, 0.5], [0.2, 0.4], [1, 1]) 


([0.4, 0.6], [0.2, 0.3], [0.2, 0.4]) 


([0.4, 0.5], [0.4, 0.5], [0.2, 0.5]) 


([0.4, 0.5], [0.1, 0.2], [1, 1]) 


h 3 


([0.2, 0.3], [0.5, 0.6], [0.2, 0.4]) 


([0.3, 0.4], [0.4, 0.5], [1, 1]) 


([0.7, 0.8], [0.1, 0.2], [0.2, 0.5]) 


([0.3, 0.5], [0.3, 0.4], [0,0.4]) 


h4 


([0.3, 0.5], [0.3, 0.4], [0, 1]) 


([0.3, 0.5], [0.2, 0.4], [0.1, 0.2]) 


([0.2, 0.4], [0.2, 0.3], [0,0.5]) 


([0.3, 0.7], [0.1, 0.3], [0.6, 0.7]) 



Then 

P°Q 



u 


(ei ,e 2 ) 


Oi ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


HI 


([0.2, 0.5], [0.3, 0.4], [0.3, 0.4]) 


([0.2, 0.4], [0.3, 0.4], [0.3, 0.4]) 


([0.2 0.4], [0.3, 0.4], [0.2, 0.4]) 


([ 0 . 2 , 0 . 3 ], [ 0 . 2 , 0 . 6 ], [ 0 . 3 , 0 . 4 ]) 


ll2 


([ 0 . 4 , 0 . 5 ], [ 0 . 1 , 0 . 3 ], [ 0 . 2 , 0 . 5 ]) 


([0.4, 0.5], [0.1, 0.3], [0.3, 0.5]) 


([0.4, 0.5], [0.1, 0.3], [0.2, 0.5]) 


([0.4, 0.5], [0.1, 0.3], [1, 1]) 


h 3 


([0.2, 0.3], [0.2, 0.3], [1,1]) 


([ 0 . 2 , 0 . 4 ], [ 0 . 2 , 0 . 4 ], [ 0 . 3 , 0 . 5 ]) 


([0.2, 0.5], [0.2, 0.4], [0.2, 0.5]) 


([0.2, 0.5], [0.1 0.3], [1,1]) 


h4 


([ 0 . 3 , 0 . 4 ], [ 0 . 3 , 0 . 4 ], [ 0 . 3 , 0 . 7 ]) 


([0.2, 0.4], [0.3, 0.5], [0.2, 0.5]) 


([0.2, 0.5], [0.4, 0.5], [0.2, 0.5]) 


([0.2, 0.4], [0.2, 0.3], [0.6, 0.7]) 



Definition 20 : Let P G cry (Ax A ) and P =(H,AxA).Then P is called transitive IVNSS -relation 
if P*P c p, i. e U(H(e f e t ) n H(e t e ; )) Q H(e f e ; ), i.e, 

Max(inf inf HH( ei e 7 )( h k)) ^ inf H H ( e;e ,)(h k ), 

Max(sup li H ( ei , ei )( h k), SU P PH( ei ,e ; )( h k)) ^ sup |i H ( ei , e; )( h k), 

Min(infu H ( e . ej )(h k ), inf u H ( e , e; .)(h k )) < infu H(e . e ^(h k ), 

Min(sup u H ( e . >ei ) (h k ), sup u H ( ei g y )(h k )) < sup u H ( e . ey )(h k ), 

Min(inf o> H ( e . ej )(h k ), inf co H(e;ey )(h k )) < inf <%( e . e; .)(h k ), 

Min(sup to H ( e . ei )(h k ), sup o) H ( ej 6 j) (h k )) < sup a) H ( e . ey) (h k ), 

Example 16: Let U ={/ii , h 2 , h 3 , h 4 }. let us consider the interval valued neutrosophic soft 
sets (F,A) and (G,A) where A={e 1 , e 2 } .Let P ,Q G o v (Ax A) and P =(H, AxA), Q=(J,AxA) 
where P: 
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u 


(e i ,e 2 ) 


(ei ,e 4 ) 


(e 3 ,e 2 ) 


(e 3 ,e 4 ) 


HI 


([0.3, 0.4], [0.3, 0.4], [0.1, 0.2]) 


([0.2, 0.4], [0.3, 0.5], [0.3, 0.4]) 


([0.2 0.5], [0.3, 0.4], [0.2, 0.4]) 


([0.2, 0.3], [0.3, 0.6], [1, 1]) 


h 2 


([1,1], [0, 0],[1, 1]) 


([0.1, 0.2], [0, 0], [0.2, 0.4]) 


([0.4, 0.5], [0.1, 0.3], [0.2, 0.5]) 


([0.4, 0.7], [0.1, 0.3], [1, 1]) 


h 3 


([0.2, 0.6], [0.1, 0.4], [0.2, 0.4]) 


([0.2, 0.6], [0.1, 0.3], [1, 1]) 


([0.2, 0.3], [0.1, 0.3], [0.2, 0.5]) 


([0.2, 0.5], [0.2, 0.3], [0,0.4]) 


h4 


([0.2, 0.4], [0.3, 0.5], [0, 1]) 


([0.3, 0.4], [0.4, 0.5], [0.1, 0.2]) 


([0.3, 0.4], [0.2, 0.3], [0,0.5]) 


([0, 0.2], [0.4, 0.5], [0.6, 0.7]) 



Then P*P 



u 


(ei ,e 2 ) 


Oi ,e 4 ) 


( e 3 ,e 2 ) 


(e 3 ,e 4 ) 


HI 


([0.3, 0.4], [0.3, 0.4], [0.1, 0.2]) 


([0.2, 0.4], [0.3, 0.5], [0.3, 0.4]) 


([0.2 0.5], [0.3, 0.4], [0.2, 0.4]) 


([0.2, 0.3], [0.3, 0.6], [1, 1]) 


h 2 


([1,1], [0, 0],[1, 1]) 


([0.1, 0.2], [0, 0], [0.2, 0.4]) 


([0.4, 0.5], [0.1, 0.3], [0.2, 0.5]) 


([0.4, 0.7], [0.1, 0.3], [1, 1]) 


h 3 


([0.2, 0.6], [0.1, 0.4], [0.2, 0.4]) 


([0.2, 0.6], [0.1, 0.3], [1, 1]) 


([0.2, 0.3], [0.1, 0.3], [0.2, 0.5]) 


([0.2, 0.5], [0.2, 0.3], [0,0.4]) 


h4 


([0.2, 0.4], [0.3, 0.5], [0, 1]) 


([0.3, 0.4], [0.4, 0.5], [0.1, 0.2]) 


([0.3, 0.4], [0.2, 0.3], [0,0.5]) 


([0, 0.2], [0.4, 0.5], [0.6, 0.7]) 



Thus, P * P Q P and so P is a transitive IVNSS-relation. 

Definition 21 . Let P e a a (AxA) and P =(H,AxA).Then P is called equivalence IVNSS- 
relation if P satisfies the following conditions: 

1) Reflexivity ( see definition 13). 

2) Symmetry ( see definition 15). 

3) Transitivity ( see definition 20). 

Example 17: Let U ={h 4 , h 2 , h 3 }. let us consider the interval valued neutrosophic soft sets 
(F,A) where A= { e l , e 2 } .Let P ,Q G a v (Ax A) and P =(H, AxA), where P: 



u 


<Ti ,e 2 ) 


(e 1 ,e 4 ) 


(e 3 ,e 2 ) 


hi 


([1,1], [0, 0],[0, 0]) 


([0.2, 0.3], [0.2, 0.4], [0.3, 0.4]) 


([0.1, 0.5], [0.2, 0.4], [0.2, 0.3]) 


h 2 


([0.2, 0.3], [0.4, 0.6], [0.3, 0.4]) 


([1,1], [0, 0],[0, 0]) 


([0.2, 0.3], [0.1, 0.5], [0.2, 0.3]) 


h 3 


([0.1, 0.5], [0.2, 0.4], [0.2, 0.3]) 


([0.2, 0.3], [0.1, 0.5], [0.2, 0.3]) 


([1,1], [0, 0],[0, 0]) 



P*P 



U 


<Ti ,e 2 ) 


(e 1 ,e 4 ) 


(e 3 ,e 2 ) 


hi 


([1,1], [0, 0],[0, 0]) 


([0.2, 0.3], [0.2, 0.4], [0.3, 0.4]) 


([0.1, 0.5], [0.2, 0.4], [0.2, 0.3]) 


h 2 


([0.2, 0.3], [0.4, 0.6], [0.3, 0.4]) 


([1,1], [0, 0],[0, 0]) 


([0.2, 0.3], [0.1, 0.5], [0.2, 0.3]) 


h 3 


([0.1, 0.5], [0.2, 0.4], [0.2, 0.3]) 


([0.2, 0.3], [0.1, 0.5], [0.2, 0.3]) 


([1,1], [0, 0],[0, 0]) 



Then P is equivalence IVNSS-relation 
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Conclusions 

In this paper we have defined, for the first time, the notion of interval neutrosophic soft 
relation. We have studied some properties for interval neutrosophic soft relation. We hope 
that this paper will promote the future study on IVNSS and IVNSS relation to carry out a 
general framework for their application in practical life. 
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Several Similarity Measures of Neutrosophic Sets 

Said Broumi, Florentin Smarandache 



Abstract- Smarandache (1995) defined the notion of neutrosophic sets , which is a generalization of Zadeh's fuzzy set and Atanassov's 
intuitionistic fuzzy set. In this paper , we first develop some similarity measures of neutrosophic sets. We will present a method to calculate the 
distance between neutrosophic sets (NS) on the basis of the Hausdorff distance. Then we will use this distance to generate a new similarity 
measure to calculate the degree of similarity between NS. Finally we will prove some properties of the proposed similarity measures. 



Keywords- Neutrosophic Set, Matching Function, Hausdorff Distance, Similarity Measure. 



I-lNTRODUCTION 

Smarandache introduced a concept of neutrosophic set which has been a mathematical tool for handling problems involving 
imprecise, indeterminacy, and inconsistent data [1, 2] .The concept of similarity is fundamentally important in almost every 
scientific field. Many methods have been proposed for measuring the degree of similarity between fuzzy sets (Chen, [11]; Chen 
et al., [12]; Hyung, Song, & Lee, [14]; Pappis&Karacapilidis, [10]; Wang, [13]...). But these methods are unsuitable for dealing 
with the similarity measures of neutrosophic set (NS). Few researchers have dealt with similarity measures for neutrosophic set 
([3, 4]). Recently, Jun [3] discussed similarity measures on interval neutrosophic set (which an instance of NS) based on 
Hamming distance and Euclidean distance and showed how these measures may be used in decision making problems. 
Furthermore, A.A.Salama [4] defined the correlation coefficient, on the domain of neutrosophic sets, which is another kind of 
similarity measurement. In this paper we first extend the Hausdorff distance to neutrosophic set which plays an important role 
in practical application, especially in many visual tasks, computer assisted surgery and so on. After that a new series of 
similarity measures has been proposed for neutrosophic set using different approaches. 

Similarity measures have extensive application in several areas such as pattern recognition, image processing, region 
extraction, psychology [5], handwriting recognition [6], decision making [7], coding theory etc. 

This paper is organized as follows: Section2 briefly reviews the definition of Hausdorff distance and the neutrosophic set. 
Section 3 presents the new extended Hausdorff distance between neutrosophic sets. Section 4 provides the new series of 
similarity measure between neutrosophic sets, some of its properties are discussed. In section 5 a comparative study was done. 
Finally the section 6 outlines some conclusions. 



II-PRELIMIN ARIES 

In this section we briefly review some definitions and examples which will be used in rest of the paper. 

Definition 2.1: Hausdorff Distance 

The Hausdorff distance (Nadler, 1978) is the maximum distance of a set to the nearest point in the other set. More formal 
description is given by the following 

Given two finite sets A = {a b ..., a p } and B = {bi, ..., b q }, the Hausdorff distance H (A, B) is defined as: 

H (A, B) = max {h (A, B), h (B, A)} 

where 

H (A, B) = max min d (a, b) 
aEA bEB 

a and b are elements of sets A and B respectively; d (a, b) is any metric between these elements. 

The two distances h (A, B) and h (B, A) are called directed Hausdorff distances. 
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The function h (A, B) (the directed Hausdorff distance from A to B) ranks each element of A based on its distance to the 
nearest element of B, and then the largest ranked such element (the most mismatched element of A) specifies the value 
of the distance. Intuitively, if h(A, B) = c, then each element of A must be within distance c of some element of B, and 
there also is some element of A that is exactly distance c from the nearest element of B (the most mismatched element). 
In general h (A, B) and h (B, A) can attain very different values (the directed distances are not symmetric). 

Let us consider the real space R, for any two intervals A= [ai,a 2 ] and B= [bi,b 2 ], the Hausdorff distance H(A,B) is given 
by 

H (A, B) =max { |a x - b x |, |a 2 - b 2 1 } 

Definition 2.2 (see [2]). Let U be an universe of discourse then the neutrosophic set A is an object having the form A = {< x: 
Ta(x)Ia(x),F A (x) >,x GU}, where the functions T, I, F : U— ►]“(), l + [ define respectively the degree of membership (or Truth) , the 
degree of indeterminacy, and the degree of non-membership (or Falsehood) of the element x G U to the set A with the condition. 

0 < T A( x) + Ia ( x) + F A( x) < 3 + . 

From philosophical point of view, the neutrosophic set takes the value from real standard or non-standard subsets of ] - 0,l + [. 
So instead of ] - 0,l + [ we need to take the interval [0,1] for technical applications, because ]“0,l + [will be difficult to apply in the 
real applications such as in scientific and engineering problems. 

Definition 2.3 (see [2]). A neutrosophic set A is contained in another neutrosophic set B i.e. A Q B if Vx E U, T A (x) < T B (x), I A (x) 
> I B (x), F a (x) > F b (x). 



Definition 2.4 (see [2]). The complement of a neutrosophic set A is denoted by A c and is defined as T A C ( X ) = T A ( X ), Ia C (x) = Ia(x), and 
F A c (x) = F A( x) for every x in X. 

A complete study of the operations and application of neutrosophic set can be found in [1] [2]. 

In this paper we are concerned with neutrosophic sets whose T A , Ia and F A values are single points in [0, 1] instead of 
subintervals/subsets in [0, 1]. 



III. Extended Hausdorff Distance Between Two Neutrosophic Sets 



Based on the Hausdorff metric, Eulalia Szmidt and Janusz Kacprzyk defined a new distance between intuitionistic fuzzy 
sets and/or interval-valued fuzzy sets in[8], taking into account three parameter representation (membership, non-membership 
values, and the hesitation margins) of A-IFSs which fulfill the properties of the Hausdorff distances. Their definition is defined 
by: 

1 n 

H 3 (A,B) =-) max{\\i A (x) — n B (x)|,|v A (x) - v B (x)|, |jt A (x) - tt b ( x )|} 

nZ-i 

i= 1 

where A = {< x, p A (x), v A (x), 7i A (x) >} and B = {< x, p B (x), v B (x), 7i B (x)>}. 

The terms and symbols used in [8] are changed so that they are consistent with those in this section. 

In this paper we are interested in extending the Hausdorff distance formulation in constructing a new distance for 
neutrosophic set due to its simplicity in the calculation. 

Let X={xi,x 2 , ..., x n } be a discrete finite set. Consider a neutrosophic set A in X, where T A ( X i> lA(xi> F A (xi) e [0, 1], for every 
Xi E X, represent its membership, indeterminacy, and non-membership values respectively denoted by A = {< x, T A ( X i) , iA(xi), 
F A( xi) > } • 

Then we propose a new distance between A E NS and B E NS defined by 

d H (A,B)=— Y max{|T A (Xj) — T B (Xi)|, |I A (Xi) - I B (Xi)|, |F A (x t ) - F B (Xi)|} 

n z— i 

i=l 

Where d H (A, #) = H (A, B) denote the extended Hausdorff distance between two neutrosophic sets A and B. 

Let A, B and C be three neutrosophic sets for all x A E X we have: 
d H (A,B)=H(A,B) = max{|T A (x i )- T B ( Xi )|, |l A (xj) - I B ( Xi ) |F A (x,) - F B (x,)|} 



The same between A and C are written as: 
For all Xi E X 
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H (A, C) = max (|T A ( Xi ) — T c ( Xi )Ul A ( Xi ) - I c (Xi) |,|F A ( Xi ) - F c ( Xi )|} 
and between B and C is written as: 

For all xi E X 

H (B , C) = max (|T B ( Xi ) — TcCxOUIbCxO - I c (Xi) UF B ( Xi ) - F c ( Xi )|} 

Proposition 3.1: 

The above defined distance d H (A, B ) between NS A and B satisfies the following properties (D1-D4): 

(Dl) d H (A,B)> 0. 

(D2) d H (A, B ) =0 if and only if A = B; for all A, B E NS. 

(D3) d H (A, R) = d H (B, A). 

(D4) If AQBQC, C is an NS in X, then 

d H (A,Q > d H (A,B) 

And 

d H (A,C ) > d H (B,C ) 

Remark: Let A, B E NS, Ac: B if and only if , for all X; in X 

T A {xt) < T B (xd,I A (Xi) > I B (xd,F A (Xi ) > F B {Xi) 

It is easy to see that the defined measure d H {A, B ) satisfies the above properties (D1)-(D3). Therefore, we only prove (D4). 
Proof of (D4) for the extended Hausdorff distance between two neutrosophic sets. Since 

AEBEC implies , for all x, in X T A (x t ) < T B {x{) < T c (xd,I A (x t ) > I B (x t ) > I c (Xi), F A (Xi) > F B (x t ) > F c (x ; ) 

We prove that d H (A, B ) < d H (A, C) 

a -If |T a (x,) - T c (x,)| > |I A (Xi) - I c (Xi)| > |F A (X,) - F c (x,)| 

Then 

H (A, C) = |T A (Xi) - T c (Xi)| but we have 

(i) For all Xj in X, |I A (x,) - I B (x,)| < HaCxj) - I c (x,)| 

< |T A (Xj) - T c ( Xi )l 

And , for all X; in X |F A (Xj) — F B (Xi)| < |F A (xi) — F c (xj)| 

< |T a (x,)- T c ( X j)| 

(ii) For all X; in X, |I B (xi) - I c (xi)| < |I A (xj) — I c (xi)| 

< |T A ( Xi ) - Tc( Xi )| 

And ,for all x ; in X |F B (x,) - F c ( Xi )| < |F A (x,) - F c ( Xi )l 

< |T A ( Xi ) — T c ( Xi )l 

On the other hand we have, for all Xi in X 

(iii) |T A ( Xi ) - T B ( Xi )| < |T A ( Xi ) - T c ( Xi )| 
and |T B ( Xi ) - T c ( Xi )| < |T A ( Xi ) - T c ( Xi )| 

Combining (i), (ii), and (iii) we obtain 
Therefore, for all X; in X 



“Si max (|T A (xi) - T B ( Xi )|, |I A (Xi) - I B (Xi) \, |F A ( Xi ) - F B (x f )|} < max (|T A ( Xi ) - T c ( Xi )|, |I A ( Xi ) - I c (Xi) l |F A ( Xi ) - F c ( Xi )|) 
And 

^2?max{|T B (x i ) - T c (x i )|,|I B (x i ) - I c (Xi) |, |F B (Xi) — F c (x i )|) < max (|T A (Xi) - T c (Xi) Ul A (xO - I c (Xi) |, |F a (xj) - F c (x i )|) 
That is 

d H (A,B) < d H (A, C) and d H (B,C ) < d H (A,C). 

P - If |T A ( Xi ) - T c (x,)| < |F a (x,) - F c (x,)| < |I A (x,) - I c (x,)| 
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Then 

H (A, C) = |I A (Xi) - Ic( x i) I but we have for allxiinX 



(a) |T A ( Xi ) - T B ( Xi )| < |T A ( Xi ) - T c ( Xi )| 

^ lUCXi) - Ic(Xi)| 

And |F A (Xj) - F b (x,)| < |F a (xj) - F c (Xj)| 

^ lUCXi) - Ic(Xi)l 

(b) |T B (x,) - T c ( X j)| < |T A (Xi) - T c (Xi)| 

^ |I A Oi) - I c (Xi)| 

And |F B (Xj) — F c (Xj) | < |F a (xj) — F c (xj)| 

^ |I A (Xi) - Ic(Xi)| 

On the other hand we have for all » e X: 

(c) UaCxj) - l B (xi)l < |l A (xj) - I C (X|) I and 

UbCxO - I C (Xi)l < |I A (Xi) - I c (Xi)| 

Combining (a) and (c) we obtain: 

Therefore, for all Xj in X 

~Ei max {|T a (X|) — T B (Xj)l, |I A (x,) - I B (x,) |,|F A (Xj)- F B (X|)|} < max {|T A (Xj) - T C (X|)|, |I A (x,) - I c (Xj) |,|F A (x,)- F c Cx,)|} 

And 

^2™ max { |T b ( xj) — T c (Xi)|,|lB(Xi)-I c (Xi) |, |F B Cxj) — F c (Xj)|} < max {|T A (Xj) - T c (Xi)|, |I A (x t ) - I c (Xj) |,|F A (x t ) - F c (x,)|} 

That is 

d H (A, B) < d H (A, C) and d H (B, C) < d H (A, C ) 

Y - If ITaCx;) - T c (x,)| < |I A ( Xi ) - I c ( Xi )| < I F A (x,) - F c (x,) | 

Then 

H (A, C) = |F A (xj) — F c (xj) | but we have for all x, in X 



(a) |T a (x,) - T b (x,)| < |T a (x,) - T c (x,)| 

< |F A ( X j) — F c (Xj)| 

and |I A (Xi) - I B (Xi)| < |I A (Xj) - I c ( x i)l 
^ |F A ( x i) - Fc( x i)l 

(b) for all Xi in X |T B (x,) - T c (x,) | < |T A (x,) - T c (x,) | 

< I F a (x s ) — F c ( X j)| 

and for all XiinX |l B (Xj) - l c (Xj)| < |l A (x,) - l c (Xi)l 
< |F a (xj) - F c (Xi)| 

On the other hand we have for all Xi in X 

(c) |F A ( Xj ) - F B ( Xi ) | < |F A ( Xj ) - F c ( Xi )| and 

I F b ( Xj ) - F c ( Xi )| < |F A ( Xj ) - F c ( Xi )| 

Combining (a), (b), and (c) we obtain 
Therefore, for all Xi in X 

“Ei max (|T A ( Xi ) — T B ( Xi )Ul A (xi) - I B (xi) I, |F A ( Xi ) — F B ( Xi ) 1} < ^E? ma X {|T A ( Xj ) - T c ( Xi )|, |I A (xO - I c ( Xi ) h |F A ( Xi ) — F c ( Xi )|). 

And 

^2?ma X {|T B ( Xi ) - T c ( Xi )Ul B (xi) - I c (xi) |,|F B ( Xi ) - F c ( Xi )|] < ^E? ma X (|T A ( Xi ) - T c ( Xj ) b |I A ( Xi ) - IcUO |, |F A ( Xi ) — F c ( Xi )|) 

That is 

d H (A,B ) < d H (A f Q and d H (B, Q < d H {A, C). 

From a, p , and y, we can obtain the property (D4). 

3.2 Weighted Extended Hausdorff Distance Between Two Neutrosophic Sets. 

In many situations the weight of the element x } G X should be taken into account. Usually the elements 
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have different importance. We need to consider the weight of the element so that we have the following 
weighted distance between NS. Assume that the weight of x* G X is w A where X={x x , x 2 ,.., x n }, w A G [0,1], 
i={ 1,2,3, n} and Ei w i =1- Then the weighted extended Hausdorff distance between NS A and B is defined 
as: 



d Hw (A,B ) = YsiWt d H (A(Xi) f B(Xi) 



It is easy to check that d Hw (A, B) satisfies the four properties D1-D4 defined above. 



IV. Some new similarity measures for neutrosophic sets 



The distance measure between two NS is used in finding the similarity between neutrosophic sets. 

We found in the literature different similarity measures, and we extend them to neutrosophic sets (NS), 
several of them defined below: 

Liu [9] also gave an axiom definition for the similarity measure of fuzzy sets, which also can be expressed 
for neutrosophic sets (NS) as follow: 



Definition 4.1: Axioms of a Similarity Measure 

A mapping S:NS(X)xNS(X)— >[0,1], NS(X) denotes the set of all NS in X={x lv x 2 ,. . .,x n }, S(A, B) is said 
to be the degree of similarity between AG NS and B G NS, if S(A,B) satisfies the properties of conditions (P1-P4): 

(PI) S (A, B) = S (B, A). 

(P2) S(A,B) = (1,0,0) = 1 .If A = B for all A,B G NS. 

(P3) S T (A, B) > 0, Sj(A, B) > 0, S F (A, B) > 0. 

(P4) If A B C for all A, B, C G NS, then S (A, B) >S (A, C) and S (B, C) > S (A, C). 



Numerical Example: 

Let A < B < C. with T A < T B < T c and I A >I B >I C and F A >F B >F C for each XiG NS. 



For example: 

A= { X! (0.2, 0.5, 0.6); x 2 (0.2, 0.4, 0.4) } 

B= { X! (0.2, 0.4, 0.4); x 2 (0.4, 0.2, 0.3) } 

C= { X! (0.3, 0.3, 0.4); x 2 (0.5, 0.0, 0.3) } 

In the following we define a new similarity measure of neutrosophic set and discuss its properties. 

4.2 Similarity Measures Based on the Set -Theoretic Approach. 

In this section we extend the similarity measure for intuitionistic and fuzzy set defined by Hung and Yung 
[16] to neutrosophic set which is based on set-theoretic approach as follow. 

Definition 4.2: Let A,B be two neutrosophic sets in X={x ls x 2 ,.., x n }, if A = {< x, T a (xj), I A (xi), F A (xO >} and B= 
{< x, T b (xi), I B (xi), F b (xi) >} are neutrosophic values of X in A and B respectively, then the similarity 
measure between the neutrosophic sets A and B can be evaluated by the function 



For all Xi in X 

s t (a,B) = G" 



min(r^(xt),rg(xt)) 



)/n 



S,(A,B) = l-G? 



S f (A,B) = 1 - (Ei 



MaxfTAixO.TBixj)) 

min(l A (xi),lB(.Xi)) 



Max(lA(.Xi),I B (.Xi))' 

min(F A (xi),F B (xi)) 



)/n 



)/n 



[Max(F A (.xO,F B (.xO)i 

and S(A,B) = (S T (A, B), S,(A, B), S F (A, B)) 



eq. (1) 



where 



S t (A, B) denote the degree of similarity (where we take only the T's). 

Sj(A, B) denote the degree of indeterminate similarity (where we take only the I's). 
S f (A, B) denote degree of nonsimilarity (where we take only the F's). 

Min denotes the minimum between each element of A and B. 

Max denotes the minimum between each element of A and B. 

Proof of (P4) for the eq. (1). 
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Since AQBQC implies, for all Xi in X 



T A (Xi) < T b (xi) < T c (xi), I A (xi) > I B (xi) > I c (xi), F a (xi) > F B {x{) > F c (x{) 
Then, for all in X 



min(T A (x f ),r B (^)) _ T A (Xj) 

M ax (T a ), r B (x ; ) ) “ T B ( Xi ) 
min(T A (Xi),T c (Xi)) = T A (x t ) 
Max(T A {xi),T c (Xij) ~ T c ( Xi ) 
min(T B (Xi),T c (Xi)) _ TgO Q 
Max(T B (Xi), T c ( Xi )) ~ T c ( Xi ) 

Therefore, for all in X 

T A (,Xj) F B {x{) ^ T A (.x{)—T b (x^) ^ T b (x{) 

T C (xO ~ TcdXj) ^ TcdXj) ~ TcdXj) 1 J 

(since T A (x *) < T B {x t ) ) 

Furthermore, for all Xi in X 

min{T A {xj),T B {xj)) > min{T A (xd,Tc(xd) 

Max(T A (xi),T B (xj)) - Max{T A (xi),T c (xi )) ^ 

Or 



(since T c (Xj) > T B ( Xi ) ) 

Inequality (2) implies that, for all in X 



T A ( Xj ) ^ T A (Xj) 
Tb (. x i) T c(Xi) 



or T B (x t ) < T c (x t ) 



T A ( Xj ) ^ TA^Xj) 

Tcixi) ~ T b (x t ) 1 ' 

From the inequalities (1) and (3), the property (P4) for S T (A, B ) > S r (A, C ) is proven. 
In a similar way we can prove that Sj(A, B ) and S F (A, B ). 

We will to prove that Sj(A, C) > Sj(A, B). For all x.e x we have: 

S (A C) = 1 - _ 7 c( x t) > i _ 7 g (* 0 

1 ' Max(l A {xO,Ic(xi ) ) CiOi) _ ClOi) 

Since 7 c (x*) < 7 B (x £ ) 

Similarly we prove S F (A, C) > S F (A, B ) for all x A in X 



c ( A r \ = 1 _ Tn 7 n ( F ^(^)Tc(A:t ))_ 1 _ F c (xj ) 1 _ F g (*i) 

K ^ Ma*(F^(*0Tc(*i)) F A (x t ) ~ F A {xO 

Since F c (Xi) < F b (xj) 

Then S(A, C)<S(A, B) where S(A,C)=( S T (A, C), S^A, C), S F (A, C)) and 
S (A, B) = ( S t (A, B), S^A, B), S f (A B)). 

In a similar way we can prove that S (B, C) > S (A, C). If A^B^C therefore S (A, B) satisfies (P4) of definition 4.1. 
By applying eq. (1), the degree of similarity between the neutrosophic sets (A, B), (A, C) and (B, C) are: 



S(A, B) =(S t (A,B ), Sj(A, B), S F (A,B))= (0.75, 0.35, 0.30) 

S (A, C) = (5V (A, C), 5 7 (A, C), 5 f (A, C))= (0.53, 0.7, 0.30) 

S (B, C) = S t (B, C), SjIb, C), S f (B, C))= (0.73, 0.63, 0) 

Then eq. (1) satisfies property P4: S(A, C) < S(A, B) and S(A, C) < S(B, C). 

Usually, the weight of the element Xj E X should be taken into account, then we present the following weighted similarity 
between NS. Assume that the weight of E X={l,2,...,n} is Wi (i=l,2, , n) when Wi E [0,1], 2? w* = 1. 



min(T A (xi),T B (xi)) . 
YMax(T A {xi)J B {xi))y 

min(l A {x{),I B {x{)) 



Denote S F (A, B) = (£i w t 

Sw(A,B) = 1 - (2i w, 

S W (. A ’B ) - 1 (Hi W l \_ Max (F A (ix0,FB(xd) 
and S W (A,B) = ( Sl((A,B), SUU,B ), S£((j4,B)) 



Max(l A (x i ),I B (x i ')) 

min(F A (xi),F B (xi)) 



)/n 

)/n 
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It is easy to check that S W (A B ) satisfies the four properties P1-P4 defined above. 

4.3 Similarity Measure Based on the Typel Geometric Distance Model 

In the following, we express the definition of similarity measure between fuzzy sets based on the model of 
geometric distance proposed by Pappis and Karacapilidis in [10] to similarity of neutrosophic set. 

Definition 4.3 : Let A,B be two neutrosophic sets in X={x l9 x 2 ,..., x n }, if A = {< x, T A (Xi), I A (xi), F A (Xi) >} and 
B= {< x, T B (xi), Ib(xi), F B (xi) >} are neutrosophic values of X in A and B respectively, then the similarity 
measure between the neutrosophic sets A and B can be evaluated by the function 

For all Xi in X 



L t (A,B ) = 1 - 



EilT A (Xi) - T B (Xj)| 



L,(A,B) = 



2?( T a (xi) + T B (Xi)) 
H?U A (Xi) ~ I B (Xj)l 
S?(I A (Xi)+ I B (x,)) 



and 



j (A - TS\Fa(xQ- F B ( xQ\ 

) JS{f a {xO+ f b (xO) 

L(A,B) = C L t (A,B ), Lj{A,B\ L F {A,B )) eq. (2) 

We will prove this similarity measure satisfies the properties 1-4 as above. The property (PI) for the 
similarity measure eq. (2) is obtained directly from the definition 4.1. 

Proof: obviously, eq. (2) satisfies P1-P3-P4 of definition 4.1. In the following L (A, B) will be proved to satisfy (P2) and (P4). 
Proof of (P2) for the eq. 2 

For all Xi in X 

First of all, L T (A, B) = 1 TB(Xi)l = 0 

TK J Z?(T A (xi)+ T B (Xj)) 

|T A (Xi) - T b (X j) | = 0 
~T A (Xj)= T B (Xi) 

1,04,6) = 0 ^ g |lA ^- lB(Xi)l =0 

K J Z?(I A (Xi)+ I B (Xi)) 

|I A (Xi) - I B (Xi)l = o I A (xj) = I B (X[) 

L F (A, B) = 0 £ i |F a(x i} ~ pB(Xi)l = o 

J Zi(F A (Xi)+ F B (Xi)) 

^ |F A (Xj) - F B (Xj)| = 0 ^ F A (Xj) = F B (Xj) 

Then L(A, B) = (L X (A, B), L^A, B), L F (A, B)) = (1, 0, 0) if A=B for all A, B E NS. 

Proof of P3 for the eq .(2) is obvious. 

By applying eq.2 the degree of similarity between the neutrosophic sets (A, B), (A, C) and (B, C) are: 

L (A, B) =(L 7 (AB),L 7 (AB) ; L f (AB))= (0.8, 0.2, 0.17). 

L (A, C) = (L t (A, C),Lj{A, C),L f {A, C))= (0.67, 0.5, 0.17). 

L (B, C) = ( L t (B , C), Lj(B, C), L F (B, C))= (0.85, 0.33, 0). 

The result indicates that the degree of similarity between neutrosophic sets A and B E [0, 1]. Then 
Eq.(2)satisfies property P4: L(A, C) < L(A, B) and L(A, C) < L(B, C). 



4.4 Similarity Measure Based on the Type 2 Geometric Distance model 

In this section we extend the similarity measure proposed by Yang and Hang [16] to neutrosophic set as 
follow: 

Definition 4.4: Let A, B be two neutrosophic set in X={x l9 x 2 ,.., x n }, if A = {< x, T a (xi), I A (xj), F a (xj) >} and B= 
{<x, T B (Xi), I B (xi), F b (xi) >} are neutrosophic values of X in A and B respectively, then the similarity 
measure between the neutrosophic set A and B can be evaluated by the function: 

For all Xi in X 



M t (A, B)=^?(l - |TAW ' TBW y 
m, (A, b)= i I] ;( |lA(Xi) ; lB(Xi) ' ) . 
m f (A, B)=^;( |FA(Xi) ; FB(Xi)l ). 

And M T , F "= (M t (A, B), M,(A, B), M f (A, B)) 



for all i={x!,x 2 ,.., x n } 



eq. (3) 
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The proofs of the properties P1-P2-P3 in definition 4.1 (Axioms of a Similarity Measure) of the similarity measure in 
definition 4.4 are obvious. 

Proof of (P4) for the eq. (3). 

Since for all in X 

T A (Xi) < T b (x[) < T c (Xi),I A (Xi ) > I B (Xi) > l c (xi), F a (xi) > F B (x ; ) > F c {x{) Then lor all x, in X 



|T c (Xj) - T A (Xj)| _ (T c (Xj) - T A (Xj)) 

2 2 

= 1 _ r (T c (Xi)-T B (Xi)) | (T B (Xi)-T A (Xi)) 

^ 2 2 

< ^ _ A T c( x i)- T B( x i)) X 

_ 1 |T C ( x i) — T B ( x i)l 
2 

Then M x ( A, C) < M r (B, C). 

Similarly, M X (A, C) < M X (A, B) can be proved easily. 

For M^A, C) > M^B, C) and M F (A, C) > M F (B, C) the proof is easy. 

Then by the definition 4.4, (P4) for definition 4.1, is satisfied as well. 

By applying eq. (3), the degree of similarity between the neutrosophic sets (A, B), (A, C) and (B, C) are: 

M(A,B)=( M t (A,B), Mj (A,B), M f (A,B))=(0.95 , 0.075 , 0.075) 

M(A,C)= ( M t (A,C), Mi (A,C), M f (A,C))=(0.9, 0.15 , 0.075) 

M(B,C)= ( M t (B,C), M; (B,C), M f (B,C))=(0.9, 0.075 , 0) 

Then eq. (3) satisfies property P4: 

M (A, C) < M (A, B) and M (A, C) < M (B, C). 

Another way of calculating similarity (degree) of neutrosophic sets is based on their distance. There are more approaches on 
how the relation between the two notions in form of a function can be expressed. Two of them are presented below (in section 
4.5 and 4.6). 

4.5 Similarity Measure Based on the Type3 Geometric Distance Model. 

In the following we extended the similarity measure proposed by Koczy in [15] to neutrosophic set (NS). 

Definition 4.5: Let A, B be two neutrosophic sets in X={xi,x 2 ,.., x n }, if A = {< x, T A (Xi), Ia(x0, Fa(^) >} and 
B= {< x, T B (xi), Ib(xi), F b (xi) >} are neutrosophic values of x in A and B respectively, then the similarity 
measure between the neutrosophic sets A and B can be evaluated by the function 

H t (A, B) = 1+dT 1 (A B ) denotes the degree of similarity. 

H^A, B) = 1 — 1+d i 1 (A B) denotes the degree of indeterminate similarity. 

H f (A, B) = 1 — 1+d F^ A B ) denotes degree of non- similarity 

where d^(A, B ), d^A, Bf and d^A, B ) are the distance measure of two neutrosophic sets A and B. 

For all Xi in X 

dl(A,B ) = max{|T A (Xi) - T B (Xi)|}. 

di04,B) = max{ |I A (Xi) - I B (Xi)|}. 

d£04,B) = max{ |F A (Xi) - F B (Xi)|}. 

and H (A, B ) = (H T (A, B) , H, (A, B), H F (A, B)). Eq. (4) 

By applying the Eq. (4) in numerical example we obtain: 
d 0O (A,B)= (0.2, 0.2, 0.2), then H (A, B) = (0.83, 0.17, 0.17). 
d x (A, C)= (0.3, 0.4, 0.1), then H (A, C) = (0.76, 0.29, 0.17). 
d x (B, C)= (0.1, 0.2, 0), then H (B, C) = (0.90, 0.17, 0). 

It can be verified that H (A, B) also has the properties (P1)-(P4). 



314 




Florentin Smarandache 



Neutrosophic Theory and Its Applications. Collected Papers, I 



4.6 Similarity Measure Based on Extended Hausdorff Distance 

It is well known that similarity measures can be generated from distance measures. Therefore, we may use 
the proposed distance measure based on extended Hausdorff distance to define similarity measures. Based on 
the relationship of similarity measures and distance measures, we can define a new similarity measure 
between NS A and B as follows: 



N(A,B) = 1 - d H (A,B ) eq. (5) 

where d H (A,B ) represent the extended Hausdorff distance between neutrosophic sets (NS) A and B. 

According to the above distance properties (Dl-D4).It is easy to check that the similarity measure eq. (5) satisfies 
the four properties of axiom similarity defined in 4.1 

By applying the eq. (5) in numerical example we obtain: 

N{A,B) =0.8 
iV(4C) =0.7 
nIb,C) =0.85 

Then eq. (5) satisfies property P4: 

N(A,C) < N(A, B) and N(A, C) < N(B, C) 

Remark: It is clear that the larger the value of N(A, B), the more the similarity between NS A and B. 

Next we define similarity measure between NS A and B using a matching function. 

4.7 Similarity Measure of two Neutrosophic Sets Based on Matching Function. 



Chen [11] and Chen et al. [12] introduced a matching function to calculate the degree of similarity between fuzzy sets. In the 
following, we extend the matching function extend to deal with the similarity measure of NS. 



Definition 4.7 Let F and E be two neutrosophic sets over U. Then the similarity between them, denoted by K (F, G) or K F G 
has been defined based on the matching function as: 

For all Xi in X 



K{F,G) = K f>g = 



TS(T P ( Xi ) ■ r G fe) + IjfXj) ■ IgtXj) + F P (x t ) ■ F G (x t )) 

max (£?(( 7 >( x t )) 2 + ( W *;)) 2 + (f F (x i )) 2 )-E?((7’ G fe)) 2 + (/ G (*;)) 2 + ( F G (* i )) 2 )) 

Eq. (6) 



Considering the weight Wj E [0, 1] of each element x^ E X, we get the weighting similarity measure between NS as: 

For all Xi in X 

r . = Wi(7>(*i) - T G<jXi) + h(*i) ■ / G (*i) + F F (Xj) ■ Fete)) 

J max ( Z?w,((7>(* t )) 2 + (/f(^)) 2 + (M*;)) 2 ), Ef w t ((r c (* t )) 2 + (/ G (x;)) 2 + (^fe)) 2 )) 

Eq. (7) 

If each element XiE X has the same importance, then Eq.(7) is reduced to eq. (6). The larger the value of K{F , G ) the more 
the similarity between F and G. Here K(F, G ) has all the properties described as listed in the definition 4.1. 

By applying the eq. (6) in numerical example we obtain: 

K(A, B ) = 0.75 , K(A, C) = 0.66, and K(B, C) = 0.92 

Then Eq. (6) satisfies property P4: K(A, C) < K(A, B) and K(A, C) < K(B, C) 



V. Comparison of various similarity measures 

In this section, we make a comparison among similarity measures proposed in the paper. Table I show the 
comparison of various similarity measures between two neutrosophic sets respectively. 

Table I . Example results obtained from the similarity measures between neutrosophic sets A , B and C. 





A, B 


A, C 


B, C 


Eq. (1) 


(0.75, 0.35, 0.3) 


(0.53, 0.7, 0.3) 


(0.73, 0.63, 0) 


Eq. (2) 


(0.8, 0.2,0.17) 


(0.67,0.5,0.17) 


(0.85, 0.33, 0) 


Eq. (3) 


(0.95, 0.075, 0.075) 


(0.9, 0.15,0.075) 


(0.9, 0.075, 0) 


Eq. (4) 


(0.83,0.17,0.17) 


(0.76, 0.29, 0.17) 


(0.9, 0.17, 0) 


Eq. (5) 


0.8 


0.7 


0.85 


Eq. (6) 


0.75 


0.66 


0.92 
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Each similarity measure expression has its own measuring, they all evaluate the similarities in neutrosophic sets, and they can 
meet all or most of the properties of similarity measure. 

In definition 4.1, that is P1-P4. It seem from the table above that from the results of similarity measures between neutrosophic 
sets can be classified in two type of similarity measures: the first type which we called “crisp similarity measure” is illustrated by 
similarity measures (N and K) and the second type called “neutrosophic similarity measures” illustrated by similarity measures 
(S, L, M and H). The computation of measure H , N and S are much simpler than that of L, M and K 

CONCLUSIONS 

In this paper we have presented a new distance called "extended Hausdorff distance for neutrosophic sets" 
or "neutrosophic Hausdorff distance", then we defined a new series of similarity measures to calculate the 
similarity between neutrosophic sets. It’s hoped that our findings will help enhancing this study on 
neutrosophic set for researchers. 
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Soft Neutrosophic Left Almost Semigroup 

Florentin Smarandache, Mumtaz Ali, Munazza Naz, and Muhammad Shabir 



Abstract 

In this paper we have extended neutrosophic LA-semigroup, neutrosophic sub LA- 
semigroup, neutrosophic ideals, neutosophic prime ideals, neutrosophic semiprime ideals, 
neutrosophic strong irreducible ideals to soft neutrosophic LA-semigroup, soft neutosophic 
sub LA-semigroup, soft neutrosophic ideals, soft neutrosophic prime ideals, soft neutrosophic 
semiprime ideals and soft strong irreducible neutrosophic ideals respectively. We have found some 
new notions related to the strong or pure part of neutrosophy and we give explaination with 
necessary illustrative examples. We have also given rigorious theorems and propositions. The 
notion of soft neutrosophic homomorphism is presented at the end. 



Keywords 

Neutrosophic LA-semigroup, neutrosophic sub LA-semigroup, neutrosophic ideal, soft LA- 
semigroup, soft LA- sub semigroup, soft ideal, soft neutrosophic LA-semigroup, soft sub- 
neutrosophic LA-semigroup, soft neutrosophic ideal. 



1. INTRODUCTION 

In 1995, Florentin Smarandache introduced the concept of neutrosophy. In neutrosophic logiceach 
proposition is approximated to have the percentage of truth in a subset T, the percentage of indeterminacy in 
a subset I, and the percentage of falsity in a subset F, so that this neutrosophic logic is called an extension of 
fuzzy logic. In fact neutrosophic set is the generalization of classical sets, conventional fuzzy set [l] , 

intuitionistic fuzzy set [2] and interval valued fuzzy set [3] .This mathematical tool is used to handle 
problems like imprecise, indeterminacy and inconsistent data etc. By utilizing neutrosophic theory, Vasantha 
Kandasamy and Florentin Smarandache introduced neutrosophic algebraic structures in [l l] . Some of them 

are neutrosophic fields, neutrosophic vector spaces, neutrosophic groups, neutrosophic bigroups, 
neutrosophic N-groups, neutrosophic semigroups, neutrosophic bisemigroups, neutrosophic N-semigroup, 
neutrosophic loops, neutrosophic biloops, neutrosophic N-loops, neutrosophic groupoids, and neutrosophic 
bigroupoids and so on. 

Neutrosophic LA-semigroup is already introduced. It is basically a midway algebraic structure 
between neutrosophic groupoid and commutative neutrosophic semigroups. This is in fact a generalization of 
neutrosophic 

semigroup theory. In neutrosophic LA-semigroup we have two basic types of notions and they are traditional 
notions as well as strong or pure neutrosophic notions. It is also an extension of LA-semigroup and involves 
the origin of neutralities orindeterminacy factor in LA-semigroup structure. This is a rich structure because 
of the indeterminacy’s presence in all the corresponding notions of LA-semigroup and this property makes 
the differences between approaches of an LA-semigroup and a neutrosophic LA-semigroup. Molodstov 
introduced the concept of soft set theory which is free from the problems of parameterization inadequacy. 

In his paper [11], he presented the fundamental results of new theory and successfully applied it into 
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several directions such as smoothness of functions, game theory, operations research, Riemann-integration, 
Perron integration, theory of probability. After getting a high attention of researchers, soft set theory is 
applied in many fields successfully and so as in the field of LA-semigroup theory. A soft LA-semigroup 
means the parameterized collection of sub LA-semigroup over an LA-semigroup. It is more general concept 
than the concept of LA-semigroup. 

We have further generalized this idea by adding neutrosophy and extended operations of soft set 
theory. In this paper we introduced the basic concepts of soft neutrosophic LA-semigroup. In the proceeding 
section we define soft neutrosophic LA-semigroup and characterized with some of their properties. Soft 
neutrosophic ideal over a neutrosophic LA-semigroup and soft neutrosophic ideal of a neutrosophic LA- 
semigroup is given in the further sections and studied some of their related results. In the last section, the 
concept of soft homomorphism of a soft LA-semigroup is extended to soft neutrosophic homomorphism of 
soft neutrosophic LA-semigroup. 



2. PRELIMINARIES 



2.1. Definition 1 

Let (5,*) be an LA-semigroup and let {S CJ i) = {a + bl : a,b e S} . The neutrosophic LA-semigroup is 

generated by S and / under * denoted as TV (S') = where I is called theneutrosophic element 

with property I 2 = I .For an integer n ,n + 1 and nl are neutrosophic elements and 0./ = 0 . 1 1 , the inverse 
of I is not defined and hence does not exist.Similarly we can define neutrosophic RA-semigroup on the 
same lines. 

Definition2Let N {S') be a neutrosophic LA-semigroup and N {H) be a proper subset of N {S) . Then 
N(H) is called a neutrosophic sub LA-semigroup if N {H) itself is a neutrosophic LA-semigroup under 
the operation of N {S) . 

Definition3A neutrosophic sub LA-semigroup N (//) is called strong neutrosophic sub LA-semigroup or 
pure neutrosophic sub LA-semigroup if all the elements of N {H) are neutrosophic elements. 

Definition4Let N {S) be a neutrosophic LA-semigroup and N {K) be a subset of N {S) . Then N {K) is 
called Left (right) neutrosophic ideal of N(S) if N(S)N(K) cJV(^) {N(K)N(S) ^ N (K) }.If 

N {K) is both left and right neutrosophic ideal, then N (K) is called a two sided neutrosophic ideal or 
simply a neutrosophic ideal. 

Definition5A neutorophic ideal A f (P) of a neutrosophic LA-semigroup N {S) with left identity e is 
called prime neutrosophic ideal if N ( A) iV(fi)ciV (P) implies either N ( A) c N (P) or 

N {B) c N {P) , where N ( A) , N {B) are neutrosophic ideals of N {S) . 

Definition 6A neutrosophic LA-semigroup N {S) is called fully prime neutrosophic LA-semigroup if all of 
its neutrosophic ideals are prime neutrosophic ideals. 

Definition? A neutrosophic ideal A^(P)is called semiprime neutrosophic ideal if 

N {T).N {T) ci N {P) implies JV(f)cJV (P) for any neutrosophic ideal N{T) of N {S) . 

Definition8A neutrosophic LA-semigroup N {S) is called fully semiprime neutrosophic LA-semigroup if 
every neutrosophic ideal of N {S) is semiprime neutrosophic ideal. 
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Definition9 A neutrosophic ideal N (i?) of a neutrosophic LA-semigroup N (S) is called strongly 
irreducible neutrosophic ideal if for any neutrosophic ideals F(if),F(F) of 

N(S) N(H)nN(K)^N(R) implies N(H)^N(R) or N(K)^N(R). 

Definition 10 Let S,T be two LA-semigroups and (/> : S —> T be a mapping from S to T . Let N (S) and 
N(T) be the corresponding neutrosophic LA-semigroups of S and T respectively. Let 

0:N(S)—>N(r) be another mapping from N (S) to N (T ) . Then 6 is called neutrosophic 
homomorphis if (j) is homomorphism from Sto T . 

2.2 Soft Sets 

Throughout this subsection U refers to an initial universe, E is a set of parameters, P ( U ) is the power 
set of U , and A C E . Molodtsov [12] defined the soft set in the following manner: 

Definition 11 A pair ( F, A ) is called a soft set over U where F is a mapping given by 

F : A P(u) . 

In other words, a soft set over U is a parameterized family of subsets of the universe U . For a G A , 
F ( a ) may be considered as the set of a -elements of the soft set ( F, A ) , or as the set of a-approximate 
elements of the soft set. 

Definition 12 For two soft sets (F,A) and (iT, B^J over U , (F,A) is called a soft subset of 

(#,£) if 

1) A C B and 

2) F(a) C if (a) , for all a G A . 

This relationship is denoted by (F, A.)c(if, i?) . Similarly (F,A^J is called a soft superset of 
(if, T?) if (if, is a soft subset of (F, A.) which is denoted by (F, A) D (if, B^j . 

Definition 13Let (F, A.) and (G,T?) be two soft sets over a common universe U such that 
A D B 0 . Then their restricted intersection is denoted by (F, A) (6r, B ) = (if, (7) where 

(if , C ) is defined as if(c) = F(c) fl (7(c) for all c G (7 = AflS . 

Definition 14The extended intersection of two soft sets ( F, A ) and ( (7, B ) over a common universe U 
is the soft set ( if , (7 ) , where (7 = A U 5 , and for all c G (7 , if ( c ) is defined as 

F(c) if c G A — B 

if (c) = - G(c) if c G B — A 

F(c) n (7(c) if c G A n B. 

We write (F,A)f\ (<7,F) = (if,F) . 

Definition 15The restricted union of two soft sets ( F, A ) and ( (7, F> ) over a common universe U is 
the soft set (if, (7) , where (7 = A U B , and for all c G (7 , if (c) is defined as the soft set 
(if, (7 j = (F, A) ((7,F) where (7 = A D B and if(c) = F(c) U (7(c) for all c G (7 . 
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